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How to deal 

with big 

data?

Manifold learning

Deep learning

Machine learning 

algorithms….

Pattern 

recognition

Statistic learning

Uncertainty analysis 

Graph modeling and 

analysis 



Representation and Feature Learning 

“The success of 

machine learning 

algorithms generally 

depends on data 

representation…”

Y. Bengio, etc,“Representation 

Learning: A Review and New 

Perspectives”

“The deep learning 

research aims at 

discovering learning 

algorithms that discover 

multiple levels of 

distributed 

representations…

Y. Bengio, “Deep Learning of 

Representations: Looking 

Forward



Feature learning is key to data analysis!



Molecular descriptors (>5000) directly determine the 

performance of learning models!



Topological Data Analysis (TDA)

Topological invariant;

Homology;

Homotopy;

Simplicial complex;

Morse theory;

Reeb graph;

......

Computational Geometry;

Computational topology;

Algebraic topology



Topological invariant--Betti number

10  11  12 
CirclePoint Sphere

Properties that are preserved under continuous deformation!

Homotopy 

equivalent:

0 is the number of connected components

1 is the number of tunnels or circles

2 is the number of voids or cavities

continuous 
deformation

deformation
retraction

deformation
retraction

Topological 

simplification



Topological data analysis

Point cloud data Topological space Vietoris-Rips complex Simplicial complex
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Quotient group:

The topological information 
can be calculated!!



Opportunities, challenges and promises

Challenges with topological methods:
Geometric methods are inundated with structural details. 

Topology incurs too much reduction of original information.

Topology is hardly used for quantitative prediction. 

Opportunities from topological methods:
New approach for big data characterization and classification.

Dramatic reduction of dimensionality and data size.

Applicable to a variety of fields.

Promises from persistent homology:
Embeds geometric information in topological invariants.

Bridges the gap between geometry and topology.

Researchers:

Frosini (1991),

Robins (2000),

Edelsbrunner, Letscher and Zomorodian (2002),

Kaczynski, Mischaikow and Mrozek (2004),

Zomorodian and Carlsson (2005),

Ghrist (2008),

Dey and Wang(2009),

……

Softwares:

Javaplex, 

Perseus,

Dipha, 

Dionysus,

......



Persistent homology and persistent 

barcodes



PHA of fullerene C60 (Xia, Feng, Tong & Wei, JCC, 2015)

0

1

2

bond length

size of pentagon 

& hexagon 

size of central

void/cavity 



Fullerene isomers

PCC=0.96

C44

 2/1 βLE 

C40

PCC=0.95

(Xia, Feng, Tong & Wei, JCC, 2015)



Biomolecular topological fingerprint (TF)
TF for alpha helix

TF for beta barrel

Topological fingerprints of DNA

Slicing method



Topic--Topological analysis of protein 

folding
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The protein folding process can be characterized by a 

proposed two dimensional filtration representation

Persistent 

barcode

Persistent Betti 

number

F0

F300
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F600

lo
g

(N
+
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im
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Betti-0 Betti-1 Betti-2

2D persistence for protein unfolding  

ID:1UBQ

Topological 

transition

(Xia & Wei, JCC, 2015)



PHA for multiresolution representations

4.0 0.2 0.4

(Xia & Wei, JCB, 2015)
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Multiresolution of the virus capsid

Betti-0 Betti-1 Betti-2

density

sc
a
le

 v
a
lu

e

density

sc
a
le

 v
a
lu

e

sc
a
le

 v
a
lu

e
density

ln
(N

)



Figs: An illustration of 

second and third eigenvalue, 

mean curvature isosurfaces.

(Xia & Wei, arXiv, 2017)

Topic—Atom in molecule



PHA for hydrogen-bonding 

network 

Ion crystal structure fingerprint

Water hydrogen-bonding fingerprint

Collaborator

Yuguang Mu

SBS, NTU

(Xia, PCCP, 2018)



Two morphological types of ion aggregation

NaCl systems with 

concentrations:

1M, 2M, 3M, 4M and 

5M

KSCN systems with 

concentrations:

1M, 3M, 5M, 7M

and 10M

Type 1: local clusters

Type 2: extended ion network.



Two types of 

hydrogen-bonding 

networks

(Xia, PCCP, 2018)



Two types of 

hydrogen-

bonding 

networks from 

ion and osmolyte 

systems

Type 1: Structure “breaking”

NaCl

Type 2: Structure “making”

KSCN TMAO

urea

Type 1: 

preserve protein 

structure;

Type 2: 

denature protein

(Xia, Anand, Saxena, Mu, PCCP, 2019)



 Weighted alpha complex;

 Weighted Vietoris-Rips;

 k-distance based models;

 Rigidity function based models;

 Weighted clique rank homology;

 Physics-aware models;

 Weighted simplicial homology;

 ……

 New filtration 

 Weighted boundary map

Weighted persistent homology

Collaborator

Jie Wu

Math, NUS

Localized Persistent 

homology (LPH)
Interactive Persistent 

homology (IPH)

(Cang, Mu, Wei, PLOS Comp. Biol., 2018)

Boundary 

operator

Simplex 

weight

n-Simplex



WPH for DNA classification

PH VS Interactive PH (AT) PH VS Interactive PH (GC)

(Meng, Anand, Lu, Wu, and Xia, Scientific Report, accept, 2020)



WPH for DNA 

clustering

(Meng, Anand, Lu, Wu, and Xia, Scientific Report, accept, 2020)



TDA based machine learning models

(Pun, Xia and Lee, submitted, 2020)



Topological fingerprint based machine 

learning method 

Protein domains: 85% Accuracy
Influenza A virus drug 

inhibition: 96% Accuracy

Hemoglobins in their relaxed 
and taut forms: 80% accuracy  

55 classification tasks of 
protein superfamilies over 
1357 proteins from Protein 
Classification Benchmark 

Collection: 82% accuracy

(Cang, Mu, Wu, Opron, Xia and Wei, MBMB, 2015)



Recent progress in TDA 

based drug design Collaborator 

Guowei Wei

MSU, USA



TDA is based on the multiscale simplicial 

complex 

 Graph  Simplicial complex
 Multiscale

simplicial complexes

 Graph models and measurements:
Graph Laplacian; Fiedler Eigenvalue; Fiedler  eigenvector; Shortest path; 

Clique; Cluster coefficient; Closeness; Centrality; Betweenness; Modularity; 

Cheeger constant; Erdos number; Percolation… 

 Simplicial complex models and measurements:
Combinatorial Laplacian; Hodge theory; Betti number; Euler characteristics; 

Homology; Cohomology; Morse theory; Knot polynomials…

 Multiscale simplicial complex:
Persistent homology; Persistent cohomology…



Persistent Spectral theory (PerSpect)

Spectral models

 Spectral graph

 Spectral simplicial complex

 Spectral hypergraph 

Filtration
 Nested sequence of Graphs

 Nested sequence of Simplicial 

Complexes

 Nested sequence of Hypergraph 

Laplacian

PerSpect=Spectral models+Filtration
 Persistent spectral graph

 Persistent spectral simplicial complexes

 Persistent spectral hypergraph



Persistent spectral simplicial complex

Boundary operator

Combinatorial Laplacian 
(Hodge Laplacian)

Multiplicity of zero eigenvalues (Persistent 
multiplicity) from PerSpect simplicial complex 
is equivalent to persistent Betti number.

PerSpect variables change with filtration 
parameter and incorporate in them related 
geometric information.



Benchmark testing 

with PDBbind 

datasets

Ours: 0.836

Ours: 0.793 Ours: 0.840

Dataset 2007

Dataset 2013 Dataset 2016

Model setting:
Spectral vectors

+

Random forest

(Meng and Xia, submitted, 2020)



First and second 

fundamental form

Gaussian curvature 

Geometric flow for noise reductionVariational multiscale modeling

Delaunay triangulation 

based mesh generation (Feng, Xia, etc., JCC, 2013)

Geometric modeling of biomolecules



The total functional:

Differential geometry based solvation 

model

The generalized mean curvature  flow equation:

The generalized Poisson-Boltzmann equation:



RMSD: 0.48 kcal/mol 

138 compounds

Binding sites

prediction

Solvation energy 

prediction

RMSD: 0.6 kcal/mol 

17 compounds

(Xia, Feng, etc., JCP, 2014)



Accuracy: (10%)

Further development: multiscale FRI, anisotropic FRI…

Multiscale FRI
Protein-Nucleic Acid 
Flexibility

Domain 
decomposition Mode analysis

(Opron, Xia, Wei, JCP, 2014)

Graph modeling of biomolecules



Multiscale

Virtual particle based 

elastic network model 

of Vault (on-going)

(Xia, PCCP, 2018)

Collaborator 

Sierin Lim

SCBE, NTU

Collaborator

Takafumi Ueno 

Tokyo Tech



Hi-C Data analysis (on-going) 

Chromosome Conformation Capture

A multiscale spectral graph model for Hi-C data analysis

(Xia, Plos one, 2018)

(Peng, Yang, Xia, Bioinformatics, revised 2019)

Collaborator 

Jiajie Peng

CS, NWPU

Collaborator 

Melissa Fullwood

SBS, NTU



Data analysis--Machine 

learning and data mining:
Statistic learning;

Machine learning;

Deep learning;

Nonlinear dimensionality reduction

Data mining…

Geometric representation and 

modeling;

Topological representation 

and modeling;

Combinatorial representation 

and modeling…

Physics and 

Biophysics models:
Fokker-Planck equation, Brownian 

dynamics, Langevin dynamics, molecular 

dynamics, master equation, Poisson-

Nernst-Planck equations, Kohn-Sham 

equation, Navier-Stokes equation, 

Laplace-Beltrami equation, mean 

curvature flow, Poisson-Boltzmann 

equation, Maxwell’s equations, 

anisotropic diffusion equation…

Combine together 
to provide features 
for data analysis



Part 1: Biomolecular

topology















All proteins?



Same biomolecule?





20 common Amino Acids



Valine Histadine Leucine Threonine Proline
Glutamic

Acid
hemoglobin

Peptide chain

Peptide bond: 

C-N ~100kcal/mol



 Disulfide bond

~60kcal/mol

 Salt (Ionic) bond

~20kcal/mol

 Hydrogen bond

~10kcal/mol

 Hydrophobic 

interaction and 

van der Waals

~1kcal/mol

Protein Bond Types

Covalent bond: C-C ~100kcal/mol



Protein Structures





Nuclei acid structure 

http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=7WQUGLlwKGtpZM&tbnid=oNZpXb1hhunzAM:&ved=0CAUQjRw&url=http%3A%2F%2Frachelkahn3b.edublogs.org%2F2011%2F11%2F29%2Fdna-structure-model-lab%2F&ei=UVGVUaDwMKiyiQLF2oGQAg&psig=AFQjCNE1WCU--wobpLDHN5TtYtRFQSwBNQ&ust=1368826568264896
http://www.google.com/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=5D1qJ_m-w9a1cM&tbnid=n8qWjkWi4NitPM:&ved=0CAUQjRw&url=http%3A%2F%2Fwww.mun.ca%2Fbiology%2Fscarr%2FiGen3_02-07.html&ei=ykCVUda9KuSdiQKS74GwCQ&bvm=bv.46471029,d.cGE&psig=AFQjCNGzUDvkRXjUy_HBzxqnd7LZKAXuMw&ust=1368822162084407


Nuclei acid structure 



Experimental tools and data

• Experimental tools

– X-Ray Crystallography

– NMR Spectroscopy

– Cryogenic electron microscopy

• Repositories

– Protein Data Bank

– Cryo-Electron Microscopy Databank 

• Classification Data Bank
– CATH (Class, Architecture, Topology, Homologous 

superfamily)

– SCOP (Structural Classification Of Proteins)

– FSSP (Fold classification based on Structure-
Structure alignment of Proteins) 



























Part 2-1: Topological 

modeling of biomolecules





















Anisotropic network model

Predicted b-factor:

Moore–Penrose pseudoinverse:

Potential function:

eigenvector

eigenvalue





Geometry to topology mapping
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Flexibility rigidity index (FRI)

Rigidity index: 
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Protein ID: 1DF4 Protein ID: 2Y7L

Upper parts:
Lorentz kernel

Lower parts:
exponential kernel



Parameter testing

Parameter testing for exponential (left chart) and Lorentz (right chart) using the dataset with 

365 proteins.



Performance of our FRI
Accuracy: (10% improvement)

Time: fFRI O(N)

``.. atomic mean-square 

displacements is essentially 

determined by spatial variations in 

local packing density..”

Bertil Halle, PNAS, Vol. 99, No.3, 1274-1279, 2002

HIV Virus 

capsid (313 

236 residues) 

in less than 

30 seconds



Extremely large biomolecules

Vault particle HIV virus capsid

Poliovirus capsid microtubule



Quantized elastic deformational model (QEDM)

Ming, D., Kong, Y., Lambert, M.A. et al, PNAS, U.S.A., 99, 8620-5, 2002

Voronoi Tessellation (Vector quantization)

Deformational motions are determined by GNM and ANM

W. Wriggers, P. Chacon, et 

al, Neurocomputing, Vol 

56, 365-379, 2004

W. Wriggers, P. Chacon, 

et al, Neurocomputing, 

Vol 56, 365-379, 2004



Multiscale virtual particle model

Virtual particle generation:

Connection between particles:

Density 

contribution:

Distance 

contribution:

Various types of 

meshes:

Cartesian grid; 

Tetrahedral mesh; 

Hexahedron; Voronoi

tessellation, etc.  



Multiscale virtual particle based Gaussian 

network model (MVP-GNM)

Predicted b-factor:

Moore–Penrose pseudoinverse:

Potential function:

eigenvalue

eigenvector



Multiscale representation of biomolecules

Kernel function:

Rigidity function:
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Protein ID: 2ABH

Resolution: 5Å Resolution: 10Å Resolution: 15Å
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We use kernel



Validation of MVP-GNM

GNM MVP-

GNM 

(5Å)

MVP-

GNM 

(10Å)

MVP-

GNM 

(15Å)

1AQB 0.822 0.666 0.657 0.699

2CCY 0.739 0.623 0.507 0.439

2ABH 0.647 0.550 0.731 0.775

Protein ID: 1AQB Protein ID: 2CCY

Protein ID: 2ABH

Cartesian grid  with grid spacing 4Å!!



Multiscale virtual particle based anisotropic 

network model (MVP-ANM)

Potential function:

Predicted b-factor:

Moore–Penrose pseudoinverse: eigenvector

eigenvalue



Validation of MVP-ANM

GNM MVP-

ANM 

(5Å)

MVP-

ANM 

(10Å)

MVP-

ANM 

(15Å)

1AQB 0.725 0.696 0.593 0.646

2CCY 0.664 0.627 0.450 0.435

2ABH 0.548 0.442 0.743 0.760

2)/||(||
)||;(||


 jrr

j err


We use kernel

Cartesian grid  with grid spacing 5Å

Protein ID: 1AQB Protein ID: 2CCY

Protein ID: 2ABH



Protein ID: 2ABH

ANM MVP-ANM
(5Å) (10Å) (15Å)

Mode 7

Mode 8

Mode 9



MVP-

ANM (X)

MVP-

ANM (Y)

MVP-

ANM (Z)

Mode 7 0.914 0.929 0.960

Mode 8 0.948 0.930 0.943

Mode 9 0.936 0.921 0.906

Normal modes for protein 2ABH

Resolution parameter is 15Å



Protein ID: 2CCY

ANM MVP-ANM
(5Å) (10Å) (15Å)

Mode 7

Mode 8

Mode 9



Normal modes for protein 2CCY

MVP-

ANM (X)

MVP-

ANM (Y)

MVP-

ANM (Z)

Mode 7 0.896 0.834 0.910

Mode 8 0.461 0.799 0.746

Mode 9 0.827 0.681 0.759

Resolution parameter is 15Å



The dynamics of Vault Shell

Protein: 2QZV

96 copies of vault 

protein 2QZV



Multiscale virtual particle based elastic network 

model of Vault



Part 2-2: Topological 

modeling of biomolecules





Euler Characteristic

faceedgevertex FEVM )(

28126  26128 

2203012  2123020 

Gauss-Bonnet 

Theorem

Carl Friedrich Gauss
(German Mathematician,  

1777 – 1855)

 
M

MKdA )(2

2

1

2

R
K 



Connection between 
differential geometry 
and topology

Gaussian curvature

POLYHEDRONS

“Spherical cow", Wikipedia



Topological data analysis

Point cloud data Topological space Vietoris-Rips complex Simplicial complex
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Quotient group:

The topological information 
can be calculated!!



Opportunities, challenges and promises

Challenges with topological methods:
Geometric methods are inundated with structural details. 

Topology incurs too much reduction of original information.

Topology is hardly used for quantitative prediction. 

Opportunities from topological methods:
New approach for big data characterization and classification.

Dramatic reduction of dimensionality and data size.

Applicable to a variety of fields.

Promises from persistent homology:
Embeds geometric information in topological invariants.

Bridges the gap between geometry and topology.

Researchers:

Frosini (1991),

Robins (2000),

Edelsbrunner, Letscher and Zomorodian (2002),

Kaczynski, Mischaikow and Mrozek (2004),

Zomorodian and Carlsson (2005),

Ghrist (2008),

Dey and Wang(2009),

……

Softwares:

Javaplex, 

Perseus,

Dipha, 

Dionysus,

......



Simplest molecules to start with:

fullerene C60
(Xia, Feng, Tong & Wei, JCC, 2015)

0

1

2

bond length

size of pentagon 

& hexagon 

size of central

void/cavity 



Fullerene isomers

PCC=0.96

C44

 2/1 βLE 

C40

PCC=0.95

(Xia, Feng, Tong & Wei, JCC, 2015)



http://www.nanotube.msu.edu/fullerene/fullerene-isomers.html

Fullerene isomers

http://www.nanotube.msu.edu/fullerene/fullerene-isomers.html


(Nano) Material



Topological fingerprints of an alpha helix

(Xia & Wei, IJNMBE, 2014)
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Topological fingerprints of beta barrel 

Protein:2GR8

β0

β1

β2

β0

β1

β2



DNA:G-C pair



DNA: A-T pair



Topic--
Multiresolution

PHA of excessively 

large biomolecular 

data

Protein ID:1DYL
(Xia & Wei, JCP, 2015)



Flexibility-rigidity analysis

Kernel function:

Rigidity 

function:
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For example:

Isosurface extracted 

from rigidity function

Point cloud

representationRNA: 4QG3



PHA for multiresolution representations

4.0 0.2 0.4

(Xia & Wei, JCB, 2015)
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Multiresolution of the virus capsid
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Topic--PHA for ill-posed inverse problems

Original 

data 

Ten 

iterations

Twenty 

iterations
Forty 

iterations 

(Xia & Wei, IJNMBE, 2015)Microtubule 

(EMD1129)

β0

β1

β0

β1

β0

β1

β0

β1



PHA for ill-posed inverse problems

Original data: 

microtubule 
Fitted with one-

type of tubulins

Fitted with two-

types of tubulins

PCC=0.96 PCC=0.96

Fitted with one-

type of tubulins

β0

β1

β0

β1

β0

β1



Cry-EM docking





Atoms in molecule (On-going)

(Xia & Wei, arXiv, 2017)
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Protein Electrostatic Potential

The positive charges  

are represented by 

blue color

The negative charges  

are marked by red 

color

4.0 4.0


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
j j

j

rr

q

||0

Protein ID:1OLX



Persistent homology analysis for 

electrostatic potential

23 Betti2 bars 

correspond to 

electrostatic 

potential properties 

of 23 negative 

charged atoms

42 betti0 bars correspond 

to electrostatic potential 

properties of 42 postivie 

charged atoms



 Weighted alpha complex;

 Weighted Vietoris-Rips;

 k-distance based models;

 Rigidity function based models;

 Weighted clique rank homology;

 Physics-aware models;

 Weighted simplicial homology;

 ……

 New filtration 

 Weighted boundary map

Topic-- Weighted persistent homology
Collaborator

Jie Wu

Math, NUS

Localized Persistent 

homology (LPH)
Interactive Persistent 

homology (IPH)

(Cang, Mu, Wei, PLOS Comp. Biol., 2018)

Boundary 

operator

Simplex 

weight

n-Simplex



WPH for DNA classification

(Meng,  Anand, Lu, Wu, and Xia, Sci. Rep., 2020)

PH VS Interactive PH (AT) PH VS Interactive PH (GC)



Cambridge University Engineering Department

Helix computation Scheme (CEHS)



WPH for DNA 

clustering

(Meng,  Anand, Lu, Wu, and Xia, Sci. Rep., 2020)



CEHS-PCA

Traditional 
PCA

Normal PH 
PCA



Hi-C data analysis 

Chromosome Conformation Capture

Hi-C matrix



Genomic compartment

Topological associated 
domain(TAD)

Megabase-sized local  
chromatin domain



Sequence-based multiscale models

Genomic compartmentTAD

Kelin Xia,  PLOS ONE, 2018

Optimize 
spatial 

information

Optimize 
sequence 

information



Genomic compartment analysis

GM06990

Chromosome 14

Resolution:100kb



TAD analysis

Our SeqMM Chen’s spectral 
method

IMR90, cell chromosome 22, Resolution:100kb



Supercoiling Theory and Model of Chromosomal Structures in Eukaryotic Cells

Hao Zhang, Tianhu Li*

Multiscale Knots









Supercoiling Theory and Model of Chromosomal Structures in Eukaryotic Cells

Hao Zhang, Tianhu Li*







Part 3: TDA based 

machine learning for drug 

design















Machine learning based data analysis









Molecular descriptor directly determines the 

performance of the learning models!



(Pun, Xia and Lee, submitted, 2018)

TDA based machine learning models



Guowei Wei group’s works

Professor
Mathematics, 

Electrical & Computer Engineering, 

Biochemistry & Molecular Biology, 

Michigan State University , USA



Recent progress in topology based 

drug design (By Guowei Wei’s group)
Element specific persistent homology (ESPH) method

Proteins: (C, N, O, S)

Ligands: (C, N, O, S, P, F, Cl, Br,I)

Cross protein-ligand ESTFs: one type from protein and the other from the 

ligand. Totally 36 sets of ESTFs in each topological dimension















TDA is based on the multiscale simplicial 

complex 

 Graph  Simplicial complex
 Multiscale

simplicial complexes

 Graph models and measurements:
Graph Laplacian; Fiedler Eigenvalue; Fiedler  eigenvector; Shortest path; 

Clique; Cluster coefficient; Closeness; Centrality; Betweenness; Modularity; 

Cheeger constant; Erdos number; Percolation… 

 Simplicial complex models and measurements:
Combinatorial Laplacian; Hodge theory; Betti number; Euler characteristics; 

Homology; Cohomology; Morse theory; Knot polynomials…

 Multiscale simplicial complex:
Persistent homology; Persistent cohomology…



Persistent Spectral theory (PerSpect)

Spectral models

 Spectral graph

 Spectral simplicial complex

 Spectral hypergraph 

Filtration
 Nested sequence of Graphs

 Nested sequence of Simplicial 

Complexes

 Nested sequence of Hypergraph 

Laplacian

PerSpect=Spectral models+Filtration
 Persistent spectral graph

 Persistent spectral simplicial complexes

 Persistent spectral hypergraph



Hodge Laplacian matrix



B1 B2



Persistent spectral simplicial complex

Boundary operator

Combinatorial Laplacian 
(Hodge Laplacian)

Multiplicity of zero eigenvalues (Persistent 
multiplicity) from PerSpect simplicial complex 
is equivalent to persistent Betti number.

PerSpect variables change with filtration 
parameter and incorporate in them related 
geometric information.



Benchmark testing 

with PDBbind 

datasets

Ours: 0.836

Ours: 0.793 Ours: 0.840

Dataset 2007

Dataset 2013 Dataset 2016

Model setting:
Spectral vectors

+

Random forest

(Meng and Xia, submitted, 2020)



First and second 

fundamental form

Gaussian curvature 

Geometric flow for noise reductionVariational multiscale modeling

Delaunay triangulation 

based mesh generation (Feng, Xia, etc., JCC, 2013)

Geometric modeling of biomolecules
















