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Ìàòåðèàëû, îòðàæåííûå íà ñëàéäàõ, ñîäåðæàò íàèáîëåå óíè-

âåðñàëüíûå ïîíÿòèÿ è ìåòîäû òåîðèè îáûêíîâåííûõ äèôôåðåí-

öèàëüíûõ óðàâíåíèé, ôîðìóëèðîâêè îñíîâíûõ ìîäåëüíûõ çàäà÷

ýòîé òåîðèè, à òàêæå îñíîâíûå ïîäõîäû ê èõ ðåøåíèþ. Îñ-

íîâíîå âíèìàíèå óäåëÿåòñÿ íàèáîëåå ñîäåðæàòåëüíûì è öåí-

íûì äëÿ ïðèëîæåíèé ðàçäåëàì ëèíåéíîé òåîðèè, à òàêæå íå-

ëèíåéíûì óðàâíåíèÿì. Èçëàãàþòñÿ ñîïóòñòâóþùèå âîïðîñû òåî-

ðèè óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà. Ìà-

òåðèàëû ÿâëÿþòñÿ îáÿçàòåëüíûìè äëÿ îñâîåíèÿ êóðñà è âêëþ-

÷àþò âñå ýëåìåíòû êóðñà, òðåáóåìûå äëÿ âûïîëíåíèÿ çàäàíèé

è ðåøåíèÿ çàäà÷.

Íåîáõîäèìîñòü ðàçðàáîòêè äàííîãî êîìïëåêòà ñëàéäîâ îáóñëîâ-

ëåíà ñïåöèàëüíûìè òðåáîâàíèÿìè ê ìåòîäè÷åñêîìó ñîïðîâîæ-

äåíèþ ó÷åáíûõ êóðñîâ, ïðåäëàãàåìûõ ñòóäåíòàì ÊÐÈ, âêëþ÷à-

þùåìó íàëè÷èå ðàáî÷èõ òåòðàäåé, ñîäåðæàùèõ ñëàéäû è ïðåä-

ïîëàãàþùèõ âîçìîæíîñòü ñàìîñòîÿòåëüíîé èõ ïðîðàáîòêè è



êîììåíòèðîâàíèÿ. Ïðåäëàãàåìûé âàðèàíò ñëàéäîâ îòðàæàåò âî-

ïðîñû è êîììåíòàðèè ñòóäåíòîâ, àäàïòèðîâàí ê îñîáåííîñòÿì

àóäèòîðèè è óâÿçàí ñ îáùåé ïðîãðàììîé îáó÷åíèÿ.

Îñíîâíîå ñîäåðæàíèå ñëàéäîâ ðàçáèâàåòñÿ íà 15 çàíÿòèé, îòðà-

æàþùèõ òåîðåòè÷åñêèå è ïðèêëàäíûå àñïåêòû ïðåäìåòíîé îá-

ëàñòè.

Àâòîð: Âàñêåâè÷ Âëàäèìèð Ëåîíòüåâè÷, ä.ô.-ì.í., ïðîôåññîð

êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé

Ìåõàíèêî-Ìàòåìàòè÷åñêèé Ôàêóëüòåò

Êàôåäðà äèôôåðåíöèàëüíûõ óðàâíåíèé



Òåìà : Îñíîâíûå ïîíÿòèÿ è îïðåäåëåíèÿ

òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé

10. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

ïðîèçâîëüíîãî ïîðÿäêà. Îáùåå ðåøåíèå. Ñèñòå-

ìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Çàäà÷à Êîøè. 20. Ïðîñòåéøèå êëàññû èíòåãðèðó-

åìûõ óðàâíåíèé. 30. Äèôôåðåíöèàëüíûå óðàâíå-

íèÿ è äèôôåðåíöèàëüíûå ìîäåëè. Ïðèìåðû çà-

äà÷, ïðèâîäÿùèõ ê äèôôåðåíöèàëüíûì óðàâíåíè-

ÿì.
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10. Ïóñòü x åñòü îäíîìåðíàÿ âåùåñòâåííàÿ

ïåðåìåííàÿ.Îáûêíîâåííûì äèôôåðåíöèàëü-

íûì óðàâíåíèÿì ïîðÿäêà n íàçûâàåòñÿ óðàâ-

íåíèå

F (x, y, y′, . . . , y(n)) = 0 (Eqn)

îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè y(x). Îò-

ëè÷èòåëüíîé ïî ñðàâíåíèþ ñ àëãåáðàè÷åñêè-

ìè óðàâíåíèÿìè îñîáåííîñòüþ îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ
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òî, ÷òî ÎÄÓ îáÿçàòåëüíî ñîäåðæèò ïðîèç-

âîäíûå íåèçâåñòíîé ôóíêöèè.

Ïîðÿäîê ñòàðøåé ñîäåðæàùåéñÿ â óðàâíå-

íèè ïðîèçâîäíîé íåèçâåñòíîé ôóíêöèè íà-

çûâàåòñÿ ïîðÿäêîì óðàâíåíèÿ.

Ôóíêöèÿ y = ϕ(x) íàçûâàåòñÿ ðåøåíèåì äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ (Eqn) åñëè äàí-

íîå óðàâíåíèå îáðàùàåòñÿ â òîæäåñòâî ïî-
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ñëå çàìåíû â íåì y íà ϕ(x), y′ íà ϕ′(x), . . .,

y(n) íà ϕ(n)(x).

Îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

ìîæåò èìåòü áåñêîíå÷íî ìíîãî ðåøåíèé.

Êàê ïðàâèëî, ðåøåíèå äèôôåðåíöèàëüíîãî

óðàâíåíèÿ ïîðÿäêà n çàâèñèò, ïîìèìî ïåðå-

ìåííîé x, åùå îò n ïðîèçâîëüíûõ ïîñòîÿí-

íûõ C1, . . . , Cn.
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Îïðåäåëåíèå.Ñåìåéñòâî ðåøåíèé óðàâíå-

íèÿ (Eqn), çàâèñÿùåå îò ïðîèçâîëüíûõ ïî-

ñòîÿííûõ C1, . . . , Cn è çàäàâàåìîå ðàâåíñòâîì

y = ϕ(x,C1, . . . , Cn),

íàçûâàþò îáùèì ðåøåíèåì ýòîãî óðàâíå-

íèÿ.

Ïðåîáðàçóÿ óðàâíåíèå (Eqn) ïóòåì èíòåãðè-

ðîâàíèÿ è êàêèõ-ëèáî åù¼ ìàòåìàòè÷åñêèõ
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îïåðàöèé, ìû ÷àñòî ïîëó÷àåì íå îáùåå ðå-

øåíèå èñõîäíîãî óðàâíåíèÿ, à ëèøü ñîîòíî-

øåíèå âèäà

Φ(x, y, C1, . . . , Cn) = 0

ìåæäó íåçàâèñèìîé ïåðåìåííîé x, ôóíêöèåé

y è ïîñòîÿííûìè C1, . . . , Cn.

Èñïîëüçóÿ òåîðåìó î íåÿâíîé ôóíêöèè, îò

äàííîãî ñîîòíîøåíèÿ ìû ìîæåì ïåðåéòè ê
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îáùåìó ðåøåíèþ, íî, âîîáùå ãîâîðÿ, òàêîé

ïåðåõîä èìååò ëîêàëüíûé õàðàêòåð è ìîæåò

áûòü íåîäíîçíà÷íûì.

Åñëè äèôôåðåíöèàëüíîå óðàâíåíèå ïîðÿäêà

n çàïèñàíî â âèäå, ðàçðåø¼ííîì îòíîñèòåëü-

íî ñòàðøåé ïðîèçâîäíîé, ò.å. êàê

y(n) = f(x, y, y′, . . . , y(n−1)),
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òî ãîâîðÿò, ÷òî îíî çàïèñàíî â íîðìàëüíîé

ôîðìå.

Ïóñòü y = ϕ(x) åñòü íåêîòîðîå ðåøåíèå äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ (Eqn). Ãðàôèê ýòî-

ãî ðåøåíèÿ ïðåäñòàâëÿåò ñîáîé íåêîòîðóþ

êðèâóþ íà ïëîñêîñòè OXY ; íàçûâàåòñÿ ýòà

êðèâàÿ èíòåãðàëüíîé êðèâîé.
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Ðàññìîòðèì ïðîèçâîëüíîå óðàâíåíèå ïåðâî-

ãî ïîðÿäêà, çàïèñàííîå â íîðìàëüíîé ôîðìå

y′ = f(x, y).

×åðåç êàæäóþ òî÷êó (x, y) îáëàñòè îïðåäåëå-

íèÿ ôóíêöèè f(x, y) ïðîâåäåì ïðÿìóþ, òàí-

ãåíñ óãëà íàêëîíà êîòîðîé ê îñè àáñöèññ ðà-

âåí f(x, y).
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Ìíîæåñòâî âñåõ ïðÿìûõ òàêîãî âèäà îïðå-

äåëÿþò íà ïëîñêîñòè ïîëå íàïðàâëåíèé, ñî-

îòâåòñòâóþùåå óðàâíåíèþ y′ = f(x, y). Âåëè-

÷èíà y′ îïðåäåëÿåò òàíãåíñ óãëà íàêëîíà êà-

ñàòåëüíîé ê êðèâîé y = y(x).

Ñëåäîâàòåëüíî, â êàæäîé òî÷êå èíòåãðàëü-

íîé êðèâîé ïîëå å¼ êàñàòåëüíûõ ñîâïàäàåò
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ñ ïîëåì íàïðàâëåíèé. Èíûìè ñëîâàìè, èíòå-

ãðàëüíàÿ êðèâàÿ â êàæäîé ñâîåé òî÷êå êàñà-

åòñÿ ïîëÿ íàïðàâëåíèé, ñîîòâåòñòâóþùåãî

ôóíêöèè f(x, y).

Äëÿ óðàâíåíèÿ ïîðÿäêà n òàêæå èìååòñÿ ãåî-

ìåòðè÷åñêîå èñòîëêîâàíèå ñåìåéñòâà èíòå-

ãðàëüíûõ êðèâûõ, íî îñóùåñòâëÿåòñÿ ýòî èñ-

òîëêîâàíèå íà ÿçûêå ãåîìåòðè÷åñêèõ õàðàê-
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òåðèñòèê áîëåå âûñîêîãî ïîðÿäêà. Òàê, íà-

ïðèìåð, óðàâíåíèå âòîðîãî ïîðÿäêà

F (x, y, y′, y′′) = 0

ìîæíî ïåðåïèñàòü â ýêâèâàëåíòíîì âèäå

F

(
x, y, y′, (1 + y

′2)3/2
y′′

(1 + y
′2)3/2

)
= 0.

Êàê èçâåñòíî, âåëè÷èíà

y
′′

(1 + y
′2)3/2
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ïðåäñòàâëÿåò ñîáîé êðèâèçíó êðèâîé y = y(x).

Òàêèì îáðàçîì, âñÿêàÿ èíòåãðàëüíàÿ êðèâàÿ

äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà îïðåäåëÿåò-

ñÿ ñâÿçüþ ìåæäó êîîðäèíàòàìè òî÷åê ýòîé

êðèâîé, íàêëîíîì êàñàòåëüíîé è êðèâèçíîé

â êàæäîé å¼ òî÷êå.

Îòîæäåñòâëåíèå ðåøåíèÿ äèôôåðåíöèàëü-

íîãî óðàâíåíèÿ ñ èíòåãðàëüíîé êðèâîé è âîç-
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ìîæíîñòü ïðåäñòàâëåíèÿ êðèâîé â ïàðàìåò-

ðè÷åñêîì âèäå ïîçâîëÿåò è ðåøåíèå äèôôå-

ðåíöèàëüíîãî óðàâíåíèÿ ïðåäñòàâèòü â ïà-

ðàìåòðè÷åñêîì âèäå

x = ϕ(t), y = ψ(t).

Ýòî çàìå÷àíèå íàì ïîíàäîáèòñÿ â äàëüíåé-

øåì.
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Ñîâîêóïíîñòü óðàâíåíèé

F1(x, y1, y
′
1, . . . , y

(m1)
1 , . . . , yn, y

′
n, . . . , y

(mn)
n ) = 0,

F2(x, y1, y
′
1, . . . , y

(m1)
1 , . . . , yn, y

′
n, . . . , y

(mn)
n ) = 0,

. . .

Fk(x, y1, y
′
1, . . . , y

(m1)
1 , . . . , yn, y

′
n, . . . , y

(mn)
n ) = 0,

íàçûâàåòñÿ ñèñòåìîé îáûêíîâåííûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé.

15



Â êàæäîå óðàâíåíèå ýòîé ñèñòåìû âõîäÿò

íåçàâèñèìàÿ ïåðåìåííàÿ x, n íåèçâåñòíûõ

ôóíêöèé

y1(x), . . . , yn(x)

è èõ ïðîèçâîäíûå, ïðè÷åì ïðîèçâîäíûå ôóíê-

öèè yi èìåþò ìàêñèìàëüíûé ïîðÿäîê mi.

Ñîâîêóïíîñòü ôóíêöèé

y1 = ϕ1(x), . . . , yn = ϕn(x)
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íàçûâàåòñÿ ðåøåíèåì ñèñòåìû îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, åñëè âñå

óðàâíåíèÿ ýòîé ñèñòåìû îáðàòÿòñÿ â òîæäå-

ñòâî ïîñëå çàìåíû

y1 íà ϕ1(x), y′1 íà ϕ′1(x), . . ., y
(m1)
1 íà ϕ

(m1)
1 (x),

. . . . . . . . .

yn íà ϕn(x), y′n íà ϕ′n(x), . . ., y(mn) íà ϕ
(mn)
n (x).
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Îãðàíè÷èìñÿ èçó÷åíèåì ñèñòåì ïåðâîãî ïî-

ðÿäêà â íîðìàëüíîé ôîðìå, à èìåííî, ñè-

ñòåì âèäà 
y′1 = f1(x, y1, . . . , yn),

y′2 = f2(x, y1, . . . , yn),

. . .

y′n = fn(x, y1, . . . , yn).

(S1)

Ñåìåéñòâî ðåøåíèé ñèñòåìû (S1)

y1 = ϕ1(x,C1, . . . , Cn), . . . , yn = ϕn(x,C1, . . . , Cn),
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êàæäîå èç êîòîðûõ çàâèñèò îò n ïðîèçâîëü-

íûõ ïîñòîÿííûõ C1, . . . , Cn, íàçûâàþò îáùèì

ðåøåíèåì ýòîé ñèñòåìû.

Ôóíêöèÿ ψ(x, y1, . . . , yn) íàçûâàåòñÿ èíòåãðà-

ëîì ñèñòåìû (S1) â îêðåñòíîñòè òî÷êè

(x0, y
0
1, . . . , y

0
n),

åñëè â ýòîé îêðåñòíîñòè îíà èìååò íåïðå-

ðûâíûå ïåðâûå ÷àñòíûå ïðîèçâîäíûå è ïðè
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ýòîì èìååò ìåñòî ðàâåíñòâî

∂ψ

∂x
+
∂ψ

∂y1
f1(x, y1, . . . , yn)+

∂ψ

∂y2
f2(x, y1, . . . , yn) + . . .+

∂ψ

∂yn
fn(x, y1, . . . , yn) = 0.

Ñèñòåìà èç n èíòåãðàëîâ íàçûâàåòñÿ îáùèì

èíòåãðàëîì ñèñòåìû (S1) â îêðåñòíîñòè òî÷-

êè (x0, y
0
1, . . . , y

0
n), åñëè îò ðàâåíñòâ

ψ1(x, y1, . . . , yn) = C1, . . . , ψn(x, y1, . . . , yn) = Cn
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ìîæíî ïåðåéòè ê ýêâèâàëåíòíîé ñèñòåìå ðà-

âåíñòâ

y1 = ϕ1(x,C1, . . . , Cn), . . . , yn = ϕn(x,C1, . . . , Cn)

è ïðè ýòîì ïðàâûå ÷àñòè ýòîé ýêâèâàëåíò-

íîé ñèñòåìû äàþò â òîé æå îêðåñòíîñòè îá-

ùåå ðåøåíèå èñõîäíîé.

Îäíîé èç îñíîâíûõ çàäà÷ òåîðèè îáûêíî-

âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è â
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ïðèëîæåíèÿõ ýòîé òåîðèè ÿâëÿåòñÿ çàäà÷à

Êîøè.

Çàäà÷à Êîøè äëÿ îáûêíîâåííîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ ïîðÿäêà n ñîñòîèò â

òîì, ÷òî ñðåäè âñåõ ðåøåíèé ýòîãî óðàâíå-

íèÿ òðåáóåòñÿ íàéòè òàêîå ðåøåíèå y = y(x),

êîòîðîå âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî
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ïîðÿäêà n− 1 âêëþ÷èòåëüíî ïðèíèìàåò çà-

äàííûå çíà÷åíèÿ

y0
0, y

0
1, . . . , y

0
n−1

ïðè çàäàííîì çíà÷åíèè x0 íåçàâèñèìîé ïå-

ðåìåííîé:

y(x0) = y0
0, y
′(x0) = y0

1, . . . , y
(n−1)(x0) = y0

n−1.

×èñëà y0
0, . . ., y

0
n−1 íàçûâàþòñÿ íà÷àëüíûìè

çíà÷åíèÿìè çàäà÷è Êîøè, ÷èñëî x0 � íà-
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÷àëüíîé òî÷êîé. Âñÿ ñîâîêóïíîñòü ïàðàìåò-

ðîâ x0, y
0
0, . . ., y

0
n−1 íàçûâàåòñÿ íà÷àëüíûìè

äàííûìè çàäà÷è Êîøè.

Äëÿ ñèñòåìû óðàâíåíèé (S1) îáûêíîâåííûõ

óðàâíåíèé ïåðâîãî ïîðÿäêà çàäà÷à Êîøè ñî-

ñòîèò â íàõîæäåíèè òàêèõ ôóíêöèé

y1(x), . . . , yn(x),
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êîòîðûå â çàäàííîé íà÷àëüíîé òî÷êå x0 ïðè-

íèìàþò çàäàííûå íà÷àëüíûå çíà÷åíèÿ:

y1(x0) = y10, . . . , yn(x0) = yn0.

×èñëà x0, y10, . . ., yn0 âìåñòå íàçûâàþòñÿ íà-

÷àëüíûìè çíà÷åíèÿìè çàäà÷è Êîøè äëÿ ñè-

ñòåìû (S1).

Óñëîâèÿ Êîøè äëÿ îäíîãî óðàâíåíèÿ èëè æå

äëÿ ñèñòåìû óðàâíåíèé ïîçâîëÿþò ñðåäè ñî-
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âîêóïíîñòè âñåõ åãî ðåøåíèé âûäåëèòü íåêî-

òîðîå ÷àñòíîå (âîçìîæíî, íå îäíî) ðåøåíèå.

×àñòíîå ðåøåíèå ìîæíî âûäåëèòü è ñ ïî-

ìîùüþ äðóãèõ óñëîâèé. Íàïðèìåð, ÷àñòíîå

ðåøåíèå ìîæíî âûäåëèòü ñ ïîìîùüþ óñëî-

âèé çàäàííîãî ïîâåäåíèÿ ðåøåíèÿ â òîé èëè

èíîé òî÷êå, ñ ïîìîùüþ óñëîâèé òèïà ïåðèî-

äè÷åñêèõ, â ñëó÷àå óðàâíåíèé ïîðÿäêà âûøå
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ïåðâîãî � ñ ïîìîùüþ êðàåâûõ óñëîâèé (òî

åñòü óñëîâèé, çàäàâàåìûõ â ðàçíûõ òî÷êàõ).

Äàäèì ìåõàíè÷åñêîå èñòîëêîâàíèå ðåøåíèé

íîðìàëüíîé ñèñòåìû îáûêíîâåííûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà.

Â ìåõàíèêå ïðèíÿòî íåçàâèñèìóþ ïåðåìåí-

íóþ îáîçíà÷àòü ÷åðåç t, ïîäðàçóìåâàÿ, ÷òî t
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� ýòî âðåìÿ. Òîãäà ðåøåíèåì ñèñòåìû ÎÄÓ

ÿâëÿåòñÿ ñèñòåìà ôóíêöèé

y1 = ϕ1(t), . . . , yn = ϕn(t).

Ýòè ôóíêöèè ïîðîæäàþò â n - ìåðíîì ïðî-

ñòðàíñòâå ñ êîîðäèíàòàìè (y1, . . . , yn) êðèâóþ,

êîòîðóþ ïðè èçìåíåíèè âðåìåíè îïèñûâàåò

òî÷êà

(ϕ1(t), . . . , ϕn(t)).
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Êàæäàÿ òàêàÿ êðèâàÿ íàçûâàåòñÿ òðàåêòî-

ðåé ñèñòåìû ÎÄÓ. Çàäà÷à Êîøè äëÿ ñèñòå-

ìû ÎÄÓ ñîñòîèò â òîì, ÷òî ñðåäè âñåõ òðà-

åêòîðèé äàííîé ñèñòåìû òðåáóåòñÿ íàéòè òó,

êîòîðàÿ ïðîõîäèò ÷åðåç çàäàííóþ òî÷êó

(ϕ1(t0), . . . , ϕn(t0)).

Âàæíåéøåé õàðàêòåðèñòèêîé çàäà÷è Êîøè,

âàæíåéøèì å¼ ñâîéñòâîì êàê ñ òî÷êè çðå-

íèÿ ìàòåìàòè÷åñêîé òåîðèè, òàê è ñ òî÷êè
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çðåíèÿ ïðèëîæåíèé ÿâëÿåòñÿ ñâîéñòâî ýòîé

çàäà÷è èìåòü ðåøåíèå è ïðè ýòîì åäèíñòâåí-

íîå.

Íå âñÿêîå óðàâíåíèå è íå âñÿêàÿ çàäà÷à Êî-

øè îáëàäàþò ýòèì ñâîéñòâîì. Íàïðèìåð, çà-

äà÷à Êîøè

y′ =
√
y, y(x0) = 0
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èìååò äâà ðàçíûõ ðåøåíèÿ

y(x) =
1

4
(x− x0)2 è y(x) ≡ 0.

Ýòà æå çàäà÷à Êîøè, íî ñ íåíóëåâûì íà-

÷àëüíûì óñëîâèåì

y′ =
√
y, y(x0) = y0 > 0

èìeåò â îêðåñòíîñòè òî÷êè (x0, y0) ëèøü îäíî

ðåøåíèå.
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Ñóùåñòâóþò óðàâíåíèÿ, äëÿ êîòîðûõ íà ïëîñ-

êîñòè (x, y) ìîæíî âûäåëèòü òàêîå ìíîæå-

ñòâî, ÷òî ïðè íà÷àëüíûõ äàííûõ èç ýòîãî

ìíîæåñòâà çàäà÷à Êîøè èìååò íååäèíñòâåí-

íîå ðåøåíèå, à ïðè íà÷àëüíûõ äàííûõ èç

îñòàâøåéñÿ ÷àñòè ïëîñêîñòè ðåøåíèå çàäà-

÷è Êîøè åäèíñòâåííî. Â íåêîòîðûõ ñëó÷à-

ÿõ ïîäîáíîå ìíîæåñòâî (ìíîæåñòâî íååäèí-

ñòâåííîñòè) ìîæåò ñàìî ïî ñåáå ïðåäñòàâ-

ëÿòü ðåøåíèå èñõîäíîãî äèôôåðåíöèàëüíî-

ãî óðàâíåíèÿ.
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Ðåøåíèå, â êàæäîé òî÷êå (x0, y0) êîòîðîãî

íàðóøàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è

Êîøè, íàçûâàåòñÿ îñîáûì.

Â ðàññìîòðåííîì ïðèìåðå ðåøåíèå y(x) ≡ 0

êàê ðàç è ÿâëÿåòñÿ îñîáûì.

Íåêîòîðûå óðàâíåíèÿ èìåþò �÷àñòè÷íî� îñî-

áûå ðåøåíèÿ � ðåøåíèÿ, ñêëååííûå èç "õî-

ðîøåãî"è îñîáîãî.
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Íàïðèìåð, óðàâíåíèå y′ =
√
y ïîìèìî ðåøå-

íèé

y(x) ≡ 0 è y(x) =
1

4
(x− x0)2

èìååò ñëåäóþùèå:

y(x) =


0 ïðè x ≤ x0,

1
4(x− x0)2 ïðè x > x0.
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Ìåæäó ñèñòåìàìè äèôôåðåíöèàëüíûõ óðàâ-

íåíèé ïåðâîãî ïîðÿäêà äëÿ n ôóíêöèé è îä-

íèì äèôôåðåíöèàëüíûì óðàâíåíèåì ïîðÿä-

êà n èìååòñÿ òåñíàÿ ñâÿçü. Ïîêàæåì ýòî.

Ïóñòü äàíî óðàâíåíèå ïîðÿäêà n â íîðìàëü-

íîé ôîðìå

y(n) = f(x, y, y′, . . . , y(n−1)).
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Îáîçíà÷èì íåèçâåñòíóþ ôóíêöèþ y ÷åðåç y1

è ââåäåì íîâûå íåèçâåñòíûå

y2 = y′, y3 = y
′′
, . . . , yn = y(n−1).

Èìåþò ìåñòî ðàâåíñòâà

y′1 = y2, y′2 = y3, . . . , y′n−1 = yn,

y′n = y(n) = f(x, y1, y2, . . . , yn).
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Äðóãèìè ñëîâàìè, ôóíêöèè y1, . . . , yn ñâÿçà-

íû ñèñòåìîé

y′1 = y2,

y′2 = y3,

. . .

y′n−1 = yn,

y′n = f(x, y1, . . . , yn).

(S2)

Åñëè èçâåñòíî ðåøåíèå y1(x), . . . , yn(x) äàííîé

ñèñòåìû, òî òåì ñàìûì èçâåñòíî è ðåøåíèå
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èñõîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Âåðíî è îáðàòíîå � âñÿêîå ðåøåíèå y(x) èñ-

õîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïî-

ðÿäêà n â íîðìàëüíîé ôîðìå äàåò ðåøåíèå

(y1(x), . . . , yn(x)) ñèñòåìû (S2), åñëè îïðåäå-

ëèòü ôóíêöèè y1(x), . . . , yn(x) ÷åðåç ôóíêöèþ

y(x) óêàçàííûì âûøå ñïîñîáîì.
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Äðóãèìè ñëîâàìè, äèôôåðåíöèàëüíîå óðàâ-

íåíèå ïîðÿäêà n â íîðìàëüíîé ôîðìå è ñè-

ñòåìà (S2) ðàâíîñèëüíû.

Ïóñòü òåïåðü äàíà ñèñòåìà èç n óðàâíåíèé

ïåðâîãî ïîðÿäêà â íîðìàëüíîé ôîðìå. Îêà-

çûâàåòñÿ, ÷òî ïðè îïðåäåëåííûõ óñëîâèÿõ

âñÿêóþ òàêóþ ñèñòåìó ìîæíî ñâåñòè ê îä-

íîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ïîðÿä-

êà n. Â îáùåì ñëó÷àå äåëàåòñÿ ýòî âåñü-

ìà ãðîìîçäêèì îáðàçîì. Ïðîäåìîñòðèðóåì
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àëãîðèòì ñâåäåíèÿ íà ïðèìåðå ñèñòåìû èç

äâóõ óðàâíåíèé � èìåííî, ñèñòåìû

y′1 = f1(x, y1, y2),

y′2 = f2(x, y1, y2).

Ïóñòü ïåðâîå óðàâíåíèå ýòîé ñèñòåìû òàêî-

âî, ÷òî ôóíêöèþ y2 ìîæíî âûðàçèòü ÷åðåç

âåëè÷èíû (x, y1, y
′
1), ò.å. ïîëó÷èòü ñîîòíîøå-

íèå âèäà

y2 = g1(x, y1, y
′
1).
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Äèôôåðåíöèðóÿ ïåðâîå óðàâíåíèå ðàññìàò-

ðèâàåìîé ñèñòåìû ïî ïåðåìåííîé x ïî ïðà-

âèëó äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè,

ïîëó÷àåì ñîîòíîøåíèå

y
′′
1 = f1x(x, y1, y2)+

f1y1
(x, y1, y2)y′1 + f1y2

(x, y1, y2)y′2.

Ïîäñòàâëÿÿ âìåñòî y2 ôóíêöèþ g1(x, y1, y
′
1), à

âìåñòî y′2 � ôóíêöèþ f2(x, y1, g1(x, y1, y
′
1)), ïî-
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ëó÷èì ñëåäóþùåå ñîäåðæàùåå òîëüêî ôóíê-

öèþ y1(x) óðàâíåíèå:

y
′′
1 = f1x(x, y1, g1(x, y1, y

′
1))+

+f1y1
(x, y1, g1(x, y1, y

′
1))y′1+

+f1y2
(x, y1, g1(x, y1, y

′
1))f2(x, y1, g1(x, y1, y

′
1)),

èëè â ñîêðàùåííîì âèäå y
′′
1 = f(x, y1, y

′
1).
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Äðóãèìè ñëîâàìè, îò èñõîäíîé ñèñòåìû ìû

ïåðåøëè ê îäíîìó äèôôåðåíöèàëüíîìó óðàâ-

íåíèþ â íîðìàëüíîé ôîðìå.

Ðåøèâ ýòî óðàâíåíèå, íàéäåì ôóíêöèþ y1(x).

Èñïîëüçóÿ æå ðàâåíñòâî y2 = g1(x, y1, y
′
1), íà-

õîäèì è ôóíêöèþ y2(x).

Êàê âèäíî èç âûøå èçëîæåííîãî, óñëîâèÿ-

ìè, ïðè âûïîëíåíèè êîòîðûõ âîçìîæíî ñâå-

äåíèå ñèñòåìû óðàâíåíèé ïåðâîãî ïîðÿäêà
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ê îäíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà, ÿâëÿ-

åòñÿ óñëîâèå ñóùåñòâîâàíèÿ ëèáî ôóíêöèè

g1, îïðåäåëÿþùåé âåëè÷èíó y2 (ëèáî ôóíê-

öèè g2, îïðåäåëÿþùåé âåëè÷èíó y1), à òàêæå

óñëîâèå ñóùåñòâîâàíèÿ âñåõ ÷àñòíûõ ïðî-

èçâîäíûõ ïåðâîãî ïîðÿäêà ëèáî ó ôóíêöèè

f1(x, y1, y2), ëèáî ó ôóíêöèè f2(x, y1, y2). Âî

ìíîãèõ ðåàëüíûõ ñèòóàöèÿõ ýòè óñëîâèÿ âû-

ïîëíÿþòñÿ.
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Äåéñòâóÿ ïî àëãîðèòìó ñâåäåíèÿ óðàâíåíèÿ

ê ñèñòåìå, ìîæíî ñèñòåìó ñ ïðîèçâîäíûìè

áîëåå âûñîêîãî ïîðÿäêà íåæåëè ïåðâûé ñâå-

ñòè ê ñèñòåìå ïåðâîãî ïîðÿäêà.

Ïóñòü äàíà ñèñòåìà

z
′′
1 = g1(x, z1, z2, z

′
1, z
′
2),

z
′′
2 = g2(x, z1, z2, z

′
1, z
′
2).
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Çäåñü íåèçâåñòíûå � ýòî ôóíêöèè z1(x), z2(x).

Ââåäåì íîâûå íåèçâåñòíûå ôóíêöèè:

y1 = z1, y2 = z2, y3 = z′1, y4 = z′2.

Òîãäà èñõîäíàÿ ñèñòåìà ìîæåò áûòü çàïèñà-

íà â âèäå

y′1 = y3 ≡ f1(x, y1, y2, y3, y4),

y′2 = y4 ≡ f2(x, y1, y2, y3, y4),
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y′3 = g1(x, y1, y2, y3, y4) ≡ f3(x, y1, y2, y3, y4),

y′4 = g2(x, y1, y2, y3, y4) ≡ f4(x, y1, y2, y3, y4),

òî åñòü â âèäå ñèñòåìû ïåðâîãî ïîðÿäêà â

íîðìàëüíîé ôîðìå.

20. Îïèøåì íåêîòîðûå ïðîñòåéøèå êëàññû

óðàâíåíèé, îáùèå ðåøåíèÿ êîòîðûõ (â ÿâíîé

èëè íåÿâíîé ôîðìå) óäàåòñÿ íàéòè ñ ïîìî-

ùüþ èíòåãðèðîâàíèÿ è íåêîòîðûõ ýëåìåí-

òàðíûõ ïðåîáðàçîâàíèé.
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Íà÷íåì ñ óðàâíåíèé ïåðâîãî ïîðÿäêà, ðàç-

ðåøåííûõ îòíîñèòåëüíî ïðîèçâîäíîé. Ýòè

óðàâíåíèÿ áóäåì ðàññìàòðèâàòü â îäíîì èç

ñëåäóþùèõ âèäîâ

y′ = f(x, y), f1(x, y)y′ = f2(x, y).

Ôîðìàëüíî íà ìíîæåñòâå òî÷åê (x, y), äëÿ

êîòîðûõ âûïîëíÿåòñÿ f1(x, y) 6= 0, âòîðîå óðàâ-

íåíèå ìîæíî ñâåñòè ê ïåðâîìó. Îáðàòíî, åñ-
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ëè ôóíêöèÿ f(x, y) èìååò âèä

f(x, y) =
f2(x, y)

f1(x, y)
,

òî ïîñëå óìíîæåíèÿ íà f1(x, y) ïåðâîå óðàâ-

íåíèå ñâîäèòñÿ êî âòîðîìó.

Ïðè òàêèõ äåéñòâèÿõ â ïåðâîì ñëó÷àå ìû

ñóæàåì ìíîæåñòâî òî÷åê (x, y), íà êîòîðûõ

ðàññìàòðèâàåì óðàâíåíèå, âî âòîðîì ñëó÷àå
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� ðàñøèðÿåì. Äðóãèìè ñëîâàìè, ïðè ïåðåõî-

äå îò âòîðîãî óðàâíåíèÿ ê ïåðâîìó ìû ìî-

æåì ïîòåðÿòü ðåøåíèå, à ïðè ïåðåõîäå îò

ïåðâîãî êî âòîðîìó � ïðèîáðåñòè ëèøíèå

ðåøåíèÿ. Ñêàçàííîå îçíà÷àåò, ÷òî ðàññìàò-

ðèâàåìûå óðàâíåíèÿ íåðàâíîñèëüíû.

Âñþäó âûøå ïî óìîë÷àíèþ ïðåäïîëàãàåòñÿ,

÷òî ðåøåíèå òîãî èëè èíîãî óðàâíåíèÿ åñòü
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ôóíêöèÿ, çàâèñÿùàÿ îò x. Íî åñëè âîçìîæíî

ïåðåéòè îò ýòèõ óðàâíåíèé ê ñîîòíîøåíèþ

Φ(x, y, C) = 0,

òî ïåðåìåííûå x è y ñòàíîâÿòñÿ ðàâíîïðàâ-

íûìè. Åñëè âûðàçèòü x êàê ôóíêöèþ y è C,

òî ýòà ôóíêöèÿ áóäåò ðåøåíèåì ëèáî óðàâ-

íåíèÿ

x′ =
1

f(x, y)
,
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ëèáî ñîîòâåòñòâåííî óðàâíåíèÿ

f2(x, y)x′ = f1(x, y).

Â íåêîòîðûõ ñëó÷àÿõ ýòè óðàâíåíèÿ èíòå-

ãðèðóþòñÿ (ðåøàþòñÿ) ëåã÷å, ÷åì èñõîäíûå.

Âî ìíîãèõ ñëó÷àÿõ äèôôåðåíèàëüíîå óðàâ-

íåíèå ïåðâîãî ïîðÿäêà, ðàçðåøåííîå îòíî-

ñèòåëüíî ïðîèçâîäíîé, óäîáíî çàïèñûâàòü
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÷åðåç äèôôåðåíöèàëû â ñèììåòðè÷íîé ôîð-

ìå

M(x, y)dx+N(x, y)dy = 0.

Ïðè ïåðåõîäå îò äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ, çàïèñàííîãî â íîðìàëüíîé ôîðìå, ê

óðàâíåíèþ â ñèììåòðè÷íîé ôîðìå íåîáõîäè-

ìî ñëåäèòü çà ýêâèâàëåíòíîñòüþ ïåðåõîäîâ.
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Ïåðâûé èíòåãðèðóåìûé êëàññ äèôôåðåíöè-

àëüíûõ óðàâíåíèé, êîòîðûé ìû èññëåäóåì,

åñòü êëàññ óðàâíåíèé ñ ðàçäåëÿþùèìèñÿ ïå-

ðåìåííûìè. Ê òàêîâûì îòíîñÿòñÿ óðàâíåíèÿ

âèäà

y′ = f(x)g(y),

f1(x)g1(y)y′ = f2(x)g2(y).

×òîáû íàéòè ðåøåíèå òàêèõ óðàâíåíèé, íåîá-

õîäèìî ïåðåéòè ê óðàâíåíèþ â ñèììåòðè÷-

54



íîé ôîðìå è ðàçäåëèòü â íåì ïåðåìåííûå.

Â ðåçóëüòàòå ïîëó÷èñÿ óðàâíåíèå îäíîãî èç

âèäîâ

dy

g(y)
= f(x)dx,

g1(y)

g2(y)
dy =

f2(x)

f1(x)
dx.

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ y = ϕ(x) ÿâëÿåò-

ñÿ ðåøåíèåì âòîðîãî èç íèõ. Èìååò ìåñòî
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ñîîòíîøåíèå dy = ϕ′(x)dx. Ñ ó÷¼òîì ýòîãî ñî-

îòíîøåíèÿ ïîëó÷àåì ðàâåíñòâî[
g1(ϕ(x))

g2(ϕ(x))
ϕ′(x)−

f2(x)

f1(x)

]
dx = 0,

êîòîðîå ïîñëå èíòåãðèðîâàíèÿ ïðåîáðàçóåò-

ñÿ ê ðàâåíñòâó∫
g1(ϕ(x))

g2(ϕ(x))
ϕ′(x)dx =

∫
f2(x)

f1(x)
dx+ C.

56



Â èíòåãðàëå ñëåâà ñäåëàåì çàìåíó ïåðåìåí-

íîé, ïîëîæèâ y = ϕ(x). Ïîëó÷èì ðàâåíñòâî∫
g1(y)

g2(y)
dy =

∫
f2(x)

f1(x)
dx+ C.

Ýòî ðàâåíñòâî è ïðåäñòàâëÿåò ñîáîé êîíå÷-

íîå ñîîòíîøåíèå, êîòîðîìó óäîâëåòâîðÿþò

ïî÷òè âñå ðåøåíèÿ èñõîäíîãî óðàâíåíèÿ. Äðó-

ãèìè ñëîâàìè, ÷òîáû íàéòè ðåøåíèå óðàâíå-

íèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè, òðåáó-

åòñÿ ïåðåéòè ê óðàâíåíèþ â ñèììåòðè÷íîé
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ôîðìå, äàëåå ðàçäåëèòü ïåðåìåííûå è âû-

ïîëíèòü èíòåãðèðîâàíèå òàê, êàê åñëè áû x

è y áûëè áû íåçàâèñèìû.

Ïðè ðàçäåëåíèè ïåðåìåííûõ âûïîëíÿëàñü îïå-

ðàöèÿ äåëåíèÿ â ïðåäïîëîæåíèè, ÷òî g(y)

(ëèáî g2(y) è f1(x)) íå îáðàùàåòñÿ â íóëü.

Íî â èñõîäíûõ óðàâíåíèÿõ ôóíêöèè g(y), g2(y)

èëè f1(x) âïîëíå ìîãóò îáðàùàòüñÿ â íóëü.

Èãíîðèðîâàíèå ýòîãî ôàêòà ìîæåò ïðèâåñòè
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ê ïîòåðå ðåøåíèé. Äëÿ òîãî ÷òîáû ïîòåðè

âñå æå íå áûëî, òðåáóåòñÿ îòäåëüíî èññëå-

äîâàòü, ÿâëÿþòñÿ ëè ðåøåíèÿìè êîðíè óðàâ-

íåíèé

g(y) = 0, g2(y) = 0, f1(x) = 0.

Êîðíè y = b óðàâíåíèÿ g(y) = 0 èëè æå óðàâ-

íåíèÿ g2(y) = 0 ïîðîæäàþò ôóíêöèþ y = y(x),

ÿâëÿþùóþñÿ ðåøåíèåì ïåðâîãî èëè âòîðîãî
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èñõîäíîãî óðàâíåíèÿ. Ðåøåíèÿ æå x = a óðàâ-

íåíèÿ f1(x) = 0, ðàññìàòðèâàåìûå êàê ôóíê-

öèè x = x(y), íå äàþò íîâûõ ðåøåíèé. Íî åñ-

ëè äèôôåðåíöèàëüíîå óðàâíåíèå ñðàçó çà-

ïèñàíî â ñèììåòðè÷íîé ôîðìå

f1(x)g1(y)dy − f2(x)g2(y)dx = 0,

òî ðåøåíèÿ x = a, î÷åâèäíî, äàþò äîïîëíè-

òåëüíûå ðåøåíèÿ.
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Ïðèìåð.

Ðåøèòü äèôôåðåíöèàëüíîå óðàâíåíèå

x(y2 − 1)dx+ y(x2 − 1)dy = 0.

Ðåøåíèå. Ðàçäåëÿåì ïåðåìåííûå, äëÿ ÷åãî

äåëèì îáå ÷àñòè óðàâíåíèÿ íà

(y2 − 1)(x2 − 1),
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ïîëó÷àåì

xdx

x2 − 1
+

ydy

y2 − 1
= 0.

Èíòåãðèðóåì ñóììó äâóõ äèôôåðåíöèàëîâ:

ln |x2 − 1|+ ln |y2 − 1| = ln |C|,

èëè

(x2 − 1)(y2 − 1) = C.

Ðàâåíñòâà y2 − 1 = 0 è x2 − 1 = 0 äàþò êðè-

âûå, êîòîðûå òîæå ìîãóò áûòü ðåøåíèåì
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óðàâíåíèÿ. Íåïîñðåäñòâåííîé ïîäñòàíîâêîé

â óðàâíåíèå óáåæäàåìñÿ, ÷òî ïðÿìûå x =

±1, y = ±1 âõîäÿò â îáùåå ðåøåíèå ïðè C = 0.
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Ê óðàâíåíèÿì ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-

íûìè ñâîäÿòñÿ óðàâíåíèÿ ñëåäóþùèõ äâóõ

âèäîâ:

y′ = f(ax+ by + c);

f1(ax+ by + c)y′ = f2(ax+ by + c) b 6= 0.

Åñëè ïåðåéòè îò íåèçâåñòíîé ôóíêöèè y(x) ê

íîâîé íåèçâåñòíîé ôóíêöèè z = ax+ by + c, òî

óêàçàííûå óðàâíåíèÿ ïðåîáðàçóþòñÿ ê âèäó

z′bf(z) + a, f1(z)z′ = bf2(z) + af1(z).

64



Ïîëó÷åííûå óðàâíåíèÿ óæå äîïóñêàåò ðàçäå-

ëåíèå ïåðåìåííûõ.

Ñëåäóþùèì èíòåãðèðóåìûì êëàññîì äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ÿâ-

ëÿþòñÿ êëàññ îäíîðîäíûõ óðàâíåíèé.

Îïðåäåëåíèå.Ãîâîðÿò, ÷òî ôóíêöèÿ F (x, y)

îäíîðîäíà ñòåïåíè k, åñëè äëÿ âñåõ ïîëîæè-

òåëüíûõ ÷èñåë λ è äëÿ âñåõ ÷èñåë x, y èç
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åå îáëàñòè îïðåäåëåíèÿ âûïîëíÿåòñÿ ðàâåí-

ñòâî

F (λx, λy) = λkF (x, y).

Ïðèìåðû îäíîðîäíûõ ñòåïåíè 0, 1, 2 ôóíê-

öèé ïðèâåäåíû íèæå:

x− y
x+ y

,
x2 + xy

x− y
, x2 + y2 − xy.
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Äèôôåðåíöèàëüíîå óðàâíåíèå y′ = f(x, y) íà-

çûâàåòñÿ îäíîðîäíûì, åñëè f(x, y) ÿâëÿåòñÿ

îäíîðîäíîé ôóíêöèåé ñòåïåíè íóëü.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ

f1(x, y)y′ = f2(x, y),

M(x, y)dx+N(x, y)dy = 0
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íàçûâàþòñÿ îäíîðîäíûìè, åñëè f1(x, y) è f2(x, y),

M(x, y) è N(x, y) ÿâëÿþòñÿ îäíîðîäíûìè ôóíê-

öèÿìè îäíîé è òîé æå ñòåïåíè.

Ïåðåéäåì îò íåèçâåñòíîé ôóíêöèè y(x) ê íî-

âîé íåèçâåñòíîé ôóíêöèè z(x), ïîëîæèâ y = xz.

Ïðè òàêîé çàìåíå îäíîðîäíîå óðàâíåíèå ïðå-

îáðàçóåòñÿ â óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ

ïåðåìåííûìè. Ïîñòðîèâ ðåøåíèå z(x) ïîëó-

÷åííîãî óðàâíåíèÿ è âåðíóâøèñü ê ôóíêöèè
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y(x), ïîëó÷èì ðåøåíèå èñõîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ.

Ïðèâåäåì âûêëàäêè, ïîäòâåðæäàþùèå ñêà-

çàííîå, íà ïðèìåðå óðàâíåíèÿ â ñèììåòðè÷-

íîé ôîðìå.

Ïðè çàìåíå y = xz èìååò ìåñòî ðàâåíñòâî

dy = xdz + zdx.
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Òîãäà äèôôåðåíöèàëüíîå óðàâíåíèå â ñèì-

ìåòðè÷íîé ôîðìå ïðåîáðàçóåòñÿ ê âèäó

M(x, xz)dx+N(x, xz)(xdz + zdz) = 0.

Äàëåå, ïðèâîäÿ ïîäîáíûå ÷ëåíû è èñïîëüçóÿ

ñâîéñòâî îäíîðîäíîñòè, ïîëó÷èì óðàâíåíèå

xk[M(1, z) +N(1, z)z]dx+ xk+1N(1, z)dz = 0.
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Ñîêðàùàÿ íà xk è ðàçäåëÿÿ ïåðåìåííûå, ïðè-

õîäèì ê èíòåãðèðóåìîìó âèäó

N(1, z)

M(1, z) + zN(1, z)
dz = −

dx

x
.

Íàêîíåö, ïîñëå èíòåãðèðîâàíèÿ ïîëó÷èì

x = Ceψ(z),

ãäå ψ(z) åñòü ôóíêöèÿ

ψ(z) = −
∫

N(1, z)

M(1, z) + zN(1, z)
dz.
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Âîçâðàùàÿñü ê ôóíêöèè y(x), ïîëó÷àåì äëÿ

îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ,

çàïèñàííîãî â ñèììåòðè÷íîé ôîðìå

x = Ceψ(yx).

Ýòà ôóíêöèÿ è îïðåäåëÿåò îáùåå ðåøåíèå â

íåÿâíîé ôîðìå.

Ïðè ðàçäåëåíèè ïåðåìåííûõ ìû ìîãëè ïîòå-

ðÿòü ðåøåíèÿ z = a, ãäå a � êîðåíü óðàâíå-
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íèÿ

M(1, z) + zN(1, z) = 0.

Âîçâðàùàÿñü ê ôóíêöèè y(x), ïîëó÷àåì, ÷òî

ê îáùåìó ðåøåíèþ, îïðåäåë¼ííîìó âûøå,

íåîáõîäèìî ïðèñîåäèíèòü ôóíêöèè y = ax.

Ïî õîäó âûêëàäîê ìû ïðîèçâîäèëè òàêæå äå-

ëåíèå íà xk. Åñëè ÷èñëî x = 0 âõîäèò â îá-

ëàñòü îïðåäåëåíèÿ ôóíêöèé M(x, y) è N(x, y),
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òî ôóíêöèÿ x = 0 òàêæå áóäåò ðåøåíèåì èñ-

õîäíîãî óðàâíåíèÿ. Íî åå íåò íåîáõîäèìîñòè

äîïîëíèòåëüíî ïðèñîåäèíÿòü ê îòâåòó, ïî-

ñêîëüêó ïðÿìàÿ x = 0 ñîäåðæèòñÿ â ôîðìóëå

îáùåãî ðåøåíèÿ (ïðè C = 0).

Åñëè æå ÷èñëî x = 0 íå âõîäèò â îáëàñòü

îïðåäåëåíèÿ ôóíêöèé M(x, y) è N(x, y), òî äå-

ëåíèå íà xk âîçìîæíî è íå ïðèâåäåò ê ïîòåðå

ðåøåíèé.
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Îäíîðîäíûå óðàâíåíèÿ, çàïèñàííûå â íîð-

ìàëüíîé ôîðìå ÷åðåç ïðîèçâîäíóþ y′, ðåøà-

þòñÿ ïóòåì ïðèâåäåíèÿ èõ ê ñèììåòðè÷íîé

ôîðìå. Ïðè ýòîì ñëåäóåò ïîìíèòü î íóëÿõ

âûðàæåíèé, íà êîòîðûå äåëèòñÿ óðàâíåíèå.

Ê îäíîðîäíûì óðàâíåíèÿì ñâîäÿòñÿ óðàâíå-

íèÿ âèäà

y′ = f

(
a1x+ b1y + c1
a2x+ b2y + c2

)
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â ñëó÷àå, åñëè ïðÿìûå

a1x+ b1y + c1 = 0 è a2x+ b2y + c2 = 0

ïåðåñåêàþòñÿ. Åñëè (x0, y0) � êîîðäèíàòû èõ

òî÷êè ïåðåñå÷åíèÿ, òî çàìåíîé

x = x0 + t, y = y0 + z,

ãäå t � íîâàÿ íåçàâèñèìàÿ ïåðåìåííàÿ, à

z = z(t) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ, óðàâ-
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íåíèå ïðåîáðàçóåòñÿ ê âèäó

z′ = f

(
a1t+ b1z

a2t+ b2z

)
,

êîòîðîå ÿâëÿåòñÿ îäíîðîäíûì.

Åñëè æå â ðàññìàòðèâàåìîì óðàâíåíèè ïðÿ-

ìûå a1x+ b1y + c1 = 0 è a2x+ b2y + c2 = 0 íå ïå-

ðåñåêàþòñÿ (òî åñòü îíè ïàðàëëåëüíû), òî
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ïóòåì àðèôìåòè÷åñêèõ äåéñòâèé ýòî óðàâ-

íåíèå ñâîäèòñÿ ê ñëåäóþùåìó

y′ = f̃(a1x+ b1y).

Ïîëó÷åííîå óðàâíåíèå ñâîäèòñÿ ê óðàâíåíèþ

ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

Íåêîòîðûå óðàâíåíèÿ ìîæíî ïðèâåñòè ê îä-

íîðîäíûì çàìåíîé y = zm, ãäå z = z(x) � íî-

âàÿ íåèçâåñòíàÿ ôóíêöèÿ. Òðåáóÿ, ÷òîáû
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óðàâíåíèå ñòàëî îäíîðîäíûì, íàõîäèì ÷èñëî

m. Åñëè æå ÷èñëî m îïðåäåëèòü íå óäàåòñÿ,

òî ñ ïîìîùüþ óêàçàííîé çàìåíû óðàâíåíèå

íå ïðèâîäèòñÿ ê îäíîðîäíîìó.

Áëèçêèì ê îäíîðîäíûì óðàâíåíèÿì ÿâëÿþò-

ñÿ óðàâíåíèÿ, íàçûâàåìûå îáîáù¼ííî�îäíî-

ðîäíûìè.

Óðàâíåíèå íàçûâàåòñÿ îáîáùåííî�îäíîðîä-

íûì, åñëè ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ α,
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÷òî ïîñëå çàìåíû y = zα îíî ñòàíîâèòñÿ îä-

íîðîäíûì.

Ïðèìåð. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

2x2y′ = y3 + xy.

Ðåøåíèå. Ïîëîæèì y = zα. Òðåáóÿ, ÷òîáû

óðàâíåíèå áûëî îäíîðîäíûì, íàéäåì α. Èìå-

åì ïîñëå ïîäñòàíîâêè

2αx2zα−1z′ = z3α + xzα,
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2αx2zα−1dz − (z3α + xzα)dx = 0.

Ôóíêöèè 2αx2zα−1 è z3α+xzα îäíîðîäíû ëèøü

ïðè óñëîâèè

α+ 1 = 3α = α+ 1,

ò.å. ïðè α = 1
2. Òàêèì îáðàçîì, â ñëó÷àå y ≥ 0

ïðèìåíÿåì çàìåíó

y =
√
z.
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Òîãäà èñõîäíîå óðàâíåíèå ïðèìåò âèä

x2dz − (z2 + xz)dx = 0.

Ïîëó÷èëè îäíîðîäíîå óðàâíåíèå.

Çàìåíà z = xu(x) ïðåîáðàçóåò ïîñëåäíåå óðàâ-

íåíèå â óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðå-

ìåííûìè

x2(xdu− u2dx) = 0.
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Åñëè u(x) 6= 0, x 6= 0, (z 6= 0), òî èíòåãðèðóÿ

åãî, ïîëó÷èì

x

y2
+ ln |x| = C.

Åñëè z = 0, òî y = 0 óäîâëåòâîðÿåò èñõîäíî-

ìó óðàâíåíèþ è òàêæå ÿâëÿåòñÿ ðåøåíèåì.

Ìîæíî çàìåòèòü, ÷òî ðåøåíèå y = 0 âõîäèò â

ïîëó÷åííîå ñåìåéñòâî ïðè C →∞. Îòìåòèì,

÷òî x = 0 òàêæå ÿâëÿåòñÿ ðåøåíèåì.
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Ïðèìåð.

Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

dy

dx
=
x− y + 1

x+ y − 3
.

Ðåøåíèå. Ðåøàÿ ñèñòåìó óðàâíåíèé{
x− y + 1 = 0

x− y − 3 = 0
,
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ïîëó÷èì x1 = 1, y1 = 2. Ïîëàãàÿ x = X + 1, y =

Y + 2, èìååì â íîâûõ ïåðåìåííûõ óðàâíåíèå

dY

dX
=
X − Y
X + Y

.

Çàìåíà ïåðåìåííûõ z = Y
X

èëè Y = zX ïðè-

âîäèò ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðå-

ìåííûìè

z +X
dz

dX
=

1− z
1 + z

,
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Ðàçäåëèâ ïåðåìåííûå, ïîëó÷èì

(1 + z)dz

1− 2z − z2
=
dX

X
.

Èíòåãðèðóÿ ïîñëåäíåå ðàâåíñòâî, ïîëó÷èì

−
1

2
ln |1− 2z − z2| = ln |X| −

1

2
lnC,

(1− 2z − z2)X2 = C,

X2 − 2XY − Y 2 = C.
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Âîçâðàùàÿñü ê ïåðåìåííûì x, y, çàïèøåì

ðåøåíèå èñõîäíîãî óðàâíåíèÿ â âèäå ðàâåí-

ñòâà

x2 − 2xy − y2 + 2x+ 6y = C1.
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Îïðåäåëåíèå.Óðàâíåíèå

M(x, y)dx+N(x, y)dy = 0

íàçûâàåòñÿ îáîáùåííî-îäíîðîäíûì, åñëè äëÿ

íåêîòîðûõ ÷èñåë m è k è äëÿ âñåõ ÷èñåë λ

âûïîëíÿþòñÿ òîæäåñòâà

M(λx, λky) = λmM(x, y), N(λx, λky) = λmN(x, y).

Ïðè k = 1 îáîáùåííî�îäíîðîäíîå óðàâíåíèå

ÿâëÿåòñÿ ïðîñòî îäíîðîäíûì.
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Îáîáùåííî�îäíîðîäíîå óðàâíåíèå ñâîäèòñÿ

ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííû-

ìè äëÿ ôóíêöèè z = z(x), îïðåäåëÿþùåéñÿ èç

ñîîòíîøåíèÿ y = zxk. Ýòî óðàâíåíèå èìååò

âèä

[M(1, z) + kN(1, z)z]dx+ xN(1, z)dz = 0.

Äîïîëíèòåëüíûìè ðåøåíèÿìè ìîãóò áûòü

ôóíêöèè x = 0 è y = axk, ãäå ÷èñëî a � êî-

ðåíü óðàâíåíèÿ M(1, z) + kzN(1, z) = 0.
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Ñëåäóþùèé êëàññ èíòåãðèðóåìûõ óðàâíåíèé

� ëèíåéíûå óðàâíåíèÿ.

Óðàâíåíèå âèäà y′ + p(x)y = q(x) íàçûâàåòñÿ

ëèíåéíûì. Âûïèøåì åãî îáùåå ðåøåíèå ñ

ïîìîùüþ àëãîðèòìà, íàçûâàåìîãî ìåòîäîì

Ëàãðàíæà, èëè ìåòîäîì âàðèàöèè ïîñòîÿí-

íîé.
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Ðåøàåì âíà÷àëå óðàâíåíèå ñ òîæäåñòâåííî

íóëåâîé ïðàâîé ÷àñòüþ

y′ + p(x)y = 0.

Â ýòîì óðàâíåíèè ïåðåìåííûå ðàçäåëÿþòñÿ

è åãî îáùåå ðåøåíèå èìååò âèä

y = Ce−
∫
p(x)dx.
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Ðåøåíèå íåîäíîðîäíîãî ëèíåéíîãî óðàâíå-

íèÿ áóäåì èñêàòü â âèäå

y∗(x) = C(x)e−
∫
p(x)dx,

ò.å. ïðåäïîëàãàÿ, ÷òî C � íå ïîñòîÿííàÿ, à

ôóíêöèÿ ïåðåìåííîé x.

Ïîäáåðåì ýòó ôóíêöèþ òàê, ÷òîáû y∗(x) ÿâ-

ëÿëîñü ðåøåíèåì èñõîäíîãî íåîäíîðîäíîãî
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óðàâíåíèÿ. Ïîñëå ïîäñòàíîâêè ïîëó÷àåì ñî-

îòíîøåíèå

C′(x)e−
∫
p(x)dx − C(x)p(x)e−

∫
p(x)dx+

C(x)p(x)e−
∫
p(x)dx = q(x).

Äëÿ òîãî ÷òîáû ýòî ñîîòíîøåíèå ïðåâðàòè-

ëîñü â òîæäåñòâî, íåîáõîäèìî âûïîëíåíèå

ðàâåíñòâà

C′(x)e−
∫
p(x)dx = q(x).

93



Ýòî ðàâåíñòâî ïðåäñòàâëÿåò ñîáîé ïðîñòåé-

øåå äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ôóíê-

öèè C(x).

Ðåøàÿ åãî, íàõîäèì

C(x) =

∫
q(x)e

x∫
x0

p(τ )dτ

dx+ C1,

ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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Ôóíêöèÿ

y(x) =

∫ q(x)e

x∫
x0

p(τ )dτ

dx+ C1

 e−
∫
p(x)dx

çàäàåò îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ.

Ëèíåéíîå óðàâíåíèå, çàïèñàííîå â ñèììåò-

ðè÷íîé ôîðìå, èìååò âèä

p0(x)dy + [p1(x)y − q(x)]dx = 0.
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Äëÿ òîãî ÷òîáû íàéòè îáùåå ðåøåíèå ýòî-

ãî óðàâíåíèÿ, äîñòàòî÷íî ïåðåéòè ê åãî íîð-

ìàëüíîé ôîðìå, çàïèñàâ óðàâíåíèå ÷åðåç ïðî-

èçâîäíóþ (ïóòåì äåëåíèÿ íà p0(x)dx). Çàòåì

ñëåäóåò âûïèñàòü îáùåå ðåøåíèå ïîëó÷åí-

íîãî ëèíåéíîãî óðàâíåíèÿ è ïðèñîåäèíèòü ê

îòâåòó ðåøåíèÿ âèäà x = a, ãäå a � êîðåíü

óðàâíåíèÿ p0(x) = 0.
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Íåêîòîðûå óðàâíåíèÿ ñòàíîâÿòñÿ ëèíåéíû-

ìè, åñëè x ñ÷èòàòü ôóíêöèåé, à y � íåçà-

âèñèìîé ïåðåìåííîé. Òàêîâûìè, íàïðèìåð,

ÿâëÿþòñÿ óðàâíåíèÿ ñëåäóþùåãî âèäà:

A(y) + [B(y)x− C(y)]y′ = 0.

Åñëè ïåðåéòè ê ôóíêöèè x(y), òî ýòî óðàâíå-

íèå ïðåîáðàçóåòñÿ ê ëèíåéíîìó

x′ + p(y)x = q(y),
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ãäå øòðèõ îçíà÷àåò äèôôåðåíöèðîâàíèå ïî

y, à êîýôôèöèåíòû íàõîäÿòñÿ èç ñîîòíîøå-

íèé p(y) =
B(y)
A(y)

, q(y) =
C(y)
A(y)

.

Ðåøåíèå ïîëó÷åííîãî óðàâíåíèÿ çàïèñûâà-

åòñÿ ñ ïîìîùüþ ôîðìóëû îáùåãî ðåøåíèÿ

ëèíåéíîãî óðàâíåíèÿ, â êîòîðîé ïåðåìåííûå

x è y ñëåäóåò ïîìåíÿòü ìåñòàìè.
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Ïðèìåð.

Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

dy

dx
−
y

x
= x2.

Ðåøåíèå. Èíòåãðèðóåì ñîîòâåòñòâóþùåå îä-

íîðîäíîå óðàâíåíèå:

dy

dx
−
y

x
= 0,

dy

y
=
dx

x
,

ln |y| = ln |x|+ lnC, y = Cx.
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Áóäåì èñêàòü ðåøåíèå èñõîäíîãî óðàâíåíèÿ

â âèäå

y = C(x)x,

ãäå C(x) íåèçâåñòíàÿ ôóíêöèÿ, òîãäà

dy

dx
=
dC

dx
x+ C(x).

Ïîäñòàâëÿÿ â èñõîäíîå óðàâíåíèå, ïîñëå óïðî-

ùåíèÿ ïîëó÷àåì

dC

dx
x = x2,
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èëè

dC = xdx, C(x) =
x2

2
+ C1.

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå

y = C1x+
x3

2
, (3.18)

çäåñü C1x � îáùåå ðåøåíèå ëèíåéíîãî îäíî-

ðîäíîãî óðàâíåíèÿ, à
x3

2
� ÷àñòíîå ðåøåíèå

íåîäíîðîäíîãî óðàâíåíèÿ.
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Ïðèìåð.

Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

(2ey − x)y′ = 1.

Ðåøåíèå. Óðàâíåíèå ëèíåéíî îòíîñèòåëüíî

ïåðåìåííîé x. Òàê êàê

dy

dx
=

1

dx
dy

,
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òî óðàâíåíèå ìîæíî çàïèñàòü â âèäå

2ey − x = x′.

Îáùèì ðåøåíèåì îäíîðîäíîãî óðàâíåíèÿ

x′ + x = 0

ÿâëÿåòñÿ ôóíêöèÿ x = Ce−y. ×àñòíîå ðåøå-

íèå x∗ = x∗(y) íåîäíîðîäíîãî íàéäåì ìåòî-

äîì âàðèàöèè ïîñòîÿííîé. Ïîëàãàåì

x∗ = C(y)e−y
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è ïîäñòàâèâ x∗ â ðåøàåìîå óðàâíåíèå, ïîëó-

÷èì

2ey − Ce−y = C′e−y − Ce−y,

C′ = 2e2y, C(y) = e2y + C0.

Îêîí÷àòåëüíî íàõîäèì

x = Ce−y + ey.
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Ê ëèíåéíûì óðàâíåíèÿì ïðèâîäÿòñÿ òàêæå

óðàâíåíèÿ âèäà

f ′(y)y′ + a(x)f(y) = b(x).

Çäåñü øòðèõ y ôóíêöèè y îçíà÷àåò ïðîèç-

âîäíóþ ïî ïåðåìåííîé x, øòðèõ ó ôóíêöèè f

� ïðîèçâîäíóþ ýòîé ôóíêöèè ïî ïåðåìåííîé

y. Åñëè îò íåèçâåñòíîé ôóíêöèè y(x) ïåðåé-

òè ê íîâîé íåèçâåñòíîé ôóíêöèè z = f(y), òî
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ïðèäåì ê ëèíåéíîìó óðàâíåíèþ

z′ + a(x)z = b(x).

Íàéäÿ æå ôóíêöèþ z(x), íåòðóäíî ïîëó÷èòü

çàòåì è ôóíêöèþ y(x).
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Ïðèìåð. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y√
y2 + 1

dy

dx
+

√
y2 + 1 = x2 + 1.

Ðåøåíèå. Ïðîèçâåäåì çàìåíó

z(x) =

√
y2 + 1.

Òîãäà ïîëó÷èì

z′ =
yy′√
y2 + 1

, z′ + z = x2 + 1.
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Ïîñëåäíåå óðàâíåíèå ëèíåéíî îòíîñèòåëüíî

z. Ðåøàåì åãî ñ ïîìîùüþ ìåòîäà âàðèàöèè

ïîñòîÿííîé. Íàõîäèì

z = C(x)e−x,

ãäå

C(x) = ex(x2 − 2x+ 3) + C0.

Îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ èìååò

âèä √
y2 + 1 = x2 − 2x+ 3 + Ce−x.
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Ïðèìåð. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

3dy + (1 + ex+3y)dx = 0.

Ðåøåíèå. Ïðåîáðàçóåì óðàâíåíèå ê âèäó

3
dy

dx
+ 1 = −exe3y.

Ñäåëàåì çàìåíó ïåðåìåííûõ z(x) = e−3y, òî-

ãäà ïîëó÷èì

z′(x) = −3e−3yy′, −
z′

z
+ 1 = −

ex

z
,
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z′ − z = ex.

Íàõîäèì îáùåå ðåøåíèå ëèíåéíîãî óðàâíå-

íèÿ

z(x) = Cex + xex.

Òîãäà îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ

èìååò âèä

y = −
1

3
ln(C + x)−

x

3
.
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Ê ëèíåéíîìó óðàâíåíèþ ñâîäèòñÿ óðàâíåíèå

Áåðíóëëè, èìåþùåå ñëåäóþùèé âèä:

y′ + p(x)y = q(x)yα.

Çäåñü α 6= 0 è α 6= 1 (ïðè α = 0, α = 1 óðàâíåíèå

Áåðíóëëè ïðåâðàùàåòñÿ â ëèíåéíîå).

Äëÿ òîãî ÷òîáû ðåøèòü óðàâíåíèå Áåðíóë-

ëè, îò íåèçâåñòíîé ôóíêöèè y(x) ïåðåõîäÿò ê
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íîâîé íåèçâåñòíîé ôóíêöèè z(x) ñ ïîìîùüþ

çàìåíû

z(x) = y1−α(x).

Çäåñü α 6= 1. Äëÿ ôóíêöèè z(x) ïîëó÷àåòñÿ

ëèíåéíîå óðàâíåíèå

z′ + (1− α)p(x)z = (1− α)q(x).

Íàéäÿ åãî ðåøåíèå è çàòåì âîçâðàùàÿñü ê

ôóíêöèè y(x), ïîëó÷àåì îáùåå ðåøåíèå óðàâ-

íåíèÿ Áåðíóëëè.
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Ïðèìåð. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

x
dy

dx
− 4y = x2√y.

Ðåøåíèå. Ýòî óðàâíåíèå ÿâëÿåòñÿ óðàâíå-

íèåì Áåðíóëëè, α = 1
2. Äåëèì îáå ÷àñòè íà

ïðîèçâåäåíèå x
√
y:

1
√
y

dy

dx
−

4

x

√
y = x.

Ââîäÿ íîâóþ ïåðåìåííóþ z =
√
y, èìååì

dz

dx
=

1

2
√
y

dy

dx
.
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Ïîëó÷èëè ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå

dz

dx
−

2z

x
=
x

2
.

Ñíà÷àëà ðåøàåì îäíîðîäíîå ëèíåéíîå óðàâ-

íåíèå

dz

dx
=

2z

x
,

dz

z
=

2dx

x
, ln z = 2 lnx+lnC, z = Cx2.

Çàòåì ïðèìåíÿåì ìåòîä âàðèàöèè ïîñòîÿí-

íîé, òî åñòü èùåì ÷àñòíîå ðåøåíèå íåîäíî-
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ðîäíîãî óðàâíåíèÿ â âèäå z = C(x)x2. Èìååì

dz

dx
= 2Cx+ x2dC

dx
.

Ïîäñòàâëÿÿ â íåîäíîðîäíîå óðàâíåíèå, ïî-

ëó÷àåì

2Cx+ x2dC

dx
−

2Cx2

x
=
x

2
,

èëè

dC

dx
=

1

2x
, C =

1

2
lnx+ C1.
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Ñëåäîâàòåëüíî,

z = x2(C1 +
1

2
lnx)

è, íàêîíåö,

y = x4(C1 +
1

2
lnx)2.

Ýòî ôîðìóëà îáùåãî ðåøåíèÿ èñõîäíîãî óðàâ-

íåíèÿ Áåðíóëëè.
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Êðîìå òîãî, ïðè α > 0 óðàâíåíèå Áåðíóëëè

èìååò äîïîëíèòåëüíîå ðåøåíèå y = 0.

Óðàâíåíèå âèäà y′ + a(x)y + b(x)y2 = c(x) íàçû-

âàåòñÿ óðàâíåíèåì Ðèêêàòè.

Â îáùåì ñëó÷àå ýòî óðàâíåíèå íå ðåøàåòñÿ

â ýëåìåíòàðíûõ ôóíêöèÿõ.
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Îäíàêî, åñëè èçâåñòíî êàêîå-ëèáî åãî ÷àñò-

íîå ðåøåíèå y = y1(x), òî óðàâíåíèå Ðèêêàòè

ñâîäèòñÿ ê óðàâíåíèþ Áåðíóëëè ñ ïîìîùüþ

çàìåíû y = y1 + z, ãäå z = z(x) � íîâàÿ íåèç-

âåñòíàÿ ôóíêöèÿ. Èìåþò ìåñòî ðàâåíñòâà

y′1 + z′ + a(x)y1 + a(x)z+

b(x)y2
1 + 2b(x)y1z + b(x)z2 = c(x),

y′1 + a(x)y1 + b(x)y2
1 = c(x).
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Âû÷èòàÿ âòîðîå ðàâåíñòâî èç ïåðâîãî, ïî-

ëó÷àåì, ÷òî ôóíêöèÿ z(x) äîëæíà áûòü ðå-

øåíèåì ñëåäóþùåãî óðàâíåíèÿ Áåðíóëëè

z′ + [a(x) + 2b(x)y1]z = −b(x)z2.

Çàìåíîé u(x) = 1
z(x)

ïîñëåäíåå óðàâíåíèå ñâî-

äèòñÿ ê ëèíåéíîìó óðàâíåíèþ äëÿ u(x).

Ðåøèâ ýòî óðàâíåíèå, íàõîäèì ñíà÷àëà ôóíê-

öèþ z(x), à çàòåì è ôóíêöèþ y(x), òî åñòü

ðåøåíèå èñõîäíîãî óðàâíåíèÿ Ðèêêàòè.
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Ñëåäóþùèé èíòåãðèðóåìûé êëàññ äèôôåðåí-

öèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà îáðà-

çóþò óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ.

Óðàâíåíèå âèäà

M(x, y)dx+N(x, y)dy = 0

íàçûâàåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåí-

öèàëàõ, åñëè åãî ëåâàÿ ÷àñòü ÿâëÿåòñÿ ïîë-

íûì äèôôåðåíöèàëîì íåêîòîðîé ôóíêöèè

F (x, y).
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Äëÿ ïîëíîãî äèôôåðåíöèàëà ôóíêöèè èìå-

åò ìåñòî ðàâåíñòâî

dF =
∂F

∂x
dx+

∂F

∂y
dy.

Åñëè èñõîäíîå óðàâíåíèå � â ïîëíûõ äèô-

ôåðåíöèàëàõ, òî äîëæíî âûïîëíÿòüñÿ ðà-

âåíñòâî

dF = M(x, y)dx+N(x, y)dy,
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÷òî âîçìîæíî ëèøü ïðè óñëîâèè

∂F

∂x
= M(x, y),

∂F

∂y
= N(x, y).

Äëÿ òîãî ÷òîáû ÷òîáû âûïîëíÿëèñü ýòè ðà-

âåíñòâà, íåîáõîäèìî è äîñòàòî÷íî âûïîëíå-

íèå ñîîòíîøåíèÿ

∂M(x, y)

∂y
=
∂N(x, y)

∂x
.

Åñëè ýòî òîæäåñòâî èìååò ìåñòî, òî ôóíê-

öèþ F (x, y) íàõîäèì ñ ïîìîùüþ èíòåãðèðî-

122



âàíèÿ. Èìåííî, èíòåãðèðóÿ ðàâåíñòâî

Fx(x, y) = M(x, y)

ïî ïåðåìåííîé x (ïðåäïîëàãàÿ ïðè ýòîì, ÷òî

y âåëè÷èíà ïîñòîÿííàÿ), îïðåäåëèì ôóíê-

öèþ F (x, y) ñ òî÷íîñòüþ äî ïðîèçâîëüíîãî

ñëàãàåìîãî, êîòîðîå ìîæåò çàâèñåòü îò y:

F (x, y) =

∫
M(x, y)dx+ ϕ(y) = Φ(x, y) + ϕ(y).
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Äèôôåðåíöèðóÿ ïîëó÷åííîå ðàâåíñòâî ïî ïå-

ðåìåííîé y è ó÷èòûâàÿ, ÷òî Fy(x, y) = N(x, y),

ïîëó÷àåì äëÿ ôóíêöèè ϕ(y) ñëåäóþùåå óðàâ-

íåíèå:

ϕ′(y) = N(x, y)−
∂Φ(x, y)

∂y
.

Ïðàâàÿ ÷àñòü çäåñü îáÿçàòåëüíî îêàæåòñÿ

ôóíêöèåé, çàâèñÿùåé òîëüêî îò y.

Èíòåãðèðóÿ ïîëó÷åííîå óðàâíåíèå ïî ïåðå-

ìåííîé y, íàõîäèì ôóíêöèþ ϕ(y). Ïîäñòàâ-
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ëÿÿ ðåçóëüòàò â ñîîòíîøåíèå

F (x, y) = Φ(x, y) + ϕ(y),

íàõîäèì â èòîãå è ôóíêöèþ F (x, y). Îáùåå

ðåøåíèå óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèà-

ëàõ îïðåäåëÿåòñÿ òåïåðü ôîðìóëîé

F (x, y) = C.

Ýòî ðàâåíñòâî çàäàåò íåÿâíî y êàê ôóíêöèþ

îò x.
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Ïðèìåð. Ðåøèòü óðàâíåíèå

(3x2 − y2)dx− (3y2 − 2xy)dy = 0.

Ðåøåíèå. Äëÿ ýòîãî óðàâíåíèÿ èìååì

M(x, y) = 3x2 − y2;
∂M

∂y
= −2y;

N(x, y) = 3y2 −−2xy;
∂N

∂x
= −2y.

Òàêèì îáðàçîì, ýòî óðàâíåíèå â ïîëíûõ äèô-

ôåðåíöèàëàõ âî âñåé ïëîñêîñòè.
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Íàéäåì ñîîòâåòñòâóþùóþ ôóíêöèþ F (x, y) =

Φ(x, y). Ïî óñëîâèþ äîëæíî áûòü

∂Φ

∂y
= 3y2 − 2xy.

Èíòåãðèðóÿ, ïîëó÷àåì

Φ =

∫ y
0

(3ξ2 − 2xξ)dξ + C(x) =

[
ξ3 − xξ2

]y
0

+ C(x) = y3 − xy2 + C(x).
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Ó÷èòûâàÿ åùå, ÷òî äîëæíî âûïîëíÿòüñÿ ðà-

âåíñòâî

∂Φ

∂x
= 3x2 − y2,

ïîëó÷àåì

−y2 + C′(x) = 3x2 − y2, C′(x) = 3x2.

Èìååì äàëåå C(x) = x3 +C1 è, ñëåäîâàòåëüíî,

Φ(x, y) = y3 − xy2 + x3.
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Òàêèì îáðàçîì, îáùåå ðåøåíèå èñõîäíîãî

óðàâíåíèÿ íåÿâíî çàäàåòñÿ ðàâåíñòâîì

y3 − xy2 + x3 = C.

Ýòà æå ôîðìóëà íàçûâàåòñÿ ïîëíûì èíòå-

ãðàëîì óðàâíåíèÿ.
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Óñëîâèå

∂M(x, y)

∂y
=
∂N(x, y)

∂x

âûïîëíÿåòñÿ íå âñåãäà. Ïîýòîìó íå âñÿêîå

äèôôåðåíöèàëüíîå óðàâíåíèå

M(x, y)dx+N(x, y)dy = 0

ÿâëÿåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåí-

öèàëàõ.
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Íî îêàçûâàåòñÿ, ïî÷òè âñåãäà ñóùåñòâóåò

òàêàÿ ôóíêöèÿ µ(x, y), ÷òî ïîñëå óìíîæåíèÿ

íà ýòó ôóíêöèþ óðàâíåíèå ïðåâðàòèòñÿ â

óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ.

Äðóãèìè ñëîâàìè, ñóùåñòâóåò òàêàÿ ôóíê-

öèÿ µ(x, y), ÷òî âûïîëíÿåòñÿ òîæäåñòâî

∂

∂x
(µ(x, y)M(x, y)) =

∂

∂y
(µ(x, y)N(x, y)).

131



Îïðåäåëåíèå.Ôóíêöèÿ µ(x, y) íàçûâàåòñÿ èí-

òåãðèðóþùèì ìíîæèòåëåì äëÿ èñõîäíîãî óðàâ-

íåíèÿ â ñèììåòðè÷íîé ôîðìå.

Åñëè èíòåãðèðóþùèé ìíîæèòåëü µ(x, y) èçâå-

ñòåí è íå îáðàùàåòñÿ â íóëü, òî ïîñëå óìíî-

æåíèÿ óðàâíåíèÿ íà µ(x, y) îáùåå ðåøåíèå

ïîëó÷åííîãî óðàâíåíèÿ íàõîäèòñÿ ïî èçëî-

æåííîé âûøå ñõåìå.
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Îáùåå ðåøåíèå äîìíîæåííîãî óðàâíåíèÿ

µ(x, y)M(x, y)dx+ µ(x, y)N(x, y)dy = 0

çàäàåò è îáùåå ðåøåíèå èñõîäíîãî óðàâíå-

íèÿ.

Â îáùåì ñëó÷àå íàõîæäåíèå èíòåãðèðóþùå-

ãî ìíîæèòåëÿ ïðåäñòàâëÿåò ñîáîé âåñüìà

òðóäíóþ çàäà÷ó. Ïðèâåäåì ïðèìåð, êîãäà åå

óäàåòñÿ ðåøèòü.
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Ïóñòü åñòü ëèíåéíîå óðàâíåíèå ïåðâîãî ïî-

ðÿäêà

y′ + P (x)y = Q(x).

Óìíîæèì îáå åãî ÷àñòè íà ôóíêöèþ

µ = e
∫
P (x)dx,

à ðåçóëüòàò çàïèøåì åãî â âèäå

d

dx

(
ye
∫
P (x)dx

)
= Q(x)e

∫
P (x)dx.
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Èíòåãðèðóÿ, ïîëó÷èì

y(x)e
∫
P (x)dx = C +

∫
Q(x)e

∫
P (x)dx,

èëè, ÿâíî âûðàæàÿ ïåðåìåííóþ y:

y = e−
∫
P (x)dx

[
C +

∫
Q(x)e

∫
P (x)dxdx

]
.

Ïðèìåð. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

(4− x2)y′ + xy = 4
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Ðåøåíèå. Ýòî ëèíåéíîå óðàâíåíèå ïåðâîãî

ïîðÿäêà. Ïðèìåíèì ê íåìó ìåòîä èíòåãðèðó-

þùåãî ìíîæèòåëÿ. Èíòåãðèðóþùèé ìíîæè-

òåëü â äàííîì ñëó÷àå èìååò âèä

µ(x) =
1

4− x2
e

∫ x
4−x2 dx =

=
1

4− x2
e−

1
2 ln(4−x2) =

1

(
√

4− x2)3
.
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Óìíîæèâ íà µ îáå ÷àñòè èñõîäíîãî óðàâíå-

íèÿ, ïðèâåäåì åãî ê âèäó

1√
4− x2

dy +
xy − 4

(
√

4− x2)3
dx = 0.

Ëåâàÿ ÷àñòü ïîëó÷åííîãî óðàâíåíèÿ ïðåä-

ñòàâëÿåò ñîáîé ïîëíûé äèôôåðåíöèàë. Èí-

òåãðèðóÿ êîýôôèöèåíò ïðè dy ïî ïåðåìåí-

íîé y, íàõîäèì∫
dy√

4− x2
=

y√
4− x2

+ ϕ(x).
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Ïðîèçâîäíàÿ ïî x îò ïîëó÷åííîãî âûðàæå-

íèÿ äîëæíà ñîâïàäàòü ñ ôóíêöèåé ïðè dx â

ñèììåòðè÷íîé çàïèñè óðàâíåíèÿ:

xy

(
√

4− x2)3
+ ϕ′(x) =

xy − 4

(
√

4− x2)3
.

Ñëåäîâàòåëüíî,

ϕ′(x) = −
4

(
√

4− x2)3
,
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è äàëåå

ϕ(x) = −4

∫
dx

(4− x2)
3
2

= −
x√

4− x2
.

Îáùèé èíòåãðàë èñõîäíîãî óðàâíåíèÿ èìååò

âèä

y√
4− x2

−
x√

4− x2
= C,

èëè

y = x+ C

√
4− x2.
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Ïðèìåð. Íàéòè èíòåãðèðóþùèé ìíîæèòåëü

äëÿ óðàâíåíèÿ

(2xy − x2y −
y3

3
)dx+ (x2 + y2)dy = 0.

Ðåøåíèå. Ýòî óðàâíåíèå â ñèììåòðè÷íîì

âèäå ñ êîýôôèöèåíòàìè

M(x, y) = 2xy − x2y −
y3

3
;

∂M

∂y
= 2x− x2 − y2;

N(x, y) = x2 + y2;
∂N

∂x
= 2x.
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Ýòî íå óðàâíåíèå â ïîëíûõ äèôôåðåíöèà-

ëàõ. Íàéäåì ñîîòâåòñòâóþùèé åìó èíòåãðè-

ðóþùèé ìíîæèòåëü µ(x, y).

Âûïèøåì óðàâíåíèå äëÿ èíòåãðèðóþùåãî ìíî-

æèòåëÿ:

(∂µM)

∂y
=

(∂µN)

∂x
,

èëè â ðàçâåðíóòîì âèäå:

∂µ

∂y
M + µ

∂M

∂y
=
∂µ

∂x
N + µ

∂N

∂x
.
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Ïîñëå äåëåíèÿ íà µ è ïåðåíîñà íåêîòîðûõ

÷ëåíîâ â äðóãóþ ÷àñòü ðàâåíñòâà óðàâíåíèå

ïðèâîäèòñÿ ê âèäó

∂lnµ

∂y
M −

∂lnµ

∂x
N =

∂N

∂x
−
∂M

∂y
.

Ïîäñòàâëÿÿ ñþäà ÿâíûå âûðàæåíèÿ ôóíê-

öèé M(x, y) è N(x, y), ïîëó÷àåì

(x2 + y2)
∂lnµ

∂x
− (2xy − x2y −

y3

3
)
∂lnµ

∂y
=

= −(x2 + y2).
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Áóäåì èñêàòü ðåøåíèÿ ýòîãî óðàâíåíèÿ, êî-

òîðûå çàâèñÿò òîëüêî îò x. Â ýòîì ñëó÷àå

èìååì óðàâíåíèå

(x2 + y2)
∂lnµ

∂x
= −(x2 + y2),

∂lnµ

∂x
= −1.

Ñëåäîâàòåëüíî, µ(x) = e−x. Äîìíîæàÿ íà e−x

èñõîäíîå óðàâíåíèå, ïîëó÷àåì óðàâíåíèå â

ïîëíûõ äèôôåðåíöèàëàõ:

e−x(2xy − x2y −
y3

3
)dx+ e−x(x2 + y2)dy = 0.
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Ïóñòü èçâåñòíà êàêàÿ-íèáóäü ôóíêöèÿ w(x, y),

äëÿ êîòîðîé âûïîëíÿåòñÿ òîæäåñòâî

∂M
∂y

(x, y)− ∂N
∂x

(x, y)

N(x, y)∂w
∂x

(x, y)−M(x, y)∂w
∂y

(x, y)
= ψ(w(x, y)).

Òîãäà èíòåãðèðóþùèé ìíîæèòåëü çàäàåòñÿ

ðàâåíñòâîì

µ(x, y) = e
∫
ψ(t)dt|t=w(x,y).
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Âîçìîæíû ñëåäóþùèå ÷àñòíûå ñëó÷àè.

à) Åñëè ôóíêöèÿ

∂M(x,y)
∂y

− ∂N(x,y)
∂x

N(x, y)

åñòü ôóíêöèÿ ψ(x), òî è èíòåãðèðóþùèé ìíî-

æèòåëü çàâèñèò òîëüêî îò x. Áîëåå òîãî,

ýòîò ìíîæèòåëü µ(x) èìååò âèä

µ(x) = e
∫
ψ(x)dx.

145



á) Åñëè ôóíêöèÿ

∂M(x,y)
∂y

− ∂N(x,y)
∂x

−M(x, y)

åñòü ôóíêöèÿ ψ(y), òî è èíòåãðèðóþùèé ìíî-

æèòåëü çàâèñèò òîëüêî îò y. Ýòîò ìíîæè-

òåëü µ(y) èìååò âèä

µ(y) = e
∫
ψ(y)dy.
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â) Åñëè ôóíêöèÿ

∂M(x,y)
∂y

− ∂N(x,y)
∂x

yN(x, y)− xM(x, y)

çàâèñèò òîëüêî îò ïðîèçâåäåíèÿ xy, òî è èí-

òåãðèðóþùèé ìíîæèòåëü çàâèñèò òîëüêî îò

ýòîãî ïðîèçâåäåíèÿ. Ýòîò ìíîæèòåëü èìååò

âèä

µ(xy) = e
∫
ψ(t)dt|t=x·y.
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ã) Åñëè ôóíêöèÿ

∂M(x,y)
∂y

− ∂N(x,y)
∂x

N(x, y)−M(x, y)

çàâèñèò òîëüêî îò ñóììû x+ y, òî è èíòåãðè-

ðóþùèé ìíîæèòåëü çàâèñèò òîëüêî îò ñóì-

ìû. Ýòîò ìíîæèòåëü èìååò âèä

µ(x+ y) = e
∫
ψ(t)dt|t=x+y.
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Ïðè óìíîæåíèè óðàâíåíèÿ íà èíòåãðèðóþ-

ùèé ìíîæèòåëü îáëàñòü îïðåäåëåíèÿ åãî êî-

ýôôèöèåíòîâ ìîæåò ñóçèòüñÿ.

Äëÿ òîãî ÷òîáû ïðè ýòîì íå ïîòåðÿòü ðå-

øåíèÿ, íåîáõîäèìî íåïîñðåäñòâåííî íà èñ-

õîäíîì óðàâíåíèè ïðîâåðèòü, ÿâëÿþòñÿ ëè

åãî ðåøåíèÿìè ôóíêöèè, ïîðîæäåííûå èñ-

êëþ÷åííûìè òî÷êàìè.
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Íàïðèìåð, åñëè èíòåãðèðóþùèé ìíîæèòåëü

� ýòî ôóíêöèÿ 1
xy, òî íåîáõîäèìî îòäåëüíî

ïðîâåðèòü, ÿâëÿþòñÿ ëè ðåøåíèÿìè óðàâíå-

íèÿ ôóíêöèè x = x(y) ≡ 0 è y = y(x) ≡ 0.
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Òåìà : Óðàâíåíèÿ ïåðâîãî ïîðÿäêà

íåðàçðåøåííûå îòíîñèòåëüíî ïðîèçâîäíîé

10. Óðàâíåíèÿ, äîïóñêàþùèå ðàçëîæåíèå íà ìíî-

æèòåëè. 20. Ìåòîä ïàðàìåòðèçàöèè. 30. Óðàâíåíèÿ

Ëàãðàíæà è Êëåðî.
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10. Ïåðåéä¼ì ê èññëåäîâàíèþ óðàâíåíèé ïåð-

âîãî ïîðÿäêà, íå ðàçðåøåííûõ îòíîñèòåëü-

íî ïðîèçâîäíîé. Îáùèé âèä óðàâíåíèé ýòîãî

êëàññà:

F (x, y, y′) = 0.

Â ïðîñòåéøåì ñëó÷àå ëåâàÿ ÷àñòü äàííîãî

óðàâíåíèÿ ýëåìåíòàðíûì îáðàçîì ïðåäñòàâ-

ëÿåòñÿ â âèäå ïðîèçâåäåíèÿ íåêîòîðûõ âû-
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ðàæåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ïðîèç-

âîäíîé:

F (x, y, y′) = (y′ − f1(x, y)) · . . . · (y′ − fm(x, y)).

Ïðè ýòîì èñõîäíîå äèôôåðåíöèàëüíîå óðàâ-

íåíèå ðàñïàäàåòñÿ íà m óðàâíåíèé

y′ = f1(x, y), y′ = f2(x, y), . . . , y′ = fm(x, y).

Ðåøåíèå êàæäîãî èç íèõ ïðåäñòàâëÿåò ñî-

áîé ðåøåíèå âñåãî óðàâíåíèÿ, òî åñòü âåòâü

îáùåãî ðåøåíèÿ.
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Óòî÷íèì, ÷òî åñëè îäíî èç óêàçàííûõ óðàâ-

íåíèé èìååò îñîáîå ðåøåíèå, òî è èñõîäíîå

óðàâíåíèå áóäåò èìåòü ýòî ðåøåíèå â êà÷å-

ñòâå îñîáîãî. Êðîìå òîãî, çàìåòèì, ÷òî ïî-

ìèìî ðåøåíèé, ïîðîæäåííûõ óðàâíåíèÿìè

y′ = fk(x, y), ðåøåíèÿìè ìîãóò áûòü ôóíêöèè,

ñêëååííûå èç ðåøåíèé ðàçëè÷íûõ óðàâíåíèé

y′ = fk(x, y) è y′ = fl(x, y), òî åñòü èç ðàçëè÷-

íûõ âåòâåé îáùåãî ðåøåíèÿ.
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Ðàññìîòðèì ïðîñòåéøèé ÷àñòíûé ñëó÷àé

íåðàçðåø¼ííûõ îòíîñèòåëüíî ïðîèçâîäíîé

óðàâíåíèé:

F (y′) = 0.

Ïóñòü àëãåáðàè÷åñêîå óðàâíåíèå F (ξ) = 0 èìå-

åò êîíå÷íîå èëè áåñêîíå÷íîå ñ÷¼òíîå ÷èñëî

âåùåñòâåííûõ êîðíåé

ξ = ai, i = 1, . . ..
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Â ýòîì ñëó÷àå îáùåå ðåøåíèå îïðåäåëÿåòñÿ

èç ñîîòíîøåíèÿ

F

(
y − C
x

)
= 0.

Â ñëó÷àå, åñëè ðåøåíèÿ óðàâíåíèÿ F (ξ) = 0

çàïîëíÿþò íåêîòîðûé èíòåðâàë, ýòîé ôîð-

ìóëîé îïðåäåëÿþòñÿ âîîáùå ãîâîðÿ, íå âñå

ðåøåíèÿ.
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Áîëåå ñëîæíûì äëÿ èññëåäîâàíèÿ ïðåäñòàâ-

ëÿåòñÿ óðàâíåíèå âèäà

F (x, y′) = 0.

Ýòî óðàâíåíèå ìîæíî ðàçðåøèòü îòíîñèòåëü-

íî ïðîèçâîäíîé è òåì ñàìûì ïåðåéòè ê êî-

íå÷íîé èëè áåñêîíå÷íîé ñîâîêóïíîñòè óðàâ-

íåíèé y′ = fk(x). Îáùèì ðåøåíèåì òîãäà áó-

äåò ñîâîêóïíîñòü ôóíêöèé

y =

∫
fk(x)dx+ C.
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20. Â ýëåìåíòàðíûõ ôóíêöèÿõ óðàâíåíèå íå

âñåãäà ëåãêî ðàçðåøèòü. Èíîãäà áûâàåò ëåã-

÷å âîñïîëüçîâàòüñÿ èíûì ìåòîäîì, äàþùèì

ïðåäñòàâëåíèå ðåøåíèÿ â ïàðàìåòðè÷åñêîé

ôîðìå.

Èçëîæèì ìåòîä ïàðàìåòðèçàöèè â ïðèìåíå-

íèè ê îáùåìó óðàâíåíèþ

F (x, y, y′) = 0.
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Ïðåäïîëîæèì, ÷òî ýòî óðàâíåíèå äîïóñêàåò

ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå. Ýòî îçíà-

÷àåò ÷òî ñóùåñòâóþò ôóíêöèè

ϕ(u, v), ψ(u, v) è χ(u, v)

ïàðàìåòðîâ u è v òàêèå, ÷òî èìååò ìåñòî

òîæäåñòâî

F (ϕ(u, v), ψ(u, v), χ(u, v)) ≡ 0.
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Äëÿ ëþáîãî ðåøåíèÿ y = y(x) äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà âûïîë-

íÿåòñÿ îñíîâíîå ñîîòíîøåíèå

dy = y′dx.

Çàìåíèì â ýòîì ñîîòíîøåíèè âåëè÷èíû x, y

è y′ èõ ïàðàìåòðè÷åñêèìè ïðåäñòàâëåíèÿìè

x = ϕ(u, v), y = ψ(u, v), y′ = χ(u, v).

160



Òîãäà ïîëó÷èì ðàâåíñòâî

∂ψ

∂u
du+

∂ψ

∂v
dv = χ(u, v)

(
∂ϕ

∂u
du+

∂ϕ

∂v
dv

)
. (P)

Îòíîñèòåëüíî ïåðåìåííûõ (u, v) ýòî ðàâåí-

ñòâî ïðåäñòàâëÿåò ñîáîé îáûêíîâåííîå äèô-

ôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà,

çàïèñàííîå â ñèììåòðè÷íîé ôîðìå.

Ïóñòü ðåøåíèå óðàâíåíèÿ (P) íàéäåíî â ôîð-

ìå v = w(u,C). Òîãäà ðåøåíèå èñõîäíîãî äèô-
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ôåðåíöèàëüíîãî óðàâíåíèÿ F (x, y, y′) = 0 äî-

ïóñêàåò çàäàíèå â ñëåäóþùåì ïàðàìåòðè÷å-

ñêîì âèäå:

x = ϕ(u,w(u,C)), y = ψ(u,w(u,C)).

Åñëè æå ðåøåíèå óðàâíåíèÿ (P) íàéäåíî â

ôîðìå u = w(v, C), òî ïàðàìåòðè÷åñêîå çàäà-

íèå ðåøåíèÿ èñõîäíîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ F (x, y, y′) = 0 èìååò ñëåäóþùèé âèä

x = ϕ(w(v, C), v), y = ψ(w(v, C), v).
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Åñëè îêàæåòñÿ, ÷òî ïàðàìåòð u (èëè ñîîò-

âåòñòâåííî v) ÿâíî ïðåäñòàâèì êàê ôóíêöèÿ

ïåðåìåííîé x, òî îò ïàðàìåòðè÷åñêîãî ïðåä-

ñòàâëåíèÿ ðåøåíèÿ ìîæíî ïåðåéòè ê îáû÷-

íîìó:

y = ψ(x,C).

Ïðàêòè÷åñêîå ïðèìåíåíèå ìåòîäà ââåäåíèÿ

ïàðàìåòðà ñâÿçàíî ñ î÷åâèäíîé òðóäíîñòüþ
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� íàõîæäåíèåì ôóíêöèé ϕ(u, v), ψ(u, v) è χ(u, v),

îáåñïå÷èâàþùèõ ïàðàìåòðèçàöèþ óðàâíåíèÿ

F (x, y, y′) = 0. Îïèøåì äâà ñëó÷àÿ, êîãäà óêà-

çàííóþ òðóäíîñòü ëåãêî ïðåîäîëåòü.

Ïóñòü èñõîäíîå óðàâíåíèå F (x, y, y′) = 0 ðàç-

ðåøèìî îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè,

òî åñòü ïóñòü åãî ìîæíî ïðåîáðàçîâàòü ê âè-

äó

y = ψ(x, y′).
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Â ýòîì ñëó÷àå â êà÷åñòâå ïàðàìåòðîâ u è v

ðåêîìåíäóåòñÿ áðàòü ïåðåìåííûå x è y′. Ñ

ó÷åòîì ýòîãî âûáîðà èìååì ñîîòíîøåíèÿ

x = ϕ(u, v) ≡ u, y = ψ(u, v), y′ = χ(u, v) ≡ v.

Óðàâíåíèå (P) ïðè ýòîì ïðèíèìàåò âèä(
∂ψ

∂u
− v
)
du+

∂ψ

∂v
dv = 0.

Ïóñòü v = w(u,C) � ýòî ðåøåíèå ïîñëåäíå-

ãî óðàâíåíèÿ. Òîãäà îáùåå ðåøåíèå èñõîä-
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íîãî óðàâíåíèÿ y = ψ(x, y′) äîïóñêàåò ñëåäó-

þùåå ïàðàìåòðè÷åñêîå çàäàíèå:

y = ψ(u, v) èëè y = ψ
(
x,w(x,C)

)
.

Åñëè äèôôåðåíöèàëüíîå óðàâíåíèå â ïåðå-

ìåííûõ u è v èìååò äîïîëíèòåëüíîå ðåøåíèå

v = α(u), òî ñîîòâåòñòâóþùàÿ åìó ôóíêöèÿ

y = ψ(x, α(x)) ìîæåò îêàçàòüñÿ äîïîëíèòåëü-

íûì ðåøåíèåì èñõîäíîãî óðàâíåíèÿ.
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Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà èñõîäíîå

óðàâíåíèå ðàçðåøèìî îòíîñèòåëüíî íåçàâè-

ñèìîé ïåðåìåííîé, òî åñòü ìîæåò áûòü çà-

ïèñàíî â âèäå

x = ϕ(y, y′).

Â êà÷åñòâå ïàðàìåòðîâ u è v òîãäà ðåêîìåí-

äóåòñÿ áðàòü ïåðåìåííûå y è y′. Ïðè ýòîì ñî-

îòâåòñòâóþùåå ïàðàìåòðè÷åñêîå ïðåäñòàâ-
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ëåíèå èìååò âèä

x = ϕ(u, v), y = ψ(u, v) ≡ u, y′ = χ(u, v) ≡ v.

Óðàâíåíèå (P) ïðè ýòîì çàïèñûâàåòñÿ ñëå-

äóþùèì îáðàçîì:(
1− v

∂ϕ

∂u

)
du− v

∂ϕ

∂v
dv = 0.

Ïóñòü v = w(u,C) � ýòî ðåøåíèå ïîñëåäíå-

ãî óðàâíåíèÿ. Òîãäà îáùåå ðåøåíèå èñõîä-
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íîãî óðàâíåíèÿ x = ϕ(y, y′) äîïóñêàåò ñëåäó-

þùåå ïàðàìåòðè÷åñêîå çàäàíèå:

x = ϕ(u, v) èëè x = ϕ
(
y,w(y, C)

)
.

Åñëè äèôôåðåíöèàëüíîå óðàâíåíèå â ïåðå-

ìåííûõ u è v èìååò äîïîëíèòåëüíîå ðåøåíèå

v = α(u), òî ñîîòâåòñòâóþùàÿ åìó ôóíêöèÿ

x = ϕ(y, α(y)) ìîæåò îêàçàòüñÿ äîïîëíèòåëü-

íûì ðåøåíèåì èñõîäíîãî óðàâíåíèÿ.

169



30. Ðàññìîòðèì äâà êîíêðåòíûõ êëàññà óðàâ-

íåíèé íåðàçðåøåííûõ îòíîñèòåëüíî ïðîèç-

âîäíîé, âñòðå÷àþùèõ â ïðèëîæåíèÿõ.

Óðàâíåíèåì Ëàãðàíæà íàçûâàåòñÿ ñëåäóþ-

ùåå ëèíåéíîå îòíîñèòåëüíî ïåðåìåííîé x è

ôóíêöèè y ðàâåíñòâî

y = xϕ(y′) + ψ(y′),

â êîòîðîì ϕ(ξ) 6≡ ξ íè íà êàêîì èíòåðâàëå.
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Ýòî óðàâíåíèå ñîîòâåòñòâóåò ïåðâîìó èç ðàñ-

ñìîòðåííûõ âûøå ñëó÷àåâ.

Â ïåðåìåííûõ u = x è v = y′ èìååì ñëåäóþùåå

ñîîòíîøåíèå

[ϕ(v)− v]du+ [uϕ′(v) + ψ′(v)]dv = 0.

Ïðåäïîëàãàÿ, ÷òî ϕ(v)− v 6= 0, ïåðåéäåì çäåñü

ê óðàâíåíèþ îòíîñèòåëüíî ïðîèçâîäíîé du
dv
:

du

dv
+

ϕ′(v)

ϕ(v)− v
u = −

ψ′(v)

ϕ(v)− v
.
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Ýòî óðàâíåíèå ÿâëÿåòñÿ ëèíåéíûì îòíîñè-

òåëüíî ôóíêöèè u = u(v). Ïóñòü åãî ðåøåíèå

çàäàåòñÿ ôóíêöèåé u = w(v, C).

Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ Ëàãðàíæà

â ïàðàìåòðè÷åñêîì âèäå çàïèøåòñÿ ñëåäóþ-

ùèì îáðàçîì:

x = w(v, C), y = ϕ(v)w(v, C) + ψ(v).

172



Åñëè óðàâíåíèå

ϕ(v)− v = 0

èìååò êîíå÷íîå èëè áåñêîíå÷íîå (íî ñ÷åò-

íîå) ñåìåéñòâî ðåøåíèé v = vi, i = 1, . . ., òî

ôóíêöèè

y = vix+ ψ(vi)

òàêæå áóäóò ðåøåíèÿìè óðàâíåíèÿ Ëàãðàí-

æà.
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Ïóñòü òåïåðü â óðàâíåíèè Ëàãðàíæà âûïîë-

íÿåòñÿ òîæäåñòâî ϕ(v) ≡ v. Òîãäà îíî ïðèíè-

ìàåò âèä

y = xy′ + ψ(y′)

è íàçûâàåòñÿ óðàâíåíèåì Êëåðî.

Â ïàðàìåòðàõ u è v ñîïóòñòâóþùåå óðàâíå-

íèå èìååò ðàñïàâøèéñÿ âèä

[u+ ψ′(v)]dv = 0.
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Ýòî ñîîòíîøåíèå áóäåò âûïîëíåíî åñëè

dv = 0 èëè u+ ψ′(v) = 0.

Ïåðâîå èç ýòèõ óðàâíåíèé èìååò ðåøåíèå

v = C, êîòîðîå çàäà¼ò îáùåå ðåøåíèå óðàâ-

íåíèÿ Êëåðî â âèäå ñåìåéñòâî ïðÿìûõ:

y = Cx+ ψ(C).

Âòîðîå æå ñîâìåñòíî ñ ïàðàìåòðèçàöèåé èñ-

õîäíîãî óðàâíåíèÿ äà¼ò ðåøåíèå â ïàðàìåò-
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ðè÷åñêîé ôîðìå

x = −ψ′(v), y = −vψ′(v) + ψ(v).

Ýòî îñîáîå ðåøåíèå óðàâíåíèÿ Êëåðî.
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Òåìà : Ìåòîäû ïîñòðîåíèÿ îáùåãî

ðåøåíèÿ óðàâíåíèé âûñîêîãî ïîðÿäêà

10. Îáùàÿ ïîñòàíîâêà çàäà÷è. 20. Óðàâíåíèÿ, íå

ñîäåðæàùèå èñêîìîé ôóíêöèè è íåñêîëüêèõ å¼ ïî-

ñëåäîâàòåëüíûõ ïðîèçâîäíûõ. 30. Óðàâíåíèÿ, íå

ñîäåðæàùèå ÿâíî íåçàâèñèìîé ïåðåìåííîé. 40.

Óðàâíåíèÿ, îäíîðîäíûå îòíîñèòåëüíî ïåðåìåí-

íûõ y, y′, . . ., y(n). 50. Óðàâíåíèÿ îáîáùåííî�

îäíîðîäíûå. 60. Óðàâíåíèÿ, ëåâàÿ ÷àñòü êîòîðûõ

ïðåäñòàâëÿåò ñîáîé òî÷íóþ ïðîèçâîäíóþ.
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10. Îïèøåì íåêîòîðûå ìåòîäû, ñ ïîìîùüþ

êîòîðûõ ìîæíî ïîñòðîèòü îáùåå ðåøåíèå

îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíå-

íèÿ çàäàííîãî ïîðÿäêà n.

Ïóñòü óðàâíåíèå çàïèñàíî â âèäå íåðàçðå-

øåííîì îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé:

F (x, y, y′, . . . , y(n)) = 0.

Íåèçâåñòíàÿ ôóíêöèÿ çäåñü y = y(x).
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Ìåòîäû ïîñòðîåíèÿ îáùåãî ðåøåíèÿ óðàâ-

íåíèé âûñîêîãî ïîðÿäêà îñíîâàíû íà ïðè¼-

ìàõ, ïîçâîëÿþùèõ ñâåñòè èõ ê òîìó èëè èíî-

ìó èíòåãðèðóåìîìó óðàâíåíèþ � óðàâíåíèþ

ïåðâîãî ïîðÿäêà îäíîãî èç èçâåñòíûõ òèïîâ,

îïèñàííûõ âûøå.

Â êà÷åñòâå öåëåâûõ óðàâíåíèé ìîãóò òàêæå

âûñòóïàòü ïðîñòåéøèå óðàâíåíèÿ âèäà

y(k) = f(x),
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ëèáî áîëåå îáùèå ëèíåéíûå íåîäíîðîäíûå

äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîñòîÿííû-

ìè êîýôôèöèåíòàìè

y(k) + a1y
(k−1) + . . .+ aky = f(x),

èëè æå èíûå óðàâíåíèÿ, ïðèåìû èíòåãðèðî-

âàíèÿ êîòîðûõ çàâåäîìî èçâåñòíû.

Ñóòü ýòèõ ïðèåìîâ ïðåîáðàçîâàíèÿ óðàâíå-

íèé âûñîêîãî ïîðÿäêà çàêëþ÷åíà â ïîñëå-

äîâàòåëüíîì ïîíèæåíèè ïîðÿäêà óðàâíåíèÿ.

180



Îïèøåì íåêîòîðûå êëàññû óðàâíåíèé, äëÿ

êîòîðûõ ïîíèæåíèå ïîðÿäêà âîçìîæíî, à òàê-

æå ñàìè ïðèåìû, ñ ïîìîùüþ êîòîðûõ ýòî

äåëàåòñÿ.

20. Óðàâíåíèÿ, íå ñîäåðæàùèå èñêîìîé ôóíê-

öèè è íåñêîëüêèõ å¼ ïîñëåäîâàòåëüíûõ ïðî-

èçâîäíûõ.
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Ýòîìó ïðèçíàêó óäîâëåòâîðÿþò óðàâíåíèÿ

ñëåäóþùåãî âèäà:

F
(
x, y(k), y(k+1), . . . , y(n)) = 0, ãäå 1 ≤ k < n.

Ïîðÿäîê óðàâíåíèÿ ïîíèæàåòñÿ íà k åäèíèö

ñ ïîìîùüþ çàìåíû y(k) = z, ãäå z = z(x) �

íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ. Äëÿ ôóíêöèè

z(x) èìååì óðàâíåíèå

F
(
x, z, z′, . . . , z(n−k)) = 0.

182



Åñëè ýòî óðàâíåíèå óäàåòñÿ ðåøèòü, òî â ðå-

çóëüòàòå ïîëó÷èòñÿ ïðîìåæóòî÷íîå óðàâíå-

íèå ïðîñòåéøåãî âèäà

y(k) = ϕ(x,C1, . . . , Cn−k).

Ïîñëåäîâàòåëüíî èíòåãðèðóÿ åãî íåñêîëüêî

ðàç, ïîëó÷èì

y(x) =

∫
(. . . (

∫
ϕ(x,C1, . . . , Cn−k)dx) . . .)dx+

+Cn−k+1x
k−1 + Cn−k+2x

k−2 + . . .+ Cn.
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Ýòî è åñòü èòîãîâàÿ ôîðìóëà îáùåãî ðåøå-

íèÿ, ñîäåðæàùàÿ n ïðîèçâîëüíûõ ïîñòîÿí-

íûõ.

30. Óðàâíåíèÿ, íå ñîäåðæàùèå ÿâíî íåçàâè-

ñèìîé ïåðåìåííîé.

Ñîîòâåòñòâóþùèå ýòîìó ïðèçíàêó óðàâíåíèÿ

èìåþò âèä

F (y, y′, . . . , y(n)) = 0.
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Ïðåäïîëîæèì, ÷òî â ýòîì óðàâíåíèè íåçàâè-

ñèìîé ïåðåìåííîé ÿâëÿåòñÿ y, ïðîèçâîäíûå

æå y′, y′′, . . . , y(n) ÿâëÿþòñÿ ôóíêöèÿìè îò y.

Èìååì ïðè òàêîì ïðåäïîëîæåíèè

y′ = z(y), y′′ = z′(y)z(y),

y′′′ = z′′y′z + z′2y′ = z′′z2 + zz′2,

è òàê äàëåå, âïëîòü äî ïðîèçâîäíîé ïîðÿäêà

n. Çäåñü øòðèõè ôóíêöèè z îçíà÷àþò âçÿòèå
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ïðîèçâîäíûõ ïî ïåðåìåííîé y, à ó ôóíêöèè

y � ïî ïåðåìåííîé x.

Ïîñëå ïîäñòàíîâêè ïåðåñ÷èòàííûõ ïðîèçâîä-

íûõ â ðàññìàòðèâàåìîå óðàâíåíèå îíî ïðå-

îáðàçóåòñÿ â óðàâíåíèå ïîðÿäêà n − 1 îòíî-

ñèòåëüíî ôóíêöèè z(y).

Ðåøèâ ýòî óðàâíåíèå, ñìîæåì íàéòè çàòåì

ôóíêöèþ y(x) êàê ðåøåíèå óðàâíåíèÿ ïåðâî-

ãî ïîðÿäêà y′ = z(y). Ýòî óðàâíåíèå ÿâëÿåòñÿ
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óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííû-

ìè.

Ïðè âûïîëíåíèè îïèñàííûõ ïðåîáðàçîâàíèé

íåîáõîäèìî êîíòðîëèðîâàòü ïðîöåññ îáðà-

ùåíèÿ â íóëü òîãî èëè èíîãî çíàìåíàòåëÿ:

â ðåçóëüòàòå ìîãóò ïîÿâèòüñÿ äîïîëíèòåëü-

íûå ðåøåíèÿ.

40. Óðàâíåíèÿ, îäíîðîäíûå ïî ïåðåìåííûì

y, y′, . . ., y(n).
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Îïðåäåëåíèå. Îäíîðîäíûìè íàçûâàþòñÿ

óðàâíåíèÿ âèäà

F (x, y, y′, . . . , y(n)) = 0,

ñ ôóíêöèåé F â ëåâîé ÷àñòè òàêîé, ÷òî

F (x, λy, λy′, . . . , λy(n)) = λmF (x, y, y′, . . . , y(n)),

ãäå âåëè÷èíà λ âåùåñòâåííà.
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Ñ ïîìîùüþ çàìåíû y′ = yz, ãäå z = z(x) �

íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ, ïîðÿäîê îäíî-

ðîäíîãî óðàâíåíèÿ ïîíèæàåòñÿ íà åäèíèöó.

Èìååì

y′ = yz, y′′ = yz′ + y′z = yz′ + yz2,

y′′′ = yz′′ + y′z′ + 2yzz′ + y′z2 =

= yz′′ + 3yzz′ + yz3,

è ò. ä., âïëîòü äî ïðîèçâîäíîé ïîðÿäêà n.

189



Ïîñëå ïîäñòàíîâêè ïåðåñ÷èòàííûõ ïðîèçâîä-

íûõ â ðàññìàòðèâàåìîå óðàâíåíèå îíî ïðå-

îáðàçóåòñÿ â óðàâíåíèå ïîðÿäêà n − 1 äëÿ

ôóíêöèè z(x).

Âñëåäñòâèå ñâîéñòâà îäíîðîäíîñòè ôóíêöèè

F ïðåîáðàçîâàííîå óðàâíåíèå ïðèíèìàåò âèä

ymF (x, z, z′ + z2, z
′′

+ 3zz′ + z3, . . .) = 0.
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Îòûñêàâ ðåøåíèå ýòîãî óðàâíåíèÿ � ôóíê-

öèþ z = z(x), ðàññìîòðèì çàòåì óðàâíåíèå

ïåðâîãî ïîðÿäêà

y′ = yz(x)

ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.

Ðàçðåøèâ ýòî óðàâíåíèå, ïîëó÷èì òåì ñà-

ìûì ôîðìóëó îáùåãî ðåøåíèÿ èñõîäíîãî îä-

íîðîäíîãî óðàâíåíèÿ ïîðÿäêà n.
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50. Óðàâíåíèÿ, îáîáùåííî�îäíîðîäíûå ïî ïå-

ðåìåííûì y, y′, . . ., y(n).

Îïðåäåëåíèå.Îáîáùåííî-îäíîðîäíûìè íà-

çûâàþòñÿ óðàâíåíèÿ âèäà

F (x, y, y′, . . . , y(n)) = 0

ñ ôóíêöèåé F â ëåâîé ÷àñòè òàêîé, ÷òî

F (λx, λky, λk−1y′, . . . , λk−ny(n)) =

= λmF (x, y, y′, . . . , y(k)),
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ãäå âåëè÷èíà λ âåùåñòâåííà.

Äëÿ òîãî ÷òîáû ðåøèòü îáîáùåííî�îäíî-

ðîäíîå óðàâíåíèå, ïåðåéäåì â íåì ê íîâîé

íåçàâèñèìîé ïåðåìåííîé t è íîâîé íåèçâåñò-

íîé ôóíêöèè z = z(t), ïîëîæèâ

x = et, y = zekt.
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Ïåðåñ÷èòàåì ïðîèçâîäíûå y′, y′′, . . .:

y′ = (z′ + kz)ekt,

y′′ = [z′′ + (2k − 1)z′ + k(k − 1)z]e(k−1)t.

Èíäóêöèåé ïî n ìîæíî óñòàíîâèòü, ÷òî ôîð-

ìóëà äëÿ ïðîèçâîäíîé ïîðÿäêà n èìååò âèä

y(n) = ω(z, z′, . . . , z(n))e(k−n)t.

Ïîäñòàâëÿÿ íàéäåííûå ïðåäñòàâëåíèÿ â èñ-

õîäíîå óðàâíåíèå, èñïîëüçóÿ óñëîâèå îáîá-
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ùåíîé îäíîðîäíîñòè è ñîêðàùàÿ íà ìíîæè-

òåëü emt, ïðèõîäèì ê óðàâíåíèþ âèäà

F̃
(
z, z′, . . . , z(n)

)
= 0.

Ýòî óðàâíåíèå íå ñîäåðæàùèò ÿâíî íåçàâè-

ñèìîé ïåðåìåííîé. Åãî ïîðÿäîê ïîíèæàåòñÿ

ñ ïîìîùüþ óæå ðàññìîòðåííîé çàìåíû

y′ = z(y).
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60. Óðàâíåíèÿ, ëåâàÿ ÷àñòü êîòîðûõ ïðåä-

ñòàâëÿåò ñîáîé òî÷íóþ ïðîèçâîäíóþ îò èç-

âåñòíîé ôóíêöèè.

Óðàâíåíèÿìè ñ ýòèì ïðèçíàêîì ÿâëÿþòñÿ

óðàâíåíèÿ âèäà

F (x, y, y′, . . . , y(n)) = 0,

ôóíêöèÿ â ëåâîé ÷àñòè êîòîðûõ äîïóñêàåò

ïðåäñòàâëåíèå â âèäå ïîëíîé ïðîèçâîäíîé

îò èçâåñòíîé ôóíêöèè Φ
(
x, y, y′, . . . , y(n−1)

)
.
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Èíà÷å ãîâîðÿ, äîëæíî âûïîëíÿòüñÿ ðàâåí-

ñòâî

F (y, y′, . . . , y(n)) =
d

dx
Φ
(
x, y, y′, . . . , y(n−1)).

Ïîðÿäîê óðàâíåíèé ñ óêàçàííûì ïðèçíàêîì

ïîíèæàåòñÿ íà åäèíèöó îäíîêðàòíûì èíòå-

ãðèðîâàíèåì.

Íå âñåãäà òðåáóåìîå ïðåäñòàâëåíèå â âè-

äå ïîëíîé ïðîèçâîäíîé ëåãêî îáíàðóæèòü
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� èíîãäà íåîáõîäèìû íåêîòîðûå ïðåäâàðè-

òåëüíûå ïðåîáðàçîâàíèÿ. Ñëåäóåò èìåòü ââè-

äó, ÷òî ïðè âûïîëíåíèè ýòèõ ïðåîáðàçîâàíèé

ìîæíî êàê ïîòåðÿòü ðåøåíèÿ, òàê è ïðèîá-

ðåñòè ëèøíèå.

Íà ïðèìåðå îáîáùåííî�îäíîðîäíûõ óðàâíå-

íèé âèäíî, ÷òî ïðîöåäóðà ïîíèæåíèÿ ïîðÿä-

êà ìîæåò îñóùåñòâëÿòüñÿ ïîñëåäîâàòåëüíî

â íåñêîëüêî ðàçëè÷íûõ øàãîâ.

198



Ïðè ïîñòðîåíèè ðåøåíèÿ çàäà÷è Êîøè äëÿ

óðàâíåíèé âûñîêîãî ïîðÿäêà öåëåñîîáðàçíî

íàõîäèòü ïîÿâëÿþùèåñÿ â ïðîöåññå âûêëà-

äîê ïðîèçâîëüíûå ïîñòîÿííûå ñðàçó æå ïî-

ñëå êàæäîãî èíòåãðèðîâàíèÿ.
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Òåìà : Ëèíåéíûå óðàâíåíèÿ ñ ïåðåìåííûìè

êîýôôèöèåíòàìè

10. Îáùèå ñâîéñòâà ëèíåéíûõ óðàâíåíèé. 20.

Ëèíåéíàÿ çàâèñèìîñòü è íåçàâèñèìîñòü ñèñòåì

ôóíêöèé. Îïðåäåëèòåëü Âðîíñêîãî. 30. Ôóíäà-

ìåíòàëüíàÿ ñèñòåìà ðåøåíèé. Îáùåå ðåøåíèå

îäíîðîäíîãî è íåîäíîðîäíîãî óðàâíåíèÿ. 40. Ëè-

íåéíûå óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòà-

ìè. 50. Äîïîëíèòåëüíûå ñâåäåíèÿ î ëèíåéíî çà-

âèñèìûõ è ëèíåéíî íåçàâèñèìûõ ñèñòåìàõ ôóíê-

öèé. 60. Çàìå÷àíèå îá óðàâíåíèÿõ, ñâîäÿùèõñÿ ê

ëèíåéíûì.
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10. Ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíè-

åì ïîðÿäêà n íàçûâàåòñÿ óðàâíåíèå âèäà

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = f(x). (1)

Ïóñòü â äàëüíåéøåì êîýôôèöèåíòû

p1(x), . . . , pn(x)

è ïðàâàÿ ÷àñòü f(x) ýòîãî óðàâíåíèÿ íåïðå-

ðûâíû íà èíòåðâàëå (a, b).
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Åñëè f(x) ≡ 0, òî óðàâíåíèå (1) íàçûâàåòñÿ

îäíîðîäíûì; â ïðîòèâíîì ñëó÷àå � íåîäíî-

ðîäíûì.

Çàäà÷à Êîøè ñ íà÷àëüíûìè äàííûìè

y(x0) = y0, y′(x0) = y1, . . . , y(n−1)(x0) = yn−1

(2)

äëÿ óðàâíåíèÿ (1) èìååò åäèíñòâåííîå ðåøå-

íèå, êàêîâà áû íå áûëà òî÷êà x0 èç èíòåð-
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âàëà (a, b). Ýòî ðåøåíèå îïðåäåëåíî íà âñåì

èíòåðâàëå (a, b).

Ïóñòü y(x) � ýòî n ðàç íåïðåðûâíî äèôôå-

ðåíöèðóåìàÿ íà (a, b) ôóíêöèÿ. Áóäåì îáî-

çíà÷àòü ÷åðåç L(y) ñëåäóþùåå äèôôåðåíöè-

àëüíîå âûðàæåíèå

L(y) ≡ y(n) + p1(x)y(n−1) + . . .+ pn(x)y.
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Îïåðàòîð L(y) îáëàäàåò ñëåäóþùèì ñâîé-

ñòâîì ëèíåéíîñòè:

1. L(Cy) = CL(y), (C = const);

2. L(y1 + y2) = L(y1) + L(y2).

Èç ñâîéñòâà ëèíåéíîñòè ïîëó÷àåì î÷åâèä-

íûå ñëåäñòâèÿ:
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1′. Åñëè ôóíêöèÿ y(x) åñòü ðåøåíèå îäíîðîä-

íîãî óðàâíåíèÿ (1), òî ôóíêöèÿ y1(x) = Cy(x),

ãäå C = const, òàêæå áóäåò ðåøåíèåì òîãî æå

îäíîðîäíîãî óðàâíåíèÿ (1).

2′. Åñëè ôóíêöèè y(x), . . . , ym(x) åñòü ðåøåíèÿ

îäíîðîäíîãî óðàâíåíèÿ (1), òî ôóíêöèÿ

y(x) = C1y1(x) + . . .+ Cnyn(x),
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ãäå C1, . . . , Cn � ïîñòîÿííûå, òàêæå áóäåò ðå-

øåíèåì òîãî æå îäíîðîäíîãî óðàâíåíèÿ (1).

20. Ôóíêöèè y(x), . . . , ym(x) íàçûâàþòñÿ ëè-

íåéíî íåçàâèñèìûìè ôóíêöèÿìè íà ìíîæå-

ñòâå E ÷èñëîâîé îñè, åñëè ðàâåíñòâî

α1y1(x) + α2y2(x) + . . .+ αmym(x) = 0

ãäå α, . . . , αm � íåêîòîðûå ïîñòîÿííûå, âû-

ïîëíÿåòñÿ îäíîâðåìåííî äëÿ âñåõ ÷èñåë x èç
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E òîãäà è òîëüêî òîãäà, êîãäà

α1 = . . . = αm = 0.

Â ïðîòèâíîì ñëó÷àå ôóíêöèè y1(x), . . . , ym(x)

íàçûâàþòñÿ ëèíåéíî çàâèñèìûìè íà ìíîæå-

ñòâå E.

Ïðèâåä¼ì ïðèìåðû ëèíåéíî íåçàâèñèìûõ è

ëèíåéíî çàâèñèìûõ ñèñòåì ôóíêöèé.
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1. Ôóíêöèè

y1(x) = 1, y2(x) = x, . . . , yn(x) = xn−1

ëèíåéíî íåçàâèñèìû íà âñåé ÷èñëîâîé îñè è

âîîáùå íà ëþáîì èíòåðâàëå. Äåéñòâèòåëü-

íî, ðàâåíñòâî

α1 + α2x+ . . .+ αnx
n−1 = 0

ìîæåò âûïîëíÿòüñÿ äëÿ âñåõ x èç íåêîòîðî-

ãî èíòåðâàëà ëèøü â ñëó÷àå, åñëè âñå êîýô-

ôèöèåíòû ïîëèíîìà â ëåâîé ÷àñòè íóëåâûå.
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2. Ôóíêöèè eλ1x è eλ2x ïðè λ1 6= λ2 ëèíåé-

íî íåçàâèñèìû íà ëþáîì èíòåðâàëå. Åñëè

áû ýòè ôóíêöèè áûëè ëèíåéíî çàâèñèìû, òî

äîëæíî áûëî áû âûïîëíÿòüñÿ ðàâåíñòâî

e(λ1−λ2)x = C

îäíîâðåìåííî äëÿ âñåõ ÷èñåë x èç âûáðàí-

íîãî èíòåðâàëà. Î÷åâèäíî, ÷òî ýòî íå òàê.
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3. Ïóñòü λ1, . . . , λm� ïîïàðíî ðàçëè÷íûå ÷èñ-

ëà. Ôóíêöèè

eλ1x, xeλ1x, . . . , xneλ1x,

eλ2x, xeλ2x, . . . , xneλ2x, . . .,

eλmx, xeλmx, . . . , xneλmx

ëèíåéíî íåçàâèñèìû íà ëþáîì èíòåðâàëå.
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4. Ôóíêöèè

y1(x) = cos2 x, y2(x) = sin2 x, y3(x) = 1

ëèíåéíî çàâèñèìû íà ëþáîì èíòåðâàëå. Äî-

ñòàòî÷íî âçÿòü α1 = 1, α2 = 1, α3 = −1:

cos2 x+ sin2 x− 1 = 0.

Ïóñòü ôóíêöèè y1(x), . . . , yn(x) èìåþò ïðîèç-

âîäíûå äî ïîðÿäêà n− 1 âêëþ÷èòåëüíî íà
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(a, b). Îïðåäåëèòåëü

W (x) =

∣∣∣∣∣∣∣∣∣∣
y1(x) y2(x) . . . yn(x)

y′1(x) y′2(x) . . . y′n(x)

. . . . . . . . . . . .

y
(n−1)
1 (x) y

(n−1)
2 (x) . . . y

(n−1)
n (x)

∣∣∣∣∣∣∣∣∣∣
íàçûâàåòñÿ îïðåäåëèòåëåì Âðîíñêîãî äëÿ

ñèñòåìû ôóíêöèé

y1(x), y2(x), . . . , yn(x)

â òî÷êå x.

212



Òåîðåìà.Åñëè ôóíêöèè y1(x), . . ., yn(x) ëè-

íåéíî çàâèñèìû íà (a, b), òî èõ îïðåäåëèòåëü

Âðîíñêîãî W (x) ðàâåí íóëþ â êàæäîé òî÷êå

ýòîãî èíòåðâàëà.

Äîêàçàòåëüñòâî. Òàê êàê ñèñòåìà ôóíêöèé

y1(x), . . ., yn(x) ëèíåéíî çàâèñèìà íà èíòåðâà-

ëå (a, b), òî íàéäóòñÿ ïîñòîÿííûå α, . . ., αn,

íå âñå ðàâíûå íóëþ, ÷òî äëÿ êàæäîé òî÷êè
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x èç (a, b) âûïîëíÿåòñÿ ðàâåíñòâî

α1y1(x) + . . .+ αnyn(x) = 0. (3)

Ïðåäïîëîæèì, ÷òî αn 6= 0. Òîãäà èç (3) ìî-

æåì âûðàçèòü ôóíêöèþ yn(x):

yn(x) = −
α1
αn

y1(x)−
α2
αn

y2(x)− . . .−
αn−1

αn
yn−1(x).

Äèôôåðåíöèðóÿ ýòî ðàâåíñòâî ïîñëåäîâà-

òåëüíî n− 1 ðàç è ïîäñòàâëÿÿ íàéäåííûå çíà-

÷åíèÿ yn(x), y′n(x), . . ., y
(n−1)
n (x) â îïðåäåëè-
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òåëü Âðîíñêîãî, ïîëó÷èì îïðåäåëèòåëü, ïî-

ñëåäíèé ñòîëáåö êîòîðîãî ïðåäñòàâëÿåò ñî-

áîé ëèíåéíóþ êîìáèíàöèþ ïðåäûäóùèõ åãî

ñòîëáöîâ. Êàê èçâåñòíî, òàêîé îïðåäåëèòåëü

ðàâåí íóëþ.

Îáðàòíîå òåîðåìå óòâåðæäåíèå íåâåðíî. Íà-

ïðèìåð, ñëåäóþùèå äâå ôóíêöèè

y1(x) =

{
x2, åñëè x ≥ 0,

0, åñëè x < 0,
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y2(x) =

{
0, åñëè x ≥ 0,

x2, åñëè x < 0,

ëèíåéíî íåçàâèñèìû íà èíòåðâàëå (−a, a), íî

èõ îïðåäåëèòåëü Âðîíñêîãî ðàâåí íóëþ â

êàæäîé òî÷êå.
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Òåîðåìà.Ïóñòü ôóíêöèè y1(x), . . ., yn(x) ëè-

íåéíî íåçàâèñèìû íà (a, b) è ïðè ýòîì êàæ-

äàÿ èç íèõ ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíî-

ãî óðàâíåíèÿ (1). Òîãäà ñîîòâåòñòâóþùèé

ýòèì ôóíêöèÿì îïðåäåëèòåëü Âðîíñêîãî íå

ðàâåí íóëþ íè â îäíîé òî÷êå (a, b).

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå �

÷òî íàéä¼òñÿ òî÷êà x0 èç (a, b), â êîòîðîé
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îïðåäåëèòåëü Âðîíñêîãî ðàâåí íóëþ. Ñîñòà-

âèì ñèñòåìó èç n óðàâíåíèé îòíîñèòåëüíî

÷èñåë C1, . . ., Cn:

C1y1(x0) + C2y2(x0) + . . .+ Cnyn(x0) = 0,

C1y
′
1(x0) + C2y

′
2(x0) + . . .+ Cny

′
n(x0) = 0,

. . . . . . . . . . . . . . . . . .

C1y
(n−1)
1 (x0) + C2y

(n−1)
2 (x0) + . . .+ Cny

(n−1)
n (x0) = 0.
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Îïðåäåëèòåëü ýòîé ñèñòåìû ðàâåí íóëþ (îí

êàê ðàç è ðàâåí çíà÷åíèþ îïðåäåëèòåëÿ Âðîí-

ñêîãî â òî÷êå x0). Ñëåäîâàòåëüíî, ýòà ñèñòå-

ìà èìååò íåíóëåâîå ðåøåíèå C0
1, C

0
2, . . ., C

0
n.

Îïðåäåëèì ôóíêöèþ

y(x) = C0
1y1(x) + C0

2y2(x) + . . .+ C0
nyn(x).

Ôóíêöèè y1(x), . . ., yn(x) ÿâëÿþòñÿ ðåøåíè-

ÿìè îäíîðîäíîãî óðàâíåíèÿ (1), ïîýòîìó è
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ôóíêöèÿ y(x) áóäåò ðåøåíèåì òîãî æå óðàâ-

íåíèÿ. Äëÿ y(x) èìåþò ìåñòî ðàâåíñòâà

y(x0) = 0, y′(x0) = 0, . . . , y(n−1)(x0) = 0.

Äðóãèìè ñëîâàìè, ôóíêöèÿ y(x) ÿâëÿåòñÿ ðå-

øåíèåì çàäà÷è Êîøè äëÿ îäíîðîäíîãî óðàâ-

íåíèÿ (1) ñ íóëåâûìè óñëîâèÿìè (2).

Íî è ôóíêöèÿ y∗(x) ≡ 0 òàêæå ÿâëÿåòñÿ ðå-

øåíèåì çàäà÷è Êîøè äëÿ îäíîðîäíîãî óðàâ-

íåíèÿ (1) ñ íóëåâûìè óñëîâèÿìè (2). Â ñèëó
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òåîðåìû åäèíñòâåííîñòè äëÿ çàäà÷è Êîøè

ýòè ôóíêöèè îáÿçàíû ñîâïàäàòü âñþäó íà

(a, b). Äðóãèìè ñëîâàìè, äëÿ ëþáîãî ÷èñëà x

èç èíòåðâàëà (a, b) âûïîëíÿåòñÿ ðàâåíñòâî

C0
1y1(x) + . . .+ C0

nyn(x) = 0.

Íî ýòî îçíà÷àåò, ÷òî ôóíêöèè y1(x), . . ., yn(x)

ëèíåéíî çàâèñèìû íà (a, b). Ïîëó÷åííîå ïðî-

òèâîðå÷èå ñ óñëîâèåì òåîðåìû îáóñëîâëåíî

èñõîäíûì ïðåäïîëîæåíèåì î ñóùåñòâîâàíèè
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òî÷êè, â êîòîðîé îïðåäåëèòåëü Âðîíñêîãî

ðàâåí íóëþ. Ñëåäîâàòåëüíî, òàêîé òî÷êè íå

ñóùåñòâóåò.

Ñëåäñòâèå. Åñëè îïðåäåëèòåëü Âðîíñêîãî

n ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ (1) ðàâåí

íóëþ õîòÿ áû â îäíîé òî÷êå èíòåðâàëà (a, b),

òî îí ðàâåí íóëþ âî âñåõ òî÷êàõ ýòîãî èí-

òåðâàëà.
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Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, åñëè â òî÷-

êå x0 èíòåðâàëà (a, b) âûïîëíÿåòñÿ ðàâåíñòâî

W (x0) = 0,

òî ñèñòåìà ôóíêöèé y1(x), . . ., yn(x) îáÿçàíà

áûòü ëèíåéíî çàâèñèìîé íà (a, b). Íî òîãäà

ïî òåîðåìå îá îïðåäåëèòåëå Âðîíñêîãî îí

áóäåò ðàâåí íóëþ íà âñ¼ì (a, b).
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Ñëåäñòâèå.Åñëè îïðåäåëèòåëü Âðîíñêîãî n

ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ (1) îòëè÷åí

îò íóëÿ õîòÿ áû â îäíîé òî÷êå èíòåðâàëà

(a, b), òî îí îòëè÷åí îò íóëÿ âî âñåõ òî÷êàõ

ýòîãî èíòåðâàëà.
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Ñëåäñòâèå.Äëÿ ëèíåéíîé íåçàâèñèìîñòè n

ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ (1) íà èí-

òåðâàëå (a, b), íåîáõîäèìî è äîñòàòî÷íî, ÷òî-

áû èõ îïðåäåëèòåëü Âðîíñêîãî áûë îòëè÷åí

îò íóëÿ õîòÿ áû â îäíîé òî÷êå ýòîãî èíòåð-

âàëà.

Äëÿ âû÷èñëåíèÿ îïðåäåëèòåëÿ Âðîíñêîãî ïðè-

ìåíÿåòñÿ ôîðìóëà Îñòðîãðàäñêîãî � Ëè-

óâèëëÿ.

225



Òåîðåìà (ôîðìóëà Îñòðîãðàäñêîãî-Ëèóâèë-

ëÿ).Ïóñòü ôóíêöèè y1(x), . . ., yn(x) ÿâëÿþòñÿ

ðåøåíèÿìè îäíîðîäíîãî óðàâíåíèÿ (1). Òî-

ãäà èìååò ìåñòî ðàâåíñòâî

W (x) = W (x0) e

−
x∫
x0

p1(t)dt

,

ãäå x è x0 èç èíòåðâàëà (a, b) .

Äîêàçàòåëüñòâî. Ïðè äèôôåðåíöèðîâàíèè

îïðåäåëèòåëÿ ïîðÿäêà n, ýëåìåíòàìè êîòî-
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ðîãî ÿâëÿþòñÿ ôóíêöèè, åãî ïðîèçâîäíàÿ

ðàâíà ñóììå n îïðåäåëèòåëåé, ïîëó÷àþùèõ-

ñÿ èç íåãî ïîî÷åð¼äíîé çàìåíîé ýëåìåíòîâ

1-é, 2-é è ò. ä. ñòðîê èõ ïðîèçâîäíûìè. Íî

âñå òàêèå îïðåäåëèòåëè, êðîìå ïîñëåäíåãî,

ðàâíû íóëþ (â êàæäîì èç íèõ èìåþòñÿ äâå
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îäèíàêîâûå ñòðîêè). Îòñþäà ïîëó÷àåì

W ′(x) =

∣∣∣∣∣∣∣∣∣∣∣∣

y1(x) y2(x) . . . yn(x)

y′1(x) y′2(x) . . . y′n(x)

. . . . . . . . . . . .

y
(n−2)
1 (x) y

(n−2)
2 (x) . . . y

(n−2)
n (x)

y
(n)
1 (x) y

(n)
2 (x) . . . y

(n)
n (x)

∣∣∣∣∣∣∣∣∣∣∣∣
.

Óìíîæàÿ ýëåìåíòû ïåðâûõ n− 1 ñòðîê ýòîãî

îïðåäåëèòåëÿ ñîîòâåòñòâåííî íà

pn(x), pn−1(x), . . . , p2(x)
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è ïðèáàâëÿÿ ê ýëåìåíòàì ïîñëåäíåé ñòðî-

êè, ìû, âñëåäñòâèå âûïîëíåíèÿ äëÿ ôóíê-

öèé yi(x) îäíîðîäíîãî óðàâíåíèÿ (1), ïîëó-

÷èì äëÿ ïðîèçâîäíîé W ′(x) ñëåäóþùåå âû-

ðàæåíèå

−p1(x)

∣∣∣∣∣∣∣∣∣∣∣∣

y1(x) y2(x) . . . yn(x)

y′1(x) y′2(x) . . . y′n(x)

. . . . . . . . . . . .

y
(n−2)
1 (x) y

(n−2)
2 (x) . . . y

(n−2)
n (x)

y
(n−1)
1 (x) y

(n−1)
2 (x) . . . y

(n−1)
n (x)

∣∣∣∣∣∣∣∣∣∣∣∣
.
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Ñîãëàñíî ñâîéñòâàì îïðåäåëèòåëåé, îòñþäà

ñëåäóåò ðàâåíñòâî

W ′(x) = −p1(x)W (x).

Çàìåíèì çäåñü ïåðåìåííóþ x íà ïåðåìåííîé

t è óìíîæèì ñïðàâà è ñëåâà íà ôóíêöèþ

e

−
t∫
x0

p1(s)ds

.
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Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷àåì

ñîîòíîøåíèåe−
t∫
x0

p1(s)ds

W (t)


′

= 0.

Èíòåãðèðóÿ ýòî ñîîòíîøåíèå îò x0 äî x, ïî-

ëó÷àåì òðåáóåìóþ ôîðìóëó.
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30. Â ïðîñòðàíñòâå ðåøåíèé ëèíåéíîãî îäíî-

ðîäíîãî óðàâíåíèÿ ïðèíÿòî âûäåëÿòü ñïåöè-

àëüíûå áàçèñíûå ñèñòåìû ôóíêöèé.

Îïðåäåëåíèå.Ñîâîêóïíîñòü n ðåøåíèé ëè-

íåéíîãî îäíîðîäíîãî óðàâíåíèÿ

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = 0,

îïðåäåë¼ííûõ è ëèíåéíî íåçàâèñèìûõ íà (a, b),

íàçûâàåòñÿ ôóíäàìåíòàëüíîé ñèñòåìîé ðå-

øåíèé äëÿ ðàññìàòðèâàåìîãî óðàâíåíèÿ.
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Òåîðåìà (ñóùåñòâîâàíèå ôóíäàìåíòàëüíîé

ñèñòåìû).Äëÿ ëþáîãî óðàâíåíèÿ

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = 0,

ñ êîýôôèöèåíòàìè, íåïðåðûâíûìè íà èí-

òåðâàëå (a, b), ñóùåñòâóåò ôóíäàìåíòàëüíàÿ

ñèñòåìà ðåøåíèé íà ýòîì èíòåðâàëå.

Äîêàçàòåëüñòâî. Âîçüì¼ì ïðîèçâîëüíóþ òî÷-

êó x0 èíòåðâàëà (a, b) è ïîñòðîèì ôóíêöèþ
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y1(x) � ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ, óäî-

âëåòâîðÿþùåå óñëîâèÿì

y1(x0) = 1, y′1(x0) = 0, . . . , y
(n−1)
1 (x0) = 0.

Ñîãëàñíî òåîðåìå ñóùåñòâîâàíèÿ äëÿ óðàâ-

íåíèÿ ïîðÿäêà n, ôóíêöèÿ y1 ñóùåñòâóåò è

îïðåäåëåíà äëÿ âñåõ òî÷åê èíòåðâàëà (a, b).

Äàëåå, ïîñòðîèì ôóíêöèþ y2(x) êàê ðåøå-

íèå ðàññìàòðèâàåìîãî îäíîðîäíîãî óðàâíå-
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íèÿ, óäîâëåòâîðÿþùåå óñëîâèÿì

y2(x0) = 0, y′2(x0) = 1, . . . , y
(n−1)
2 (x0) = 0.

Íà ïîñëåäíåì øàãå ìû ïîñòðîèì ôóíêöèþ

yn(x) êàê ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ,

óäîâëåòâîðÿþùåå óñëîâèÿì

yn(x0) = 0, y′n(x0) = 0, . . . , y
(n−1)
n (x0) = 1.

Îïðåäåëèòåëü Âðîíñêîãî ïîñòðîåííîé ñèñòå-

ìû ôóíêöèé y1(x), . . ., yn(x) â òî÷êå x0 èìååò
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âèä ∣∣∣∣∣∣∣∣∣
1 0 . . . . . . 0

0 1 . . . . . . 0

. . . . . . . . . . . . . . .

0 . . . . . . 0 1

∣∣∣∣∣∣∣∣∣
.

Ýòîò îïðåäåëèòåëü ðàâåí 1. Íî òîãäà ñèñòå-

ìà ðåøåíèé y1(x), . . ., yn(x) îáÿçàíà áûòü ëè-

íåéíî íåçàâèñèìîé íà èíòåðâàëå (a, b). Ñëå-

äîâàòåëüíî, îíà îáðàçóåò ôóíäàìåíòàëüíóþ

ñèñòåìó.
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Òåîðåìà.Ïóñòü y1(x), . . ., yn(x) � ôóíäàìåí-

òàëüíàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = 0.

Òîãäà âñÿêàÿ ôóíêöèÿ

y(x) = C1y1(x) + C2y2(x) + . . .+ Cnyn(x),

ãäå C1, . . ., Cn � ïðîèçâîëüíûå ïîñòîÿííûå,

ðåøàåò ðàññìàòðèâàåìîå îäíîðîäíîå óðàâ-

íåíèå. Îáðàòíî, åñëè y(x) åñòü ïðîèçâîëüíîå
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ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ, òî íàéäóò-

ñÿ ïîñòîÿííûå C1, . . ., Cn, òàêèå ÷òî äëÿ âñåõ

x èç (a, b) áóäåò âûïîëíÿòüñÿ ðàâåíñòâî

y(x) = C1y1(x) + C2y2(x) + . . .+ Cnyn(x).

Äîêàçàòåëüñòâî. Ïåðâàÿ ÷àñòü òåîðåìû âû-

òåêàåò èç ëèíåéíîñòè óðàâíåíèÿ. Äîêàæåì

âòîðóþ. Ïóñòü y(x) åñòü ïðîèçâîëüíîå ðåøå-

íèå ðàññìàòðèâàåìîãî îäíîðîäíîãî óðàâíå-

íèÿ, x0 åñòü ïðîèçâîëüíàÿ òî÷êà èíòåðâàëà
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(a, b). Ðàññìîòðèì ñèñòåìó

C1y1(x0) + . . .+ Cnyn(x0) = y(x0),

C1y
′
1(x0) + . . .+ Cny

′
n(x0) = y′(x0),

. . .

C1y
(n−1)
1 (x0) + . . .+ Cny

(n−1)
n (x0) = y(n−1)(x0).

(4)

Îïðåäåëèòåëü ýòîé ñèñòåìû � ýòî îïðåäå-

ëèòåëü Âðîíñêîãî ôóíêöèé y1(x), . . ., yn(x) â

òî÷êå x0.
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Ñèñòåìà ôóíêöèé y1(x), . . ., yn(x) � ôóíäà-

ìåíòàëüíàÿ ñèñòåìà ðåøåíèé, è ñîîòâåòñòâó-

þùèé åé îïðåäåëèòåëü Âðîíñêîãî íå ðàâåí

íóëþ. Ñëåäîâàòåëüíî, ñèñòåìà (4) èìååò åäèí-

ñòâåííîå ðåøåíèå C0
1, . . ., C

0
n. Äîêàæåì, ÷òî

èìåííî ýòè ÷èñëà è áóäóò èñêîìûìè.

Ðàññìîòðèì ñëåäóþùóþ ëèíåéíóþ êîìáèíà-

öèþ

y∗(x) = C0
1y1(x) + C0

2y2(x) + . . .+ C0
nyn(x).
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Ýòà ôóíêöèÿ ðåøàåò îäíîðîäíîå óðàâíåíèå

è óäîâëåòâîðÿåò óñëîâèÿì

y∗(x0) = y(x0), y∗
′
(x0) = y′(x0), y∗

′′
(x0) = y′′(x0),

. . . , y∗(n−1)(x0) = y(n−1)(x0).

Â ñèëó åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êî-

øè ôóíêöèè y∗(x) è y(x) îáÿçàíû ñîâïàäàòü

âñþäó íà (a, b).
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Òåîðåìà.Îäíîðîäíîå óðàâíåíèå

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = 0

íå ìîæåò èìåòü áîëåå n ëèíåéíî íåçàâèñè-

ìûõ ðåøåíèé.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå �

ïóñòü îäíîðîäíîå óðàâíåíèå èìååò n+ 1 ëè-

íåéíî íåçàâèñèìîå ðåøåíèå

y1(x), y2(x), . . . , yn(x), yn+1(x).
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Ðàññìîòðèì ïåðâûå n ðåøåíèé. Åñëè îíè ëè-

íåéíî çàâèñèìû, òî íàéäóòñÿ ÷èñëà α1, α2,

. . ., αn, íå âñå îäíîâðåìåííî ðàâíûå íóëþ è

òàêèå, ÷òî äëÿ âñåõ ÷èñåë x èç (a, b) âûïîë-

íÿåòñÿ ðàâåíñòâî

α1y1(x) + . . .+ αnyn(x) = 0.

Íî òîãäà è âñÿ ñèñòåìà y1(x), y2(x), . . ., yn+1(x)

áóäåò ëèíåéíî çàâèñèìîé, ïîñêîëüêó áóäåò
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âûïîëíÿòüñÿ ðàâåíñòâî

α1y1(x) + . . .+ αnyn(x) + 0 · yn+1(x) = 0,

à ñðåäè ÷èñåë α1, α2, . . ., αn, 0 íå âñå îäíî-

âðåìåííî ðàâíû íóëþ.

Åñëè æå ðåøåíèÿ y1(x), y2(x), . . ., yn(x) ëè-

íåéíî íåçàâèñèìû, òî îíè îáðàçóþò ôóíäà-

ìåíòàëüíóþ ñèñòåìó. Íî òîãäà, ñîãëàñíî îñ-
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íîâíîé òåîðåìå, ðåøåíèå yn+1(x) âûðàæàåò-

ñÿ ÷åðåç ýòè ôóíêöèè:

yn+1(x) = C1y1(x) + . . .+ Cnyn(x), x ∈ (a, b).

Ñëåäîâàòåëüíî, ñèñòåìà ôóíêöèé y1(x), y2(x),

. . ., yn(x), yn+1(x) ñíîâà áóäåò ëèíåéíî çàâè-

ñèìîé.
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50. Ðàññìîòðèì òåïåðü íåîäíîðîäíîå óðàâ-

íåíèå

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = f(x). (5)

Ïóñòü y0(x) � ýòî êàêîå-ëèáî ÷àñòíîå ðåøå-

íèå ýòîãî íåîäíîðîäíîãî óðàâíåíèÿ, à ôóíê-

öèè y1(x), y2(x), . . ., yn(x) îáðàçóþò ôóíäàìåí-

òàëüíóþ ñèñòåìó ðåøåíèé ñîîòâåòñòâóþùå-

ãî îäíîðîäíîãî óðàâíåíèÿ

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = 0.
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Òåîðåìà.Âñÿêàÿ ëèíåéíàÿ êîìáèíàöèÿ âè-

äà

y(x) = y0(x) + C1y1(x) + . . .+ Cnyn(x),

ãäå C1, . . . , Cn � ïðîèçâîëüíûå ïîñòîÿííûå,

ðåøàåò íåîäíîðîäíîå óðàâíåíèå (5). Îáðàò-

íî, åñëè y(x) åñòü ðåøåíèå íåîäíîðîäíîãî

óðàâíåíèÿ (5), òî íàéäóòñÿ ïîñòîÿííûå

C1, . . . , Cn òàêèå, ÷òî äëÿ âñåõ x èç (a, b) áóäåò
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âûïîëíÿòüñÿ ðàâåíñòâî

y(x) = y0(x) + C1y1(x) + . . .+ Cnyn(x).

Äîêàçàòåëüñòâî. Ïåðâàÿ ÷àñòü òåîðåìû î÷å-

âèäíà. Äîêàæåì âòîðóþ. Ïðåäñòàâèì ôóíê-

öèþ y(x) â âèäå

y(x) = y0(x) + ỹ(x). (6)
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Òîãäà ôóíêöèÿ ỹ(x) áóäåò ðåøåíèåì îäíî-

ðîäíîãî óðàâíåíèÿ. Ñîãëàñíî îñíîâíîé òåî-

ðåìå, íàéäóòñÿ ïîñòîÿííûå C1, . . . , Cn, ÷òî

äëÿ âñåõ òî÷åê x èç (a, b) áóäåò âûïîëíÿòüñÿ

ðàâåíñòâî

ỹ(x) = C1y1(x) + . . .+ Cnyn(x).

Âìåñòå ñ ðàâåíñòâîì (6) ýòî è äà¼ò òðåáóå-

ìîå.
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Òàêèì îáðàçîì, ÷òîáû ïîñòðîèòü îáùåå ðå-

øåíèå íåîäíîðîäíîãî óðàâíåíèÿ

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = f(x),

à, çíà÷èò, è ðåøåíèå çàäà÷è Êîøè, íåîá-

õîäèìî ïîñòðîèòü ôóíäàìåíòàëüíóþ ñèñòå-

ìó ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ è íàéòè

êàêîå-íèáóäü îäíî ÷àñòíîå ðåøåíèå íåîäíî-

ðîäíîãî óðàâíåíèÿ.
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Åñëè ïîñòðîåíà ôóíäàìåíòàëüíàÿ ñèñòåìà

ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ, òî ÷àñò-

íîå ðåøåíèå íåîäíîðîäíîãî ìîæíî íàéòè ñ

ïîìîùüþ ìåòîäà âàðèàöèè ïîñòîÿííûõ. Áó-

äåì èñêàòü ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî

óðàâíåíèÿ

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = f(x)

â âèäå

y0(x) = C1(x)y1(x) + C2(x)y2(x) + . . .+ Cn(x)yn(x),
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ãäå y1(x), y2(x), . . ., yn(x) � ôóíêöèè ôóíäà-

ìåíòàëüíîé ñèñòåìû. Äëÿ òîãî ÷òîáû ôóíê-

öèÿ y0(x) ðåøàëà ðàññìàòðèâàåìîå íåîäíî-

ðîäíîå óðàâíåíèå, ôóíêöèè C1(x), . . ., Cn(x)

äîëæíû áûòü âûáðàíû ñïåöèàëüíûì îáðà-

çîì. Èìååò ìåñòî ðàâåíñòâî

y′0(x) = C1(x)y′1(x) + . . .+ Cn(x)y′n(x)+

+C′1(x)y1(x) + . . .+ C′n(x)yn(x).
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Ïóñòü äëÿ ôóíêöèé C1(x), . . ., Cn(x) âûïîëíÿ-

åòñÿ ðàâåíñòâî

C′1(x)y1(x) + . . .+ C′n(x)yn(x) = 0.

Ó÷èòûâàÿ ýòî ðàâåíñòâî, âû÷èñëèì âòîðóþ

ïðîèçâîäíóþ îò èñêîìîé ôóíêöèè:

y
′′
0(x) = C1(x)y

′′
1(x) + . . .+ Cn(x)y

′′
n(x)+

+C′1(x)y′1(x) + . . .+ C′n(x)y′n(x).
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Âíîâü ïîòðåáóåì, ÷òîáû n ïîñëåäíèõ ñëàãà-

åìûõ â ñóììå äàëè íóëü:

C′1(x)y′1(x) + . . .+ C′n(x)y′n(x) = 0.

Âû÷èñëÿÿ òàêèì îáðàçîì ïîñëåäîâàòåëüíî

ïðîèçâîäíûå

y
′′′
0 (x), . . . , y

(n−1)
0 (x)

è òðåáóÿ êàæäûé ðàç, ÷òîáû ïîñëåäíèå n

ñëàãàåìûõ â ñóììå äàâàëè íóëü, ïîëó÷àåì

254



äëÿ ôóíêöèé C1(x), . . ., Cn(x), ñèñòåìó ðà-

âåíñòâ

C′1(x)y1(x) + . . .+ C′n(x)yn(x) = 0,

C′1(x)y′1(x) + . . .+ C′n(x)y′n(x) = 0,

. . .

C′1(x)y
(n−2)
1 (x) + . . .+ C′n(x)y

(n−2)
n (x) = 0.

Êðîìå òîãî, äëÿ ïðîèçâîäíûõ

y′0(x), y
′′
0(x), . . . , y

(n−1)
0 (x), y

(n)
0 (x)
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èìåþò ìåñòî ïîñëåäîâàòåëüíûå ïðåäñòàâëå-

íèÿ

y′0(x) = C1(x)y′1(x) + . . .+ Cn(x)y′n(x),

y
′′
0(x) = C1(x)y

′′
1(x) + . . .+ Cn(x)y

′′
n(x),

. . .

y
(n−1)
0 (x) = C1(x)y

(n−1)
1 (x) + . . .+ Cn(x)y

(n−1)
n (x).

Äèôôåðåíöèðóÿ ïîñëåäíåå èç ðàâåíñòâ ýòîé

ñèñòåìû, ïîëó÷èì äëÿ ïðîèçâîäíîé ïîðÿäêà

n îò èñêîìîé ôóíêöèè ñëåäóþùåå ðàâåíñòâî
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y
(n)
0 (x) = C1(x)y

(n)
1 (x) + . . .+ Cn(x)y

(n)
n (x)+

+C′1(x)y
(n−1)
1 (x) + . . .+ C′n(x)y

(n−1)
n (x).

Ïîäñòàâèì ôóíêöèþ y0(x) è íàéäåííûå çíà-

÷åíèÿ å¼ ïðîèçâîäíûõ â èñõîäíîå íåîäíîðîä-
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íîå óðàâíåíèå

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = f(x).

Ó÷èòûâàÿ, ÷òî êàæäàÿ èç ôóíêöèé y1(x), . . .,

yn(x) ÿâëÿåòñÿ ðåøåíèåì ñîîòâåòñòâóþùåãî

îäíîðîäíîãî óðàâíåíèÿ, â ðåçóëüòàòå ïîëó-

÷èì ðàâåíñòâî

C′1(x)y
(n−1)
1 (x) + . . .+ C′n(x)y

(n−1)
n (x) = f(x).
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Äîáàâëÿÿ ýòî óðàâíåíèå ê ïðåäûäóùèì, ïî-

ëó÷àåì äëÿ ôóíêöèé C′1(x), . . ., C′n(x) ñëåäóþ-

ùóþ ñèñòåìó

C′1(x)y1(x) + . . .+ C′n(x)yn(x) = 0,

. . .

C′1(x)y
(n−2)
1 (x) + . . .+ C′n(x)y

(n−2)
n (x) = 0,

C′1(x)y
(n−1)
1 (x) + . . .+ C′n(x)y

(n−1)
n (x) = f(x).

Îïðåäåëèòåëü ýòîé ñèñòåìû â êàæäîé òî÷êå

x èíòåðâàëà (a, b) ïðåäñòàâëÿåò ñîáîé îïðå-
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äåëèòåëü Âðîíñêîãî W (x) ëèíåéíî íåçàâèñè-

ìîé ñèñòåìû ôóíêöèé

y1(x), . . . , yn(x),

êàæäàÿ èç êîòîðûõ ðåøàåò îäíîðîäíîå óðàâ-

íåíèå

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = 0

Ýòîò îïðåäåëèòåëü Âðîíñêîãî íå îáðàùàåò-

ñÿ â íóëü íè â îäíîé òî÷êå èç (a, b). Ñëåäî-
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âàòåëüíî, ïîëó÷åííàÿ ñèñòåìà èìååò åäèí-

ñòâåííîå ðåøåíèå, êîòîðîå ìîæíî íàéòè, íà-

ïðèìåð, ïî ïðàâèëó Êðàìåðà. Â ðåçóëüòàòå

ïîëó÷èì â êàæäîé òî÷êå èç (a, b) çíà÷åíèÿ

ïðîèçâîäíûõ:

C′1(x) = g1(x), . . . , C′n(x) = gn(x).

Èíòåãðèðóÿ ýòè óðàâíåíèÿ, íàõîäèì èñêîìîå

÷àñòíîå ðåøåíèå y0(x).

261



Äëÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ âòî-

ðîãî ïîðÿäêà

y
′′

+ p1(x)y′ + p2(x)y = f(x) (7)

ðåàëèçàöèÿ ìåòîäà âàðèàöèè ïîñòîÿííûõ ïðè-

âîäèò ê ÷àñòíîìó ðåøåíèþ ñëåäóþùåãî âèäà

y0(x) = y2(x)

x∫
x0

y1(t)f(t)

W (t)
dt− y1(x)

x∫
x0

y2(t)f(t)

W (t)
dt.
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Çäåñü x0 � ïðîèçâîëüíàÿ òî÷êà èç (a, b), à

ôóíêöèè y1(x) è y2(x) îáðàçóþò ôóíäàìåí-

òàëüíóþ ñèñòåìó ðåøåíèé äëÿ óðàâíåíèÿ (7).

Äëÿ ïîñòðîåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ

(7) äîñòàòî÷íî íàéòè îäíî íåíóëåâîå ðåøå-

íèå îäíîðîäíîãî óðàâíåíèÿ (7). Âòîðîå æå

ðåøåíèå âñåãäà ìîæíî ïîëó÷èòü, èñïîëüçóÿ

ôîðìóëó Îñòðîãðàäñêîãî � Ëèóâèëëÿ.
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Åñëè ïðàâàÿ ÷àñòü f(x) â óðàâíåíèè

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = f(x)

ïðåäñòàâèìà â âèäå ñóììû íåñêîëüêèõ ñëà-

ãàåìûõ

f(x) = f1(x) + f2(x) + . . .+ fm(x),

òî ÷àñòíîå ðåøåíèå âñåãî óðàâíåíèÿ ìîæíî

íàéòè êàê ñóììó ÷àñòíûõ ðåøåíèé

y0(x) = y01(x) + . . .+ y0m(x).
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Çäåñü êàæäàÿ èç ôóíêöèé y0i(x), i = 1, . . . ,m,

ðåøàåò íåîäíîðîäíîå óðàâíåíèå ñ ïðàâîé ÷à-

ñòüþ fi(x):

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = fi(x)
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60. Ïåðåéäåì ê ðàññìîòðåíèþ ëèíåéíûõ óðàâ-

íåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

y(n) + α1y
(n−1) + α2y

(n−2) + . . .+ αny = f(x).

Çäåñü α1, α2, . . ., αn � çàäàííûå âåùåñòâåí-

íûå ïîñòîÿííûå, ôóíêöèÿ f(x) � çàäàííàÿ

ïðàâàÿ ÷àñòü óðàâíåíèÿ.

Çàäà÷à Êîøè äëÿ òàêîãî ëèíåéíîãî óðàâ-

íåíèÿ âñåãäà èìååò åäèíñòâåííîå ðåøåíèå
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íà ëþáîì òàêîì èíòåðâàëå, ãäå íåïðåðûâíà

ôóíêöèÿ f(x).

Ñíà÷àëà ðàññìîòðèì ëèíåéíîå îäíîðîäíîå

óðàâíåíèå

y(n) + α1y
(n−1) + α2y

(n−2) + . . .+ αny = 0. (8)

Ïîêàæåì, êàê ìîæíî íàéòè (ïîñòðîèòü) ôóí-

äàìåíòàëüíóþ ñèñòåìó ðåøåíèé äëÿ óðàâíå-

íèÿ (8).

267



Âìåñòå ñ óðàâíåíèåì (8) ñ ïîñòîÿííûìè êî-

ýôôèöèåíòàìè ðàññìîòðèì ñëåäóþùèé ìíî-

ãî÷ëåí

P (λ) = λn + α1λ
n−1 + . . .+ αn.

Îïðåäåëåíèå.Ìíîãî÷ëåí P (λ) íàçûâàåòñÿ

õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì äëÿ äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ (8).
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Èç êóðñà àëãåáðû èçâåñòíî, ÷òî óðàâíåíèå

P (λ) = λn + α1λ
n−1 + . . .+ αn = 0

èìååò ðîâíî n êîðíåé, äåéñòâèòåëüíûõ èëè

êîìïëåêñíûõ, âîçìîæíî êðàòíûõ. Êðîìå òî-

ãî, ïîñêîëüêó âñå êîýôôèöèåíòû õàðàêòå-

ðèñòè÷åñêîãî ìíîãî÷ëåíà � äåéñòâèòåëüíûå

÷èñëà, òî óðàâíåíèå P (λ) = 0 âìåñòå ñ ëþáûì

êîìïëåêñíûì êîðíåì a+ bi èìååò ñâîèì êîð-

íåì è êîìïëåêñíî-ñîïðÿæ¼ííîå ÷èñëî a− bi,
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ïðè÷¼ì êðàòíîñòè êîðíåé a+ bi è a− bi ñîâ-

ïàäàþò.

Ïóñòü óðàâíåíèå P (λ) = 0 èìååò ñâîèìè êîð-

íÿìè äåéñòâèòåëüíûå ÷èñëà

λ1, . . . , λl,

ïðè÷¼ì êðàòíîñòü êîðíÿ λk ðàâíà αk. Ïóñòü

òàêæå êîðíÿìè ÿâëÿþòñÿ âçàèìíî ñîïðÿæåí-
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íûå êîìïëåêñíûå ÷èñëà

λl+1, λl+1, λl+2, λl+2, . . . , λl+m, λl+m.

Ïóñòü ïðè ýòîì êðàòíîñòü êàæäîãî êîðíÿ

λl+k èëè λl+k ðàâíÿåòñÿ βk.

Êàæäîìó äåéñòâèòåëüíîìó êîðíþ λk, k = 1, . . . , l,

ïîñòàâèì â ñîîòâåòñòâèå αk ôóíêöèé

eλkx, xeλkx, . . . , xαk−1eλkx.
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Äàëåå, êàæäîé ïàðå êîìïëåêñíûõ êîðíåé λl+k,

λl+k, ãäå λl+k = µk + iνk, ïîñòàâèì â ñîîòâåò-

ñòâèå 2βk ôóíêöèé

eµkx cos νkx, xeµkx cos νkx, . . . , x
βk−1eµkx cos νkx,

eµkx sin νkx, xeµkx sin νkx, . . . , x
βk−1eµkx sin νkx.
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Îáùåå ÷èñëî ôóíêöèé, ñîïîñòàâëåííûõ õà-

ðàêòåðèñòè÷åñêîìó ìíîãî÷ëåíó, îïðåäåëÿåò-

ñÿ ðàâåíñòâîì

α1 + . . .+ αl + 2β1 + . . .+ 2βm = n.

Ñîïîñòàâëåííûå õàðàêòåðèñòè÷åñêîìó ïîëè-

íîìó ôóíêöèè â ñîâîêóïíîñòè ëèíåéíî íåçà-

âèñèìû íà âñåé ÷èñëîâîé îñè. Êðîìå òîãî

âñå îíè ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ

y(n) + α1y
(n−1) + α2y

(n−2) + . . .+ αny = 0,

273



÷òî ïðîâåðÿåòñÿ íåïîñðåäñòâåííîé èõ ïîä-

ñòàíîâêîé â óðàâíåíèå.

Èìåííî ôóíêöèè èç ýòîãî, ïîñòðîåííîãî ïî

êîðíÿì õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ìíî-

æåñòâà, îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòå-

ìó ðåøåíèé èñõîäíîãî ëèíåéíîãî îäíîðîäíî-

ãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòà-

ìè.
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Ðàññìîòðèì òåïåðü íåîäíîðîäíîå óðàâíåíèå

ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

y(n) + a1y
(n−1) + . . .+ any = f(x).

Äëÿ ïîñòðîåíèÿ îáùåãî ðåøåíèÿ ýòîãî óðàâ-

íåíèÿ äîñòàòî÷íî íàéòè ôóíäàìåíòàëüíóþ

ñèñòåìó ðåøåíèé ñîîòâåòñòâóþùåãî îäíî-

ðîäíîãî óðàâíåíèÿ.
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Çíàÿ ýòó ôóíäàìåíòàëüíóþ ñèñòåìó ðåøå-

íèé, ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâ-

íåíèÿ ìîæíî íàéòè ìåòîäîì âàðèàöèè ïî-

ñòîÿííûõ.

Îáùåå æå ðåøåíèå óðàâíåíèÿ ïîëó÷àåòñÿ

êàê ñóììà íàéäåííîãî ÷àñòíîãî ðåøåíèÿ è

îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ (8).
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Â íåêîòîðûõ ñëó÷àÿõ ÷àñòíîå ðåøåíèå íåîä-

íîðîäíîãî óðàâíåíèÿ ìîæíî íàéòè èíûì ìå-

òîäîì � ìåòîäîì íåîïðåäåë¼ííûõ êîýôôè-

öèåíòîâ. Îïèøåì ýòè ñëó÷àè.

à) ôóíêöèÿ f(x) èìååò âèä

f(x) = Pm(x) eαx,

ãäå Pm(x) � ìíîãî÷ëåí ñòåïåíè m.
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Åñëè ÷èñëî α íå ÿâëÿåòñÿ êîðíåì õàðàêòåðè-

ñòè÷åñêîãî ìíîãî÷ëåíà, òî ÷àñòíîå ðåøåíèå

èùåòñÿ â âèäå

y0(x) = Qm(x) eαx,

ãäå Qm(x) åñòü ìíîãî÷ëåí ñòåïåíè m:

Qm(x) = q0x
m + q1x

m−1 + . . .+ qm−1x+ qm

ñ íåîïðåäåë¼ííûìè ïîêà êîýôôèöèåíòàìè.
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Ïîäñòàâëÿÿ ôóíêöèþ y0(x) â èñõîäíîå íåðîä-

íîðîäíîå óðàâíåíèå è ïðèðàâíèâàÿ êîýôôè-

öèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïîëó÷èì

àëãåáðàè÷åñêóþ ñèñòåìó èç (m+ 1) óðàâíå-

íèÿ äëÿ íàõîæäåíèÿ q0, q1, . . ., qm. Îòûñêàâ

ýòè êîýôôèöèåíòû, íàéä¼ì èñêîìîå ÷àñòíîå

ðåøåíèå.

Åñëè ÷èñëî α ÿâëÿåòñÿ êîðíåì õàðàêòåðè-

ñòè÷åñêîãî ìíîãî÷ëåíà êðàòíîñòè k, òî ÷àñò-
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íîå ðåøåíèå èùåòñÿ â âèäå

y0(x) = xkQm(x) eαx,

ãäå âíîâü Qm(x) � ìíîãî÷ëåí ñòåïåíè m ñ

íåîïðåäåë¼ííûìè êîýôôèöèåíòàìè.

Ïîäñòàâëÿÿ y0(x) â èñõîäíîå óðàâíåíèå è ïðè-

ðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòå-

ïåíÿõ x, âíîâü ïîëó÷àåì àëãåáðàè÷åñêóþ ñè-

ñòåìó äëÿ ÷èñåë q0, . . ., qm. Îòûñêàâ ðåøåíèå
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ýòîé ñèñòåìû, íàõîäèì è èñêîìîå ÷àñòíîå

ðåøåíèå.

á) ôóíêöèÿ f(x) èìååò âèä

f(x) =
(
Pm(x) cosβx+Ql(x) sinβx

)
eαx,

ãäå Pm(x) è Ql(x) � ìíîãî÷ëåíû ñòåïåíåé m

è l ñîîòâåòñòâåííî.
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Åñëè ÷èñëî α+ βi íå ÿâëÿåòñÿ êîðíåì õàðàê-

òåðèñòè÷åñêîãî ìíîãî÷ëåíà, òî ÷àñòíîå ðå-

øåíèå èùåòñÿ â âèäå

y0(x) =
(
Rp(x) cosβx+ Tp(x) sinβx

)
eαx,

ãäå Rp(x) è Tp(x) � ìíîãî÷ëåíû ñòåïåíè p ñ

íåîïðåäåë¼ííûìè êîýôôèöèåíòàìè, ïðè÷åì

p = max(m, l).

Åñëè ÷èñëî α+ βi ÿâëÿåòñÿ êîðíåì õàðàê-

òåðèñòè÷åñêîãî ìíîãî÷ëåíà êðàòíîñòè k, òî
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÷àñòíîå ðåøåíèå èùåòñÿ â âèäå

y0(x) = xk[Rp(x) cosβx+ Tp(x) sinβx] eαx.

Â îáîèõ ñëó÷àÿõ êîýôôèöèåíòû ìíîãî÷ëå-

íîâ Rp(x) è Tp(x) îïðåäåëÿþòñÿ ñ ïîìîùüþ

íåïîñðåäñòâåííîé ïîäñòàíîâêè ôóíêöèè y0(x)

â èñõîäíîå óðàâíåíèå è ïðèðàâíèâàíèÿ êîýô-

ôèöèåíòîâ ïðè îäèíàêîâûõ ôóíêöèÿõ.
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×àñòíîå ðåøåíèå â óêàçàííîì âèäå âñåãäà

ìîæíî íàéòè òàêæå äëÿ ôóíêöèé f(x) âèäà

Pm(x)eαx cosβx èëè Ql(x)eαx sinβx.

Â ýòîì ñëó÷àå p = m èëè p = l.

â) ôóíêöèÿ f(x) åñòü ñóììà ðàçëè÷íûõ ôóíê-

öèé âèäà à) èëè á).

Â ýòîì ñëó÷àå ÷àñòíîå ðåøåíèå ïîëó÷àåò-

ñÿ êàê ñóììà ÷àñòíûõ ðåøåíèé, ïîñòðîåííûõ
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äëÿ êàæäîãî ñëàãàåìîãî, âõîäÿùåãî â ïðåä-

ñòàâëåíèå ïðàâîé ÷àñòè f(x).

70. Èìåþòñÿ êðèòåðèè ëèíåéíîé çàâèñèìî-

ñòè (íåçàâèñèìîñòè) ñèñòåì ôóíêöèé, êîòî-

ðûå íå èñïîëüçóþò ïîíÿòèå îïðåäåëèòåëÿ

Âðîíñêîãî. Ïðèâåäåì íåêîòîðûå èç ýòèõ êðè-

òåðèåâ.

Ïóñòü íà (a, b) çàäàíû íåïðåðûâíûå ôóíêöèè

y1(x), . . ., ym(x).
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Ðàññìîòðèì àññîöèèðîâàííóþ ñ íèìè ìàò-

ðèöó èíòåãðàëîâ

αij =

b∫
a

yi(x)yj(x) dx, i, j = 1, . . . ,m.

Îïðåäåëåíèå.Îïðåäåëèòåëü ìàòðèöû èíòå-

ãðàëîâ

Γ(y1, . . . , ym) =

∣∣∣∣∣∣∣
α11 . . . α1m
. . . . . . . . .

αm1 . . . αmm

∣∣∣∣∣∣∣
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íàçûâàåòñÿ îïðåäåëèòåëåì Ãðàìà ñèñòåìû

ôóíêöèé y1(x), . . ., ym(x).

Ñèñòåìà íåïðåðûâíûõ íà îòðåçêå [a, b] ôóíê-

öèé y1(x), . . ., ym(x) ëèíåéíî íåçàâèñèìà íà

ýòîì îòðåçêå òîãäà è òîëüêî òîãäà, êîãäà åå

îïðåäåëèòåëü Ãðàìà îòëè÷åí îò íóëÿ.

Ëåììà.Ïóñòü y1(x), . . ., ym(x) � ëèíåéíî íåçà-

âèñèìàÿ íà èíòåðâàëå (a, b) ñèñòåìà ôóíê-

öèé. Òîãäà è ëþáàÿ å¼ ïîäñèñòåìà èç k ôóíê-
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öèé, 1 6 k 6 m, òàêæå ëèíåéíî íåçàâèñèìà íà

òîì æå èíòåðâàëå.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïîäñèñòåìó èç

ïåðâûõ k ôóíêöèé y1(x), . . ., yk(x). Ïðåäïîëî-

æèì, ÷òî îíà ëèíåéíî çàâèñèìà. Òîãäà íàé-

äóòñÿ ÷èñëà α1, . . ., αk, íå âñå îäíîâðåìåííî

ðàâíûå íóëþ, ÷òî äëÿ âñåõ x èç èíòåðâàëà

(a, b) âûïîëíÿåòñÿ ðàâåíñòâî

α1y1(x) + . . .+ αkyk(x) = 0.
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Ðàññìîòðèì íàáîð ÷èñåë

α1, . . . , αk, αk+1 = 0, . . . , αm = 0.

Â ýòîì íàáîðå ïî-ïðåæíåìó íå âñå ÷èñëà îä-

íîâðåìåííî ðàâíû íóëþ. Ïðè ýòîì äëÿ âñåõ

òî÷åê x èç èíòåðâàëà (a, b) âûïîëíÿåòñÿ ðà-

âåíñòâî

α1y(x) + . . .+ αmym(x) = 0.
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Íî òîãäà âñÿ ñèñòåìà ôóíêöèé y1(x), . . ., ym(x)

äîëæíà áûòü ëèíåéíî çàâèñèìîé íà èíòåð-

âàëå (a, b), à ýòî íå òàê. Ïîëó÷èëè ïðîòèâîðå-

÷èå ñ ïðåäïîëîæåíèåì î ëèíåéíîé çàâèñèìî-

ñòè ñèñòåìû y1(x), . . ., yk(x). Ñëåäîâàòåëüíî,

ýòà ñèñòåìà ëèíåéíî íåçàâèñèìà.

Ëåììà.Ïóñòü ïîäñèñòåìà y1(x), . . ., yk(x) ñè-

ñòåìû ôóíêöèé y1(x), . . ., ym(x), 1 < k < m, ëè-

íåéíî çàâèñèìà íà èíòåðâàëå (a, b). Òîãäà è
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âñÿ ñèñòåìà y1(x), . . ., ym(x) ëèíåéíî çàâèñè-

ìà íà èíòåðâàëå (a, b).

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ñèñòåìà

y1(x), . . ., ym(x) ëèíåéíî íåçàâèñèìà íà èíòåð-

âàëå (a, b). Íî òîãäà, ñîãëàñíî ïðåäûäóùåìó,

è ëþáàÿ å¼ ïîäñèñòåìà, â òîì ÷èñëå ïîäñè-

ñòåìà y1(x), . . ., yk(x), äîëæíà áûòü ëèíåé-

íî íåçàâèñèìîé. À ýòî ïðîòèâîðå÷èò óñëî-

âèþ.

291



Ïóñòü ôóíêöèè y1(x), . . ., ym(x) ëèíåéíî íåçà-

âèñèìû íà èíòåðâàëå (a, b). Ñëåäóåò ëè îòñþ-

äà, ÷òî îíè ëèíåéíî íåçàâèñèìû íà ëþáîì

èíòåðâàëå (c, d), ãäå a ≤ c < d ≤ b?

Íå ñëåäóåò. Íàïðèìåð, ôóíêöèè x è |x| ëè-

íåéíî íåçàâèñèìû íà èíòåðâàëå (−1, 1), è â

òî æå âðåìÿ ëèíåéíî çàâèñèìû íà (0, 1).
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Ëåììà.Ïóñòü ôóíêöèè y1(x), . . ., ym(x) ëè-

íåéíî íåçàâèñèìû íà èíòåðâàëå (a, b). Òîãäà

îíè ëèíåéíî íåçàâèñèìû íà ëþáîì èíòåðâà-

ëå (c, d), ãäå c ≤ a, d ≥ b.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå �

÷òî ôóíêöèè y1(x), . . ., ym(x) ëèíåéíî çàâèñè-

ìû íà èíòåðâàëå (c, d). Òîãäà íàéäóòñÿ ÷èñëà

α1, . . ., αm, íå âñå îäíîâðåìåííî ðàâíûå íó-

ëþ, ÷òî äëÿ âñåõ òî÷åê x èç èíòåðâàëà (c, d)
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áóäåò âûïîëíÿòüñÿ ðàâåíñòâî

α1y1(x) + . . .+ αmym(x) = 0.

Íî òîãäà ýòî æå ðàâåíñòâî áóäåò âûïîëíÿòü-

ñÿ è äëÿ òî÷åê x èç èíòåðâàëà (a, b). Ýòî

îçíà÷àåò, ÷òî ôóíêöèè y1(x), . . ., ym(x) ëè-

íåéíî çàâèñèìû íà èíòåðâàëå (a, b). Ïîëó÷è-

ëè ïðîòèâîðå÷èå.
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Ïóñòü åñòü ñèñòåìà n ðàç íåïðåðûâíî äèô-

ôåðåíöèðóåìûõ ëèíåéíî íåçàâèñèìûõ íà èí-

òåðâàëå (a, b) ôóíêöèé y1(x), . . ., yn(x), îïðå-

äåëèòåëü Âðîíñêîãî êîòîðîé íå ðàâåí íóëþ

íè â îäíîé òî÷êå ýòîãî èíòåðâàëà. Òîãäà ñó-

ùåñòâóåò îäíî è òîëüêî îäíî (ñ òî÷íîñòüþ

äî ïîñòîÿííîãî ìíîæèòåëÿ) îäíîðîäíîå ëè-

íåéíîå óðàâíåíèå, äëÿ êîòîðîãî ýòà ñèñòåìà

ÿâëÿåòñÿ ôóíäàìåíòàëüíîé ñèñòåìîé ðåøå-

íèé íà (a, b).
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Êîýôôèöèåíòû p1(x), p2(x), . . ., pn(x) èñêîìî-

ãî óðàâíåíèÿ äîëæíû óäîâëåòâîðÿòü ñèñòå-

ìå

y
(n)
1 + p1(x)y

(n−1)
1 + . . .+ pn(x)y1 = 0,

y
(n)
2 + p1(x)y

(n−1)
2 + . . .+ pn(x)y2 = 0,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · ··

y
(n)
n + p1(x)y

(n−1)
n + . . .+ pn(x)yn = 0
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â êàæäîé òî÷êå x èíòåðâàëà (a, b).

Îïðåäåëèòåëü ðàññìàòðèâàåìîé ñèñòåìû ñ

òî÷íîñòüþ äî çíàêà åñòü îïðåäåëèòåëü Âðîí-

ñêîãî ñèñòåìû ôóíêöèé y1(x), . . ., yn(x). Ñëå-

äîâàòåëüíî, ñèñòåìà èìååò ðåøåíèå â êàæ-

äîé òî÷êå. Ðåøåíèÿìè ñèñòåìû è áóäóò èñ-

êîìûå êîýôôèöèåíòû p1(x), p2(x), . . ., pn(x).
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Ëåììà.Åñëè ôóíêöèè y1(x), . . ., ym(x) � ëè-

íåéíî íåçàâèñèìûå íà èíòåðâàëå (a, b) ðåøå-

íèÿ ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = 0,

ãäå n ≥ m, òî ýòè æå ôóíêöèè ëèíåéíî íåçà-

âèñèìû è íà ëþáîì èíòåðâàëå (c, d), ãäå

a ≤ c < d ≤ b.
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Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå:

ïóñòü ôóíêöèè y1(x), . . ., ym(x) ëèíåéíî çà-

âèñèìû íà èíòåðâàëå (c, d). Òîãäà äëÿ ëþáîé

òî÷êè ýòîãî èíòåðâàëà èìååì

α1y(x) + . . . αmym(x) = 0,

ãäå ñðåäè ÷èñåë α1, . . ., αm íå âñå íóëåâûå.

Äëÿ ôóíêöèè y0(x) = α1y1(x) + . . .+ αmym(x) âû-

ïîëíÿåòñÿ èñõîäíîå óðàâíåíèå

y
(n)
0 + p1(x)y

(n−1)
0 + . . .+ pn(x)y0 = 0.
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Äàëåå, äëÿ ëþáîé òî÷êè x0 èíòåðâàëà (c, d)

âûïîëíÿþòñÿ ðàâåíñòâà

y0(x0) = y′(x0) = . . . = y
(n−1)
0 (x0) = 0.

Äðóãèìè ñëîâàìè, ôóíêöèÿ y0(x) ÿâëÿåòñÿ

ðåøåíèåì çàäà÷è Êîøè äëÿ ëèíåéíîãî îä-

íîðîäíîãî óðàâíåíèÿ ñ íóëåâûìè íà÷àëüíû-

ìè óñëîâèÿìè. Ïî òåîðåìå åäèíñòâåííîñòè

ôóíêöèÿ y0(x) òîæäåñòâåííî íóëåâàÿ íà èí-

òåðâàëå (a, b). Íî ýòî ïðîòèâîðå÷èò ëèíåé-
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íîé íåçàâèñèìîñòè ñèñòåìû ôóíêöèé y1(x),

. . ., ym(x) íà äàííîì èíòåðâàëå.

Çàäà÷à.Ïóñòü èçâåñòíî îäíî ÷àñòíîå ðåøå-

íèå y1(x) ëèíåéíîãî îäíîðîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

y′′ + p1(x)y′ + p2(x)y = 0.

Òðåáóåòñÿ íàéòè âòîðîå ðåøåíèå ýòîãî óðàâ-

íåíèÿ, ëèíåéíî íåçàâèñèìîå ñ ïåðâûì.
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Ðåøåíèå. Ñîãëàñíî ôîðìóëå Îñòðîãðàäñêî-

ãî � Ëèóâèëëÿ èìååì∣∣∣∣∣ y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣∣ = Ce

x∫
x0

p1(y) dy

èëè, ÷òî òî æå ñàìîå,

y1(x)y′2(x)− y′1(x)y2(x) = Ce

x∫
x0

p1(y) dy

.

Îòíîñèòåëüíî ôóíêöèè y2(x) ýòî ðàâåíñòâî

ïðåäñòàâëÿåò ñîáîé ëèíåéíîå äèôôåðåíöè-
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àëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà. Ðåøàÿ

ýòî óðàâíåíèå, íàõîäèì ôóíêöèþ y2(x).

Çàìåòèì, ÷òî â ñëó÷àå óðàâíåíèÿ ïîðÿäêà n

ôîðìóëà Îñòðîãðàäñêîãî � Ëèóâèëëÿ ïîç-

âîëÿåò ïîñòðîèòü îáùåå ðåøåíèå, åñëè èç-

âåñòíû ëèøü n− 1 ôóíêöèÿ èç ôóíäàìåí-

òàëüíîé ñèñòåìû ðåøåíèé.
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80. Â íåêîòîðûõ ñëó÷àÿõ ñ ïîìîùüþ ïîäõî-

äÿùåé çàìåíû óðàâíåíèå ìîæíî ïðèâåñòè ê

áîëåå ïðîñòîìó âèäó.

Ïåðåéä¼ì îò íåçàâèñèìîé ïåðåìåííîé x ê

íîâîé íåçàâèñèìîé ïåðåìåííîé t ïî ôîðìóëå

t = ψ(x).

Ôóíêöèÿ y(x) ïðè òàêîé çàìåíå ïåðåéä¼ò â

ôóíêöèþ u(t) = y(ψ−1(t)), äëÿ ïðîèçâîäíûõ
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æå y′, y
′′
, . . ., y(n) ñïðàâåäëèâû ôîðìóëû

y′ = u′ · ψ′(x),

y
′′

= u
′′
· ψ
′2(x) + u′ · ψ

′′
(x),

y
′′′

= u
′′′
· ψ
′3(x) + 3u

′′
· ψ′(x) · ψ

′′
(x) + u′ · ψ

′′′
(x).

Ïîäñòàâëÿÿ çíà÷åíèÿ y′, y
′′
, . . . â óðàâíåíèå è

çàìåíÿÿ ïåðåìåííóþ x íà âûðàæåíèå ψ−1(t),

ïîëó÷èì äëÿ ôóíêöèè u(t) íîâîå äèôôåðåí-

öèàëüíîå óðàâíåíèå.
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Â íåêîòîðûõ ñëó÷àÿõ ñ ïîìîùüþ ïîäõîäÿ-

ùåé çàìåíû óðàâíåíèå ñ ïåðåìåííûìè êîýô-

ôèöèåíòàìè ìîæíî ïðåîáðàçîâàòü â óðàâíå-

íèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Íàïðèìåð, óðàâíåíèå Ýéëåðà

xny(n) + α1x
n−1y(n−1) + . . .+ αn−1xy

′ + αny = f(x)

çàìåíîé

t = lnx ïðè x > 0, t = ln(−x) ïðè x < 0
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ñâîäèòñÿ ê óðàâíåíèþ ñ ïîñòîÿííûìè êîýô-

ôèöèåíòàìè.

Óðàâíåíèå ×åáûøåâà

(1− x2)y
′′
− xy′ + n2y = 0,

ãäå n � íàòóðàëüíîå ÷èñëî, ïðè x èç (−1, 1)

çàìåíîé x = cos t èëè t = arccosx òàêæå ñâîäèò-

ñÿ ê óðàâíåíèþ ñ ïîñòîÿííûìè êîýôôèöèåí-

òàìè.
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Òåìà : Ëèíåéíûå ñèñòåìû ïåðâîãî ïîðÿäêà

ñ ïåðåìåííûìè êîýôôèöèåíòàìè

10. Îáùèå ñâîéñòâà ëèíåéíûõ ñèñòåì ïåðâîãî ïî-

ðÿäêà. 20. Ëèíåéíàÿ çàâèñèìîñòü è íåçàâèñèìîñòü

ñèñòåì âåêòîð-ôóíêöèé. Îïðåäåëèòåëü Âðîíñêî-

ãî. 30. Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé. Îá-

ùåå ðåøåíèå. 40. Ëèíåéíûå ñèñòåìû ïåðâîãî ïî-

ðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.
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10. Ëèíåéíûå ñèñòåìû äèôôåðåíöèàëüíûõ

óðàâíåíèé ïåðâîãî ïîðÿäêà � ýòî ñèñòåìû

âèäà
dy1
dx

= a11(x)y1 + . . .+ a1n(x)yn + f1(x),

. . .
dyn

dx
= an1(x)y1 + . . .+ ann(x)yn + fn(x).

(1.6)

Â äàëüíåéøåì êîýôôèöèåíòû aij(x) è ïðà-

âûå ÷àñòè fi(x) ñèñòåìû ïðåäïîëàãàþòñÿ íå-

ïðåðûâíûìè íà èíòåðâàëå (a, b) ôóíêöèÿìè.

309



Îáùàÿ òåîðèÿ ëèíåéíûõ ñèñòåì äèôôåðåí-

öèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà âî ìíî-

ãîì àíàëîãè÷íà îáùåé òåîðèè ëèíåéíûõ óðàâ-

íåíèé n-ãî ïîðÿäêà.

Â ÷àñòíîñòè, äëÿ ëþáîé òî÷êè x0 èç (a, b)

çàäà÷à Êîøè ñ óñëîâèÿìè

y1(x0) = y10, y2(x0) = y20, . . . , yn(x0) = yn0

(2.6)
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èìååò åäèíñòâåííîå ðåøåíèå, ïðîäîëæèìîå

íà âåñü èíòåðâàë (a, b).

Åñëè âñå ôóíêöèè fi(x) � òîæäåñòâåííî íó-

ëåâûå, òî ñèñòåìà (1.6) íàçûâàåòñÿ îäíî-

ðîäíîé, â ïðîòèâíîì ñëó÷àå � íåîäíîðîä-

íîé.

Ìàòðèöà A(x) = (aij(x)) èç êîýôôèöèåíòîâ

óðàâíåíèé â (1.6) íàçûâàåòñÿ ìàòðèöåé ñè-
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ñòåìû. Âìåñòå ñ ìàòðèöåé A(x) ðàññìàòðè-

âàþòñÿ âåêòîð-ñòîëáöû

Y (x) =

 y1(x)
...

yn(x)

 , F (x) =

 f1(x)
...

fn(x)

 .

Ñ ïîìîùüþ ýòèõ îáîçíà÷åíèé ñèñòåìà (1.6)

çàïèñûâàþòñÿ â ìàòðè÷íîì âèäå

dY

dx
= A(x)Y + F (x).
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Äàëåå áóäåì èñïîëüçîâàòü îáîçíà÷åíèå

LY =
dY

dx
−A(x)Y.

Ýòî âûðàæåíèå çàäàåò îïåðàòîð, îïðåäåëåí-

íûé íà ìíîæåñòâå íåïðåðûâíî äèôôåðåí-

öèðóåìûõ íà èíòåðâàëå (a, b) ôóíêöèé. Ýòîò

îïåðàòîð ëèíååí.

20. Ïóñòü Y1(x), . . ., Yn(x) � âåêòîð-ôóíêöèè,

îïðåäåëåííûå íà (a, b). Ýòè âåêòîð-ôóíêöèè
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íàçûâàþòñÿ ëèíåéíî íåçàâèñèìûìè íà èí-

òåðâàëå (a, b), åñëè òîæäåñòâî

α1Y1(x) + . . .+ αmYm(x) ≡ 0, x ∈ (a, b)

âûïîëíÿåòñÿ ëèøü äëÿ

α1 = . . . = αm = 0.

Åñëè æå ñðåäè ÷èñåë α1, . . ., αm íàéäåòñÿ õî-

òÿ áû îäíî íåíóëåâîå, òî ñèñòåìà âåêòîð-

ôóíêöèé Y1(x), . . ., Yn(x) íàçûâàåòñÿ ëèíåéíî

çàâèñèìîé íà èíòåðâàëå (a, b) ñèñòåìîé.
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Ïóñòü äàíû n âåêòîð-ôóíêöèé

Y1(x), . . . , Yn(x),

îïðåäåëåííûõ íà (a, b). Äåòåðìèíàíò

W (x) =

∣∣∣∣∣∣∣
y11(x) y12(x) . . . y1n(x)
... ... ... ...

yn1(x) yn2(x) . . . ynn(x)

∣∣∣∣∣∣∣
íàçûâàåòñÿ îïðåäåëèòåëåì Âðîíñêîãî äëÿ ñè-

ñòåìû âåêòîð-ôóíêöèé Y1(x), . . ., Yn(x).
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Òåîðåìà.Åñëè âåêòîð-ôóíêöèè Y1(x), . . ., Yn(x)

ëèíåéíî çàâèñèìû â èíòåðâàëå (a, b), òî èõ

îïðåäåëèòåëü Âðîíñêîãî � òîæäåñòâåííî íó-

ëåâàÿ íà ýòîì èíòåðâàëå ôóíêöèÿ.

Äîêàçàòåëüñòâî ýòîé òåîðåìû àíàëîãè÷íî äî-

êàçàòåëüñòâó ñîîòâåòñòâóþùåé òåîðåìû äëÿ

îäíîãî óðàâíåíèÿ.
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Òåîðåìà.Ïóñòü âåêòîð-ôóíêöèè

Y1(x), . . . , Yn(x)

ëèíåéíî íåçàâèñèìû â èíòåðâàëå (a, b), è ïóñòü

êàæäàÿ èç íèõ ÿâëÿåòñÿ ðåøåíèåì îäíîðîä-

íîé ñèñòåìû

dY

dx
= A(x)Y.

Òîãäà èõ îïðåäåëèòåëü Âðîíñêîãî íå ðàâåí

íóëþ íè â îäíîé òî÷êå äàííîãî èíòåðâàëà.
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Äîêàçàòåëüñòâî. Ïóñòü ñóùåñòâóåò òî÷êà x0

èç èíòåðâàëà (a, b), äëÿ êîòîðîé âûïîëíÿåòñÿ

ðàâåíñòâî W (x0) = 0. Òîãäà âåêòîðû Y1(x0),

. . ., Yn(x0) ëèíåéíî çàâèñèìû: íàéäóòñÿ ÷èñëà

α1, . . ., αn, íå âñå ðàâíûå íóëþ, è òàêèå ÷òî

âûïîëíÿåòñÿ ðàâåíñòâî

α1Y1(x0) + . . .+ αnYn(x0) = 0.

Îïðåäåëèì âåêòîð-ôóíêöèþ

Y (x) = α1Y1(x) + . . .+ αnYn(x).
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Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì ðàññìàò-

ðèâàåìîé îäíîðîäíîé ñèñòåìû. Ïðè ýòîì îíà

óäîâëåòâîðÿåò äàííûì Êîøè ñ íóëåâûìè íà-

÷àëüíûìè óñëîâèÿìè â òî÷êå x0.

Â ñèëó åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êî-

øè ôóíêöèÿ Y (x) òîæäåñòâåííî íóëåâàÿ íà

èíòåðâàëå (a, b). Ýòî îçíà÷àåò, ÷òî ñèñòåìà

âåêòîð-ôóíêöèé Y1(x), . . ., Yn(x) ëèíåéíî çà-

âèñèìà íà èíòåðâàëå (a, b), ÷òî ïðîòèâîðå÷èò
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óñëîâèþ. Ïîëó÷åííîå ïðîòèâîðå÷èå îïðîâåð-

ãàåò ïðåäïîëîæåíèå î òîì, ÷òî ñóùåñòâóåò

òî÷êà x0, â êîòîðîé îïðåäåëèòåëü Âðîíñêîãî

îáðàùàåòñÿ â íóëü.

Êàê è äëÿ îäíîãî óðàâíåíèÿ, èç óêàçàííûõ

òåîðåì ìîæíî ëåãêî âûâåñòè íåêîòîðûå ñëåä-

ñòâèÿ.
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Ñëåäñòâèå 1. Åñëè îïðåäåëèòåëü Âðîíñêîãî

ðåøåíèé Y1(x), . . ., Yn(x) îäíîðîäíîé ñèñòåìû

ðàâåí íóëþ õîòÿ áû â îäíîé òî÷êå èíòåðâàëà

(a, b), òî îí ðàâåí íóëþ âî âñåõ òî÷êàõ ýòîãî

èíòåðâàëà.

Ñëåäñòâèå 2. Åñëè îïðåäåëèòåëü Âðîíñêîãî

ðåøåíèé Y1(x), . . ., Yn(x) îäíîðîäíîé ñèñòå-

ìû îòëè÷åí îò íóëÿ õîòÿ áû â îäíîé òî÷êå
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èíòåðâàëà (a, b), òî îí îòëè÷åí îò íóëÿ è âî

âñåõ îñòàëüíûõ òî÷êàõ ýòîãî èíòåðâàëà.

Ñëåäñòâèå 3. Äëÿ ëèíåéíîé íåçàâèñèìîñòè

ðåøåíèé Y1(x), . . ., Yn(x) îäíîðîäíîé ñèñòåìû

íà èíòåðâàëå (a, b) íåîáõîäèìî è äîñòàòî÷íî,

÷òîáû èõ îïðåäåëèòåëü Âðîíñêîãî áûë îò-

ëè÷åí îò íóëÿ õîòÿ áû â îäíîé òî÷êå ýòîãî

èíòåðâàëà.
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Òåîðåìà (ôîðìóëà Îñòðîãðàäñêîãî � Ëè-

óâèëëÿ äëÿ ñèñòåì).Ïóñòü âåêòîð-ôóíêöèè

Y1(x), . . ., Yn(x) ÿâëÿþòñÿ ðåøåíèÿìè îäíî-

ðîäíîé ñèñòåìû

dY

dx
= A(x)Y.

Òîãäà èìååò ìåñòî ðàâåíñòâî

W (x) = W (x0)e

x∫
x0

[a11(t)+...+ann(t)]dt

.
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Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ èçâåñòíîé ôîð-

ìóëîé äëÿ ïðîèçâîäíîé îïðåäåëèòåëÿ è ïî-

ëó÷èì ðàâåíñòâî

W ′(x) =

∣∣∣∣∣∣∣
y′11 y′12 . . . y′1n
...

yn1 yn2 . . . ynn

∣∣∣∣∣∣∣+

+ . . .+

∣∣∣∣∣∣∣
y11 y12 . . . y1n
...

y′n1 y′n2 . . . y′nn

∣∣∣∣∣∣∣ . (3.6)
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Ðàññìîòðèì ïåðâîå ñëàãàåìîå. Ïðåîáðàçóåì

åãî ïåðâóþ ñòðîêó (òî åñòü ñòðîêó èç ïðî-

èçâîäíûõ), èñõîäÿ èç óðàâíåíèé ñèñòåìû:

y′1k = a11(x)y1k + . . .+ a1n(x)ynk.

Óìíîæèì âòîðóþ ñòðîêó íà ôóíêöèþ −a12(x)

è ïðèáàâèì ê ïåðâîé, äàëåå óìíîæèì òðåòüþ

ñòðîêó íà ôóíêöèþ −a13(x) è âíîâü ïðèáàâèì

ê ïåðâîé, è ò.ä. Â ðåçóëüòàòå ïåðâîå ñëàãà-
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åìîå ïðàâîé ÷àñòè ðàâåíñòâà (3.6) ïðèîáðå-

òåò âèä∣∣∣∣∣∣∣∣∣
a11(x)y11 a11(x)y12 . . . a11(x)y1n

y21 y22 . . . y2n
...

yn1 yn2 . . . ynn

∣∣∣∣∣∣∣∣∣
.

Çàìåíÿÿ äàëåå âî âòîðîì è â ñëåäóþùèõ

ñëàãàåìûõ ïðàâîé ÷àñòè ðàâåíñòâà (3.6) ñòðî-

êó èç ïðîèçâîäíûõ, íà ñòðîêó, ïðåäñòàâëÿþ-

ùóþ ñîáîé ïðàâóþ ÷àñòü ñîîòâåòñòâóþùåé
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ñòðîêè îäíîðîäíîé ñèñòåìû, ïðåîáðàçóÿ ïî-

ëó÷åííûé îïðåäåëèòåëü óêàçàííûõ âûøå îá-

ðàçîì, ïðèä¼ì ê ðàâåíñòâó

W ′(x) =

 n∑
i=1

aii(x)

W (x).

Èíòåãðèðóÿ ýòî óðàâíåíèå, ïîëó÷àåì òðåáó-

åìîå ðàâåíñòâî.
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30. Ñîâîêóïíîñòü n ðåøåíèé � âåêòîð-ôóíêöèé

Y1(x), . . ., Yn(x) � îäíîðîäíîé ñèñòåìû, îïðå-

äåëåííûõ è ëèíåéíî íåçàâèñèìûõ íà èíòåð-

âàëå (a, b), íàçûâàåòñÿ ôóíäàìåíòàëüíîé ñè-

ñòåìîé ðåøåíèé íà ýòîì èíòåðâàëå.

Òåîðåìà (ñóùåñòâîâàíèå ôóíäàìåíòàëüíîé

ñèñòåìû).Äëÿ ëþáîé ñèñòåìû

dY

dx
= A(x)Y.

328



ñ íåïðåðûâíûìè íà èíòåðâàëå (a, b) êîýôôè-

öèåíòàìè ñóùåñòâóåò ôóíäàìåíòàëüíàÿ ñè-

ñòåìà ðåøåíèé íà ýòîì èíòåðâàëå.

Äîêàçàòåëüñòâî. Âîçüìåì ïðîèçâîëüíóþ òî÷-

êó x0 èíòåðâàëà (a, b) è ïîñòðîèì âåêòîð-

ôóíêöèþ Yk(x) êàê ðåøåíèå çàäà÷è Êîøè äëÿ

ðàññìàòðèâàåìîé îäíîðîäíîé ñèñòåìû ñ íà-

÷àëüíûìè óñëîâèÿìè

yik(x0) = δki , i = 1, . . . , n
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(δk
i
� ñèìâîë Êðîíåêåðà). Ñîãëàñíî òåîðåìå

Ïèêàðà, ôóíêöèÿ Yk(x) ñóùåñòâóåò è îïðåäå-

ëåíà íà âñ¼ì èíòåðâàëå (a, b).

Îïðåäåëèòåëü Âðîíñêîãî ñèñòåìû âåêòîð-

ôóíêöèé Y1(x), . . ., Yn(x) îòëè÷åí îò íóëÿ. Ïî-

ýòîìó ýòà ñèñòåìà ëèíåéíî íåçàâèñèìà íà

âñ¼ì èíòåðâàëå (a, b). Ñëåäîâàòåëüíî, îíà îá-

ðàçóåò ôóíäàìåíòàëüíóþ ñèñòåìó.
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Òåîðåìà.Ïóñòü Y1(x), . . ., Yn(x) � ôóíäàìåí-

òàëüíàÿ ñèñòåìà ðåøåíèé äëÿ

dY

dx
= A(x)Y.

Òîãäà âñÿêàÿ âåêòîð-ôóíêöèÿ

Y (x) = C1Y1(x) + . . .+ CnYn(x)

(C1, . . . , Cn � ïðîèçâîëüíûå ïîñòîÿííûå) áó-

äåò ðåøåíèåì òîé æå îäíîðîäíîé ñèñòåìû.
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Îáðàòíî, åñëè Y (x) åñòü ïðîèçâîëüíîå ðåøå-

íèå îäíîðîäíîé ñèñòåìû, òî íàéäóòñÿ ïîñòî-

ÿííûå C1, . . . , Cn, ÷òî äëÿ âñåõ x èç èíòåðâàëà

(a, b) áóäåò âûïîëíÿòüñÿ ðàâåíñòâî

Y (x) = C1Y1(x) + . . .+ CnYn(x).

Äîêàçàòåëüñòâî. Ïåðâàÿ ÷àñòü òåîðåìû ñïðà-

âåäëèâà âñëåäñòâèå ëèíåéíîñòè îïåðàòîðà L.
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Äîêàæåì âòîðóþ. Ïóñòü âåêòîð-ôóíêöèè

Y (x) =

 y1(x)
...

yn(x)

 , Yk(x) =

 y1k(x)
...

ynk(x)

 ,

ãäå k = 1, . . . , n, ýòî ñîîòâåòñòâåííî ïðîèç-

âîëüíîå ðåøåíèå îäíîðîäíîé ñèñòåìû è ôóíê-

öèè ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé.

Âîçüìåì ïðîèçâîëüíóþ òî÷êó x0 èç èíòåðâà-
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ëà (a, b) è ðàññìîòðèì ñëåäóþùóþ ñèñòåìó:

C1y11(x0) + C2y12(x0) + . . .+ Cny1n(x0) = y1(x0),

C1y21(x0) + C2y22(x0) + . . .+ Cny2n(x0) = y2(x0),

...

C1yn1(x0) + C2yn2(x0) + . . .+ Cnynn(x0) = yn(x0).

Åå îïðåäåëèòåëü � ýòî îïðåäåëèòåëü Âðîí-

ñêîãî ôóíêöèé Y1(x), . . ., Yn(x), è îí íå ðàâåí

334



íóëþ. Ñëåäîâàòåëüíî, äàííàÿ ñèñòåìà èìååò

åäèíñòâåííîå ðåøåíèå

C0
1, . . . , C0

n.

Ðàññìîòðèì âåêòîð-ôóíêöèþ

Y ∗(x) = C0
1Y1(x) + . . .+ C0

nYn(x).
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Ýòà ôóíêöèÿ ðåøàåò îäíîðîäíóþ ñèñòåìó è

óäîâëåòâîðÿåò óñëîâèÿì

y∗1(x0) = y1(x0), y∗1(x0) = y2(x0), . . . , y∗n(x0) = yn(x0).

Â ñèëó åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êðî-

øè ôóíêöèè Y (x) è Y ∗(x) ñîâïàäàþò âñþäó

íà èíòåðâàëå (a, b). À ýòî è îçíà÷àåò òðåáóå-

ìîå.

Ñëåäñòâèå.Îäíîðîäíàÿ ñèñòåìà íå ìîæåò

èìåòü áîëåå ÷åì n ëèíåéíî íåçàâèñèìûõ ðå-

øåíèé.
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Äîêàçàòåëüñòâî äàííîãî ñëåäñòâèÿ ïðîâî-

äèòñÿ ïîëíîñòüþ àíàëîãè÷íî äîêàçàòåëüñòâó

ñîîòâåòñòâóþùåãî ñëåäñòâèÿ äëÿ îäíîãî óðàâ-

íåíèÿ.

Ðàññìîòðèì òåïåðü íåîäíîðîäíóþ ñèñòåìó

dY

dx
= A(x)Y + F (x).

Ïóñòü Y0(x) � ýòî êàêîå-ëèáî ÷àñòíîå ðåøå-

íèå íåîäíîðîäíîé ñèñòåìû, à âåêòîð-ôóíêöèè
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Y1(x), . . ., Yn(x) îáðàçóþò ôóíäàìåíòàëüíóþ

ñèñòåìó ðåøåíèé ñîîòâåòñòâóþùåé îäíîðîä-

íîé ñèñòåìû.

Òåîðåìà.Âñÿêàÿ ôóíêöèÿ Y (x) âèäà

Y (x) = Y0(x) + c1Y1(x) + . . .+ CnYn(x),

ãäå C1, . . . , Cn � ïðîèçâîëüíûå ïîñòîÿííûå,

ðåøàåò íåîäíîðîäíóþ ñèñòåìó. Îáðàòíî, åñ-

ëè Y (x) ðåøàåò íåîäíîðîäíóþ ñèñòåìó, òî

íàéäóòñÿ ïîñòîÿííûå C1, . . ., Cn, òàêèå ÷òî
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äëÿ âñåõ òî÷åê x èç èíòåðâàëà (a, b) áóäåò

âûïîëíÿòüñÿ ðàâåíñòâî

Y (x) = Y0(x) + C1Y1(x) + . . .+ CnYn(x).

Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðîâîäèòñÿ

àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû äëÿ îä-

íîãî óðàâíåíèÿ.
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Ïîêàæåì, êàê ïîñòðîèòü ÷àñòíîå ðåøåíèå

íåîäíîðîäíîé ñèñòåìû ìåòîäîì âàðèàöèè ïî-

ñòîÿííûõ.

Áóäåì èñêàòü êîìïîíåíòû yk0(x) ÷àñòíîãî ðå-

øåíèÿ Y0(x) ñèñòåìû â âèäå

yk0(x) = C1(x)yk1(x) + . . .+ Cn(x)ykn(x), (4.6)

ãäå yik(x), i, k = 1, . . . , n � êîìïîíåíòû âåêòîð-

ôóíêöèé Yk(x) èç ôóíäàìåíòàëüíîé ñèñòå-

ìû ðåøåíèé, Ci(x) � íåêîòîðûå íåïðåðûâíî
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äèôôåðåíöèðóåìûå íà èíòåðâàëå (a, b) ôóíê-

öèè.

Äëÿ òîãî ÷òîáû âåêòîð-ôóíêöèÿ Y0(x) áûëà

ðåøåíèåì íåîäíîðîäíîé ñèñòåìû, ôóíêöèè

C1(x), . . ., Cn(x) òðåáóåòñÿ âûáðàòü ñïåöèàëü-

íûì îáðàçîì.

Èç ðàâåíñòâ (4.6) âûòåêàþò ðàâåíñòâà

y′k0(x) = C′1(x)yk1(x) + . . .+ C′n(x)ykn(x)+
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+C1(x)y′k1(x) + . . .+ Cn(x)y′kn(x). (5.6)

Äàëåå, ïîñêîëüêó âåêòîð ôóíêöèÿ Y0(x) åñòü

ðåøåíèå íåîäíîðîäíîé ñèñòåìû, òî äîëæíû

âûïîëíÿòüñÿ ðàâåíñòâà

y′k0(x) = ak1(x)y10(x) + . . .+ akn(x)yn0(x) + fk(x),

ãäå k = 1, . . . , n. Ýòè ðàâåíñòâà ìîæíî ïðîäîë-

æèòü, èñïîëüçóÿ (4.6):

y′k0(x) = ak1(x)[C1(x)y11(x) + . . .+ Cn(x)y1n(x)]+
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. . .+akn(x)[C1(x)yn1(x)+. . .+Cn(x)ynn(x)]. (6.6)

Èç (5.6) è (6.6) ñëåäóþò ðàâåíñòâà

C′1(x)yk1(x) + . . .+ C′n(x)ykn(x)+

C1(x)y′k1(x) + . . .+ Cn(x)y′kn(x) =

= ak1(x)[C1(x)y11(x) + . . .+ Cn(x)y1n(x)] + . . .

+akn(x)[C1(x)yn1(x) + . . .+ Cn(x)ynn(x)] + fk(x),

(7.6)
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ãäå k = 1, . . . , n. Äëÿ ôóíêöèé yki(x) âûïîëíÿ-

þòñÿ ðàâåíñòâà

y′ki(x) = ak1(x)y1i(x) + . . .+ akn(x)yni(x), (8.6)

ãäå k, i = 1, . . . , n. Çàïèøåì (7.6) â ýêâèâàëåíò-

íîì âèäå

C′1(x)yk1(x) + . . .+ C′n(x)ykn(x)+

C1(x)y′k1(x) + . . .+ Cn(x)y′kn(x) =

344



C1(x)[ak1(x)y11(x) + . . .+ akn(x)yn1(x)] + . . .

+Cn(x)[ak1(x)y1n(x) + . . .+ akn(x)ynn(x)].

Èñïîëüçóÿ (8.6), ïîëó÷àåì, ÷òî äëÿ ôóíêöèé

C′1(x), . . ., C′n(x) äîëæíû âûïîëíÿòüñÿ ñîîòíî-

øåíèÿ (k = 1, . . . , n):

C′1(x)yk1(x) + C′n(x)ykn(x) = fk(x). (9.6)

Ðàâåíñòâà (9.6) ïðåäñòàâëÿþò ñîáîé ñèñòå-

ìó ëèíåéíûõ îòíîñèòåëüíî ôóíêöèé

C′1(x), . . . , C′n(x)
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óðàâíåíèé.

Îïðåäåëèòåëü ýòîé ñèñòåìû åñòü îïðåäåëè-

òåëü Âðîíñêîãî ñèñòåìû ôóíêöèé

Y1(x), . . . , Yn(x).

Ýòè ôóíêöèè � ëèíåéíî íåçàâèñèìûå ðå-

øåíèÿ îäíîðîäíîé ñèñòåìû è ñîîòâåòñòâó-

þùèé èì îïðåäåëèòåëü Âðîíñêîãî îòëè÷åí

îò íóëÿ.
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Òåì ñàìûì ñèñòåìà (9.6) îäíîçíà÷íî ðàçðå-

øèìà. Ðåøèâ åå (íàïðèìåð, ïî ïðàâèëó Êðà-

ìåðà), ïîëó÷èì

C′1(x) = g1(x), . . . , C′n(x) = gn(x).

Èíòåãðèðóÿ, íàõîäèì ñàìè ôóíêöèè Ci(x), à

òåì ñàìûì � èñêîìîå ÷àñòíîå ðåøåíèå

Y0(x) = C1(x)Y1(x) + . . .+ Cn(x)Yn(x).
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40. Ïóñòü âñå êîýôôèöèåíòû ñèñòåìû
dy1
dx

= a11y1 + . . .+ a1nyn + f1(x),

. . .
dyn

dx
= an1y1 + . . .+ annyn + fn(x).

ïðåäñòàâëÿþò ñîáîé ïîñòîÿííûå âåùåñòâåí-

íûå ÷èñëà. Çàäà÷à Êîøè äëÿ ýòîé ñèñòå-

ìû ñ ïîñòîÿííûìè êîýôôèöèåíòàìè èìååò

åäèíñòâåííîå ðåøåíèå íà ëþáîì èíòåðâà-

ëå (a, b), íà êîòîðîì ôóíêöèè f1(x), . . . , fn(x)
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íåïðåðûâíû îäíîâðåìåííî.

Ïîêàæåì, êàê ñòðîèòñÿ ôóíäàìåíòàëüíàÿ ñè-

ñòåìà ðåøåíèé äëÿ ëèíåéíûõ ñèñòåì ñ ïî-

ñòîÿííûìè êîýôôèöèåíòàìè.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó ñ ïîñòîÿííû-

ìè äåéñòâèòåëüíûìè êîýôôèöèåíòàìè
y′1 = a11y1 + . . .+ a1nyn,

. . .

y′n = an1y1 + . . .+ annyn.

(1.6')
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Ýòîé ñèñòåìå ñîïîñòàâèì ìíîãî÷ëåí

P (λ) = det(A− λE)

ãäå A � ìàòðèöà (aij) ñèñòåìû (1.6′).

Îïðåäåëåíèå.Ìíîãî÷ëåí P (λ) íàçûâàåòñÿ

õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì äëÿ ðàñ-

ñìàòðèâàåìîé ñèñòåìû.

Ïóñòü äåéñòâèòåëüíûé êîðåíü λ õàðàêòåðè-

ñòè÷åñêîãî ìíîãî÷ëåíà P (λ) èìååò êðàòíîñòü
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m. Îïðåäåëèì ôóíêöèè

y1(x) = P1(x)eλx, y2(x) = P2(x)eλx,

y3(x) = P3(x)eλx, . . . , yn(x) = Pn(x)eλx, (10.6)

ãäå P1(x), P2(x), . . . , Pn(x) � ìíîãî÷ëåíû ñòåïå-

íè (m− 1) ñ íåîïðåäåëåííûìè ïîêà êîýôôè-

öèåíòàìè.

Ïðåäïîëàãàÿ, ÷òî ýòè ôóíêöèè ïðåäñòàâëÿ-

þò ñîáîé ðåøåíèå ñèñòåìû (1.6′), ïîäñòàâ-
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ëÿÿ èõ â ñèñòåìó è ïðèðàâíèâàÿ êîýôôèöè-

åíòû ïðè îäèíàêîâûõ ôóíêöèÿõ, ïîëó÷èì ëè-

íåéíóþ îäíîðîäíóþ àëãåáðàè÷åñêóþ ñèñòå-

ìó îòíîñèòåëüíî êîýôôèöèåíòîâ ìíîãî÷ëå-

íîâ

P1(x), . . . , Pn(x).

Îäíàêî ñðåäè óêàçàííûõ êîýôôèöèåíòîâ áó-

äåò ëèøü m íåçàâèñèìûõûõ, âñå îñòàëüíûå

êîýôôèöèåíòû áóäóò îäíîçíà÷íî âûðàæåíû

÷åðåç íåçàâèñèìûå.
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Íàéäÿ ýòè áàçèñíûå êîýôôèöèåíòû è ïîëà-

ãàÿ ïîî÷åðåäíî îäèí èç íèõ ðàâíûì åäèíè-

öå, îñòàëüíûå íóëþ, ïîñòðîèì äëÿ ñèñòåìû

(1.6′) m ëèíåéíî íåçàâèñèìûõ ðåøåíèé âèäà

(10.6).

Ïóñòü òåïåðü õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

P (λ) èìååò êîìïëåêñíûé êîðåíü λ êðàòíîñòè

m.
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Ïîñêîëüêó êîýôôèöèåíòû ìíîãî÷ëåíà P (λ)

äåéñòâèòåëüíû, òî åãî êîðíåì áóäåò è êîì-

ïëåêñíî ñîïðÿæåííîå ÷èñëî λ̄, ïðè÷¼ì ñ òîé

æå êðàòíîñòüþ m.

Âíîâü îïðåäåëèì ôóíêöèè y1(x), . . ., yn(x) ïî

ôîðìóëàì (10.6), ïðåäïîëàãàÿ òåïåðü, ÷òî

êîýôôèöèåíòû ìíîãî÷ëåíîâ P1(x), . . ., Pn(x)

ìîãóò áûòü è êîìïëåêñíûìè ÷èñëàìè.
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Ïîäñòàâëÿÿ ôóíêöèè y1(x), . . ., yn(x) â ñèñòå-

ìó (1.6′) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè

îäèíàêîâûõ ôóíêöèÿõ, âíîâü ïîëó÷èì ëèíåé-

íóþ îäíîðîäíóþ ñèñòåìó (ñ êîìïëåêñíûìè

êîýôôèöèåíòàìè) îòíîñèòåëüíî êîýôôèöè-

åíòîâ ìíîãî÷ëåíîâ P1(x), . . ., Pn(x) è âíîâü

ñðåäè íåèçâåñòíûõ êîýôôèöèåíòîâ îêàæóò-

ñÿ ëèøü m íåçàâèñèìûõ, îñòàëüíûå æå áóäóò

îïðåäåëÿòüñÿ ÷åðåç íåçàâèñèìûå.
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Ïîëàãàÿ ïîî÷åðåäíî îäèí èç ýòèõ íåçàâèñè-

ìûõ êîýôôèöèåíòîâ ðàâíûì åäèíèöå, îñòàëü-

íûå æå � íóëþ, ïîëó÷èì m êîìïëåêñíûõ ðå-

øåíèé ñèñòåìû (1.6′) âèäà (10.6). Âûäåëÿÿ ó

êàæäîãî èç ýòèõ ðåøåíèé äåéñòâèòåëüíóþ è

ìíèìóþ ÷àñòü, ïîëó÷èì 2m äåéñòâèòåëüíûõ

ðåøåíèé ñèñòåìû (1.6′).

Â öåëîì ñòàâÿ â ñîîòâåòñòâèå óêàçàííûì

âûøå ñïîñîáîì êàæäîìó äåéñòâèòåëüíîìó
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êîðíþ êðàòíîñòè m ñòîëüêî æå äåéñòâèòåëü-

íûõ ðåøåíèé, à êàæäîé ïàðå êîìïëåêñíî ñî-

ïðÿæåííûõ êîðíåé êðàòíîñòè m ðîâíî 2m

äåéñòâèòåëüíûõ ðåøåíèé, ïîëó÷èì â èòîãå

ðîâíî n ðåøåíèé ñèñòåìû (1.6′).

Âñå ýòè ðåøåíèÿ ëèíåéíî íåçàâèñèìû íà ÷èñ-

ëîâîé îñè è òåì ñàìûì îáðàçóþò ôóíäàìåí-

òàëüíóþ ñèñòåìó ðåøåíèé.
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Âçÿâ ëèíåéíóþ êîìáèíàöèþ ôóíêöèé ýòîé

ñèñòåìû ïî ñòîëáöàì ñ îäíèìè è òåìè ïðî-

èçâîëüíûìè ïîñòîÿííûìè C1, . . ., Cn, ìû ïî-

ëó÷èì îáùåå ðåøåíèå ñèñòåìû (1.6′).

Ðàññìîòðèì òåïåðü íåîäíîðîäíóþ ñèñòåìó ñ

ïîñòîÿííûìè äåéñòâèòåëüíûìè êîýôôèöè-

åíòàìè:

dY

dx
= AY + F (x).
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×àñòíîå ðåøåíèå íåîäíîðîäíîé ñèñòåìû ìî-

æåì ïîñòðîèòü, ïîëüçóÿñü ìåòîäîì âàðèà-

öèè ïîñòîÿííûõ. Îäíàêî, êàê è äëÿ îäíîãî

óðàâíåíèÿ, â ñëó÷àå, êîãäà ïðàâûå ÷àñòè ñè-

ñòåìû èìåþò ñïåöèàëüíûé âèä, ÷àñòíîå ðå-

øåíèå ìîæíî ïîñòðîèòü è èíûì ìåòîäîì �

ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ.

Ïóñòü ïðàâûå ÷àñòè ñèñòåìû � ôóíêöèè fk(x)
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èìåþò âèä

fk(x) = Pkmk
(x)eγx, (11.6)

ãäå Pkmk
(x) åñòü ìíîãî÷ëåíû ñòåïåíè mk. Êîì-

ïîíåíòû yk0 ÷àñòíîãî ðåøåíèÿ Y0(x) â ýòîì

ñëó÷àå ìîæíî èñêàòü â âèäå

yk0(x) = Qkm+s(x)eγx,

ãäå Qkm+s(x) åñòü ìíîãî÷ëåíû ñòåïåíè m + s

ñ íåîïðåäåëåííûìè ïîêà êîýôôèöèåíòàìè,

m = maxmk.

360



×èñëî s ðàâíî íóëþ, åñëè γ íå ÿâëÿåòñÿ êîð-

íåì õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà.

Åñëè æå γ ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷å-

ñêîãî ìíîãî÷ëåíà êðàòíîñòè l, òî s = l.

Ïîäñòàâëÿÿ ôóíêöèè yk0(x) â èñõîäíóþ ñè-

ñòåìó (1.6) è ïðèðàâíèâàÿ âûðàæåíèÿ ïðè
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îäèíàêîâûõ ôóíêöèÿõ, ïîëó÷èì ëèíåéíóþ àë-

ãåáðàè÷åñêóþ ñèñòåìó îòíîñèòåëüíî íåèçâåñò-

íûõ êîýôôèöèåíòîâ, ðåøèâ êîòîðóþ íàõî-

äèì èñêîìûå êîìïîíåíòû ÷àñòíîãî ðåøåíèÿ.

Àíàëîãè÷íî èùåòñÿ ÷àñòíîå ðåøåíèå â ñëó-

÷àå, åñëè ïðàâûå ÷àñòè fk(x) ñèñòåìû èìåþò

âèä

fk(x) = [P
k,1
mk

(x) cosβx+P
k,2
lk

(x) sinβx]eαx. (12.6)
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Èìåííî, ôóíêöèè yk0(x) â ýòîì ñëó÷àå ñëå-

äóåò èñêàòü â âèäå

yk0(x) = [Q
k,1
m+s(x) cosβx+Q

k,2
m+s(x) sinβx]eαx,

ãäå

m = max{m1, . . . ,mn, l1, . . . , ln}.

×èñëî s ðàâíî íóëþ, åñëè α+ βi íå ÿâëÿåòñÿ

êîðíåì õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà, è

s = l, åñëè α+βi ÿâëÿåòñÿ êîðíåì õàðàêòåðè-

ñòè÷åñêîãî ìíîãî÷ëåíà êðàòíîñòè l.
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Ïóñòü îäíà èëè íåñêîëüêî ôóíêöèé fk(x) ñî-

ñòîèò èç ñëàãàåìûõ ðàçíîãî ðîäà (íàïðè-

ìåð, ñîäåðæàò ìíîæèòåëè eγ1x è eγ2x, ãäå

γ1 6= γ2). Òîãäà ñèñòåìó íåîáõîäèìî ðàçäå-

ëèòü íà êîìïîíåíòû ñ ïðàâûìè ÷àñòÿìè âè-

äà (11.6) èëè (12.6), êîòîðûå äîëæíû áûòü

îäíîðîäíû ïî ïîêàçàòåëÿì γ èëè α è ïî êî-

ýôôèöèåíòàì β. Çàòåì ñëåäóåò ïî îòäåëü-

íîñòè íàéòè ÷àñòíûå ðåøåíèÿ êàæäîé òàêîé

ñîïóòñòâóþùåé ñèñòåìû.
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Ñîâîêóïíîå ÷àñòíîå ðåøåíèå ìîæíî ïîëó-

÷èòü ïðîñóììèðîâàâ íàéäåííûå ÷àñòíûå ðå-

øåíèÿ.

Ìåòîä ïîñòðîåíèÿ îáùåãî ðåøåíèÿ îäíîðîä-

íîé ñèñòåìû (1.6), èçëîæåííîé â íàñòîÿùåé

ëåêöèè, íå ÿâëÿåòñÿ åäèíñòâåííî âîçìîæ-

íûì. Íàïðèìåð, äàííóþ ëèíåéíóþ ñèñòåìó
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ìîæíî ñâåñòè ê ëèíåéíîìó æå äèôôåðåíöè-

àëüíîìó óðàâíåíèþ ïîðÿäêà n (ïóòåì ïîñëå-

äîâàòåëüíûõ äèôôåðåíöèðîâàíèé è èñêëþ-

÷åíèé). Çàòåì ñëåäóåò ïîñòðîèòü îáùåå ðå-

øåíèå ïîëó÷åííîãî óðàâíåíèÿ è ñ åãî ïîìî-

ùüþ íàéòè îáùåå ðåøåíèå èñõîäíîé îäíî-

ðîäíîé ñèñòåìû.

Åù¼ îäèí ìåòîä ïîñòðîåíèÿ îáùåãî ðåøå-

íèÿ îäíîðîäíîé ñèñòåìû ñ ïîñòîÿííûìè êî-
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ýôôèöèåíòàìè îñíîâàí íà èñïîëüçîâàíèè ïî-

íÿòèÿ ìàòðè÷íîé ýêñïîíåíòû. Òî÷íåå, èñ-

ïîëüçóåòñÿ òîò ôàêò, ÷òî ìàòðè÷íàÿ ýêñïî-

íåíòà X(t) = etA îáëàäàåò ñëåäóþùèì ñâîé-

ñòâîì

dX

dt
= AX, X(0) = E.
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Ðàññìîòðèì ñèñòåìó ëèíåéíûõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôè-

öèåíòàìè

dy1
dt

= a11y1 + a12y2 + . . . a1nyn + b1(t),

dy2
dt

= a21y1 + a22y2 + . . .+ a2nyn + b2(t),

. . . . . . . . . . . . . . . . . . . . . . . . . . .

dyn

dt
= an1y1 + an2y2 + . . . annyn + bn(t),
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ãäå y1, y2, . . . , yn � èñêîìûå ôóíêöèè,

a11, a12, . . . , ann � çàäàííûå ïîñòîÿííûå äåé-

ñòâèòåëüíûå êîýôôèöèåíòû,

b1(t), b2(t), . . . , bn(t) � çàäàííûå íåïðåðûâíûå

ôóíêöèè.

Åñëè b1(t) ≡ b2(t) ≡ . . . ≡ bn(t) ≡ 0, òî ñèñòåìà

íàçûâàåòñÿ îäíîðîäíîé.
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Ñèñòåìó óäîáíî çàïèñûâàòü â âåêòîðíîé ôîð-

ìå. Ïóñòü

−→y (t) =


y1(t)

y2(t)

. . .

yn(t)

 ,
−→
b (t) =


b1(t)

b2(t)

. . .

bn(t)

 ,

A =


a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . .

an1 an2 . . . ann

 .
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Òîãäà

−→y ′ = A(t)−→y +
−→
b (t). (3.1)

Ðàññìîòðèì ñëó÷àé
−→
b ≡ 0.

Ïóñòü G � ïðîñòðàíñòâî ðåøåíèé ñèñòåìû

(3.1) íà ïðîìåæóòêå (a, b). Ôóíäàìåíòàëüíîé

ñèñòåìîé ðåøåíèé äëÿ óðàâíåíèé (3.1) íà-

çûâàåòñÿ ëþáîé áàçèñ â ïðîñòðàíñòâå G.
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Ïóñòü íàéäåíû ñëåäóþùèå ðåøåíèÿ îäíî-

ðîäíîé ñèñòåìû:

−→y = −→x1(t),
−→y = −→x2(t), · · · , −→y = −→xn(t).

Åñëè ýòè ðåøåíèÿ ëèíåéíî íåçàâèñèìû, òî

îíè ñîñòàâëÿþò ôóíäàìåíòàëüíóþ ñèñòåìó

ðåøåíèé. Îáùåå ðåøåíèå ïðè ýòîì ìîæíî

çàïèñàòü â âèäå

y(t,
−→
C ) = C1

−→x1(t) + C2
−→x2(t) + . . .+ Cn

−→xn(t). (3.2)
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Ìàòðèöà, ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ âåê-

òîðû ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé,

íàçûâàåòñÿ ôóíäàìåíòàëüíîé ìàòðèöåé ñè-

ñòåìû (3.1). Ïóñòü ýòî ìàòðèöà

Y (t) = (−→x1(t),
−→x2(t), . . . ,

−→xn(t)).

Ëþáîé ñòîëáåö ìàòðèöû Y (t) � ýòî ÷àñòíîå

ðåøåíèå ñèñòåìû (3.1).

Îáùåå ðåøåíèå ðàññìàòðèâàåìîé ñèñòåìû ñ

ïîìîùüþ ôóíäàìåíòàëüíîé ìàòðèöû ìîæíî
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çàïèñàòü â âèäå

−→y (t,
−→
C ) = Y (t)

−→
C ,

ãäå
−→
C � ýòî âåêòîð-ñòîëáåö ïðîèçâîëüíûõ

ïîñòîÿííûõ:

−→
C =↑ (C1, C2, . . . , Cn).
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Äëÿ ïîñòðîåíèÿ Y (t) íåîáõîäèìî íàéòè n ëè-

íåéíî íåçàâèñèìûõ ðåøåíèé ñèñòåìû (3.1).

Ïóñòü èçâåñòíû n ëèíåéíî íåçàâèñèìûõ ñîá-

ñòâåííûõ âåêòîðà ìàòðèöû A:

−→x1,
−→x2, . . . , −→xn.

Ýòèì ñîáñòâåííûì âåêòîðàì ñîîòâåòñòâóþò

ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A (íå îáÿçà-
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òåëüíî ðàçëè÷íûå):

λ1, λ2, . . . , λn.

Îïðåäåëåíèå.Åñëè ó ìàòðèöû A ðàçìåðîâ

n× n èìååòñÿ ðîâíî n ëèíåéíî íåçàâèñèìûõ

ñîáñòâåííûõ âåêòîðîâ, òî ãîâîðÿò, ÷òî ìàò-

ðèöà A èìååò ïðîñòóþ ñòðóêòóðó.

Ëþáàÿ ìàòðèöà ïðîñòîé ñòðóêòóðû ïîäîáíà

äèàãîíàëüíîé.
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Èñïîëüçóÿ ââåäåííûå îáîçíà÷åíèÿ äëÿ ñîá-

ñòâåííûõ âåêòîðîâ è ñîáñòâåííûõ ÷èñåë ìàò-

ðèöû ïðîñòîé ñòðóêòóðû, ôóíäàìåíòàëüíóþ

ñèñòåìó ðåøåíèé äëÿ ìàòðèöû ïðîñòîé ñòðóê-

òóðû ìîæíî çàïèñàòü â âèäå

−→x1(t) = −→x1e
λ1t; −→x2(t) = −→x2e

λ2t; . . .

. . . , −→x n−1(t) = −→x n−1e
λn−1t, −→xn(t) = −→xneλnt.

Òàêèì îáðàçîì, ïîñòðîåíèå ôóíäàìåíòàëü-

íîé ñèñòåìû ðåøåíèé îñóùåñòâëÿåòñÿ íà-
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õîæäåíèåì ñîáñòâåííûõ âåêòîðîâ è ñîáñòâåí-

íûõ çíà÷åíèé ìàòðèöû A.

Äîïîëíèòåëüíî íåîáõîäèìî èññëåäîâàòü, ÿâ-

ëÿþòñÿ ëè ïîëó÷åííûå ñîáñòâåííûå âåêòîðû

ëèíåéíî íåçàâèñèìûìè.

Ôóíäàìåíòàëüíàÿ ìàòðèöà äëÿ ðàññìîòðåí-

íîãî ñëó÷àÿ èìååò âèä

Y (t) =
(
−→x1e

λ1t,−→x2e
λ2t, . . . ,−→xneλnt

)
. (3.3)
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Èç êóðñà ëèíåéíîé àëãåáðû èçâåñòíî, ÷òî

åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A

ðàçëè÷íû, òî ñîîòâåòñòâóþùèå èì ñîáñòâåí-

íûå âåêòîðû îáðàçóþò ëèíåéíî íåçàâèñè-

ìóþ ñèñòåìó âåêòîðîâ, òî åñòü ìàòðèöà A

èìååò ïðîñòóþ ñòðóêòóðó.

Ïðîñòóþ ñòðóêòóðó èìååò òàêæå ëþáàÿ ñèì-

ìåòðè÷íàÿ ìàòðèöà A = A∗.
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Ïðîñòóþ ñòðóêòóðó èìååò òàêæå ëþáàÿ íîð-

ìàëüíàÿ ìàòðèöà, òî åñòü ìàòðèöà, óäîâëå-

òâîðÿþùàÿ óñëîâèþ A ·A∗ = A∗ ·A.

Äëÿ îïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé ìàò-

ðèöû A ñëåäóåò ñîñòàâèòü õàðàêòåðèñòè÷å-

ñêóþ ìàòðèöó A−λE, ãäå E � åäèíè÷íàÿ ìàò-

ðèöà, λ � êîìïëåêñíàÿ ïåðåìåííàÿ.
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Äàëåå íåîáõîäèìî íàéòè îïðåäåëèòåëü ìàò-

ðèöû A− λE. Ýòîò îïðåäåëèòåëü èìååò âèä

P (λ) = (−1)nλn + a1λ
n−1 + · · ·+ an−1λ+ an

è íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì ìíîãî÷ëå-

íîì ìàòðèöû A.

Êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà �

ýòî ïî îïðåäåëåíèþ ñîáñòâåííûå çíà÷åíèÿ

ìàòðèöû A.
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Ñîáñòâåííûé âåêòîð −→x k, îòâå÷àþùèé ñîá-

ñòâåííîìó çíà÷åíèþ λk, ïî îïðåäåëåíèþ ïðåä-

ñòàâëÿåò ñîáîé íåòðèâèàëüíîå ðåøåíèå óðàâ-

íåíèÿ

(A− λkE)−→x = 0. (3.4)

Íåòðèâèàëüíîå ðåøåíèå ýòîé îäíîðîäíîé ñè-

ñòåìû ëèíåéíûõ óðàâíåíèé ñóùåñòâóåò ïî-

òîìó, ÷òî îïðåäåëèòåëü ìàòðèöû ýòîé ñèñòå-

ìû ðàâåí íóëþ.
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Ðåøåíèå îäíîðîäíîé ñèñòåìû ëèíåéíûõ óðàâ-

íåíèé (3.4) íååäèíñòâåííî. Äëÿ òîãî ÷òîáû

âûïèñàòü êàêîå-íèáóäü íåòðèâèàëüíîå ðåøå-

íèå ñèñòåìû (3.4) ìîæíî äåéñòâîâàòü ïî

ñëåäóþùåìó ïðàâèëó:

â êà÷åñòâå êîìïîíåíò èñêîìîãî íåíóëåâîãî

âåêòîðà −→x k ñëåäóåò âçÿòü àëãåáðàè÷åñêèå

äîïîëíåíèÿ ê êàêîé-íèáóäü ñòðîêå ìàòðèöû

A− λkE.
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Ïðè ýòîì ñëåäóåò ïðèäåðæèâàòüñÿ äâóõ ðå-

êîìåíäàöèé:

1) ñòðîêó íàäî âûáèðàòü òàê, ÷òîáû ïîäñ÷åò

àëãåáðàè÷åñêèõ äîïîëíåíèé áûë ìàêñèìàëü-

íî ïðîñòûì;

2) àëãåáðàè÷åñêèå äîïîëíåíèÿ íå äîëæíû

âñå îáðàùàòüñÿ â íóëü (èíà÷å ïîëó÷èì òðè-

âèàëüíîå ðåøåíèå).
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Åñëè ñîáñòâåííîå çíà÷åíèå λk ìàòðèöû A

êîìïëåêñíîå, òî è ñîáñòâåííûé âåêòîð −→xk,

à òàêæå âåêòîð-ôóíêöèÿ −→xke
λkt áóäóò êîì-

ïëåêñíûìè. Ïðè ýòîì ñèñòåìà

(A− λkE)−→x = 0.

èìååò â êà÷åñòâå ðåøåíèÿ âåêòîð, êîìïëåêñ-

íî ñîïðÿæåííûé ñîáñòâåííîìó âåêòîðó −→xk.

Âìåñòî äâóõ êîìïëåêñíî ñîïðÿæåííûõ âåêòîð-
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ôóíêöèé, ðåøàþùèõ ðàññìàòðèâàåìóþ ñè-

ñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé,

−→xke
λkt è −→x ke

λkt

ìîæíî âçÿòü äâà âåùåñòâåííûõ ðåøåíèÿ ýòîé

ñèñòåìû, à èìåííî: äåéñòâèòåëüíóþ è ìíè-

ìóþ ÷àñòè âåêòîð-ôóíêöèè −→xke
λkt.
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Ïðèìåð. Íàéòè ôóíäàìåíòàëüíóþ ñèñòåìó

ðåøåíèé, ôóíäàìåíòàëüíóþ ìàòðèöó è îá-

ùåå ðåøåíèå ñèñòåìû

y′1 = 2y1 + y2,

y′2 = 3y1 + 4y2.

Ðåøåíèå. Çäåñü A =

(
2 1

3 4

)
. Ïîýòîìó

(A− λE) =

(
2− λ 1

3 4− λ

)
.
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Îïðåäåëèòåëü ýòîé ìàòðèöû � ýòî õàðàêòå-

ðèñòè÷åñêèé ìíîãî÷ëåí:

P (λ) = |A− λE| = (2− λ)(4− λ)− 3 = λ2 − 6λ+ 5.

Êîðíè ýòîãî ìíîãî÷ëåíà ðàçëè÷íû: λ1 = 5 è

λ2 = 1. Ýòè êîðíè � ñîáñòâåííûå çíà÷åíèÿ

ìàòðèöû A. Ñîîòâåòñòâóþùèå ñîáñòâåííûå

âåêòîðû � ýòî ðåøåíèÿ äâóõ ñèñòåì óðàâíå-

íèé:

(A− λkE)x = 0, k = 1, 2.
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Ïðè k = 1 è λ1 = 5 èìååì

A− λ1E =

(
−3 1

3 − 1

)
.

Êîìïîíåíòû âåêòîðà −→x 1 íàõîäèì êàê àëãåá-

ðàè÷åñêîå äîïîëíåíèå ê ýëåìåíòàì ïåðâîé

ñòðîêè. Ïîëó÷àåì â ðåçóëüòàòå −→x1 =

(
1

3

)
.

Òîãäà ðåøåíèå èñõîäíîé ñèñòåìû äèôôå-
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ðåíöèàëüíûõ óðàâíåíèé çàäàåòñÿ ðàâåíñòâîì

−→x 1(t) =

(
1

3

)
e5t =

(
e5t

3e5t

)
.

Ïðè k = 2 è λ2 = 1 ïîëó÷èì

A− λ2E =

(
1 1

3 3

)
.

Êîìïîíåíòû âåêòîðà −→x 2 íàõîäèì êàê àëãåá-

ðàè÷åñêîå äîïîëíåíèå ê ýëåìåíòàì ïåðâîé
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ñòðîêè. Ïîëó÷àåì â ðåçóëüòàòå −→x 2 =

(
1

−1

)
.

Ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé èìååò

âèä

Y (t) =

(
e5t et

3e5t − et

)
.

Îáùåå ðåøåíèå èñõîäíîé çàïèñûâàåòñÿ êàê

−→y (t,
−→
C ) = Y (t)

(
C1
C2

)
=

(
C1e

5t + C2e
t

3C1e
5t − C2e

t

)
.
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Ïðèìåð. Íàéòè ôóíäàìåíòàëüíóþ ìàòðèöó

è îáùåå ðåøåíèå ñèñòåìû

dy1
dt

= −7y1 + y2,

dy2
dt

= −2y1 − 5y2.

Ðåøåíèå. Çäåñü A =

(
−7 1

−2 −5

)
. Ïîýòîìó

A− λE =

(
−7− λ 1

−2 −5− λ

)
.
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Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

P (λ) =

∣∣∣∣∣ −7− λ 1

−2 −5− λ

∣∣∣∣∣ = λ2 + 12λ+ 37

èìååò äâà êîìïëåêñíî ñîïðÿæåííûõ êîðíÿ

λ1 = −6 + i è λ2 = −6− i.

Ýòè êîðíè � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû

A. Ñîîòâåòñòâóþùèå ñîáñòâåííûå âåêòîðû �

ýòî ðåøåíèÿ äâóõ ñèñòåì óðàâíåíèé:

(A− λkE)x = 0, k = 1, 2.
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Ïðè k = 1 è λ1 = −6 + i èìååì

A− λ1E =

(
−1− i 1

−2 1− i

)
.

Êîìïîíåíòû âåêòîðà −→x 1 íàõîäèì êàê àëãåá-

ðàè÷åñêîå äîïîëíåíèå ê ýëåìåíòàì âòîðîé

ñòðîêè. Ïîëó÷àåì â ðåçóëüòàòå

−→x ∗1 =

(
1

1 + i

)
, −→x ∗1(t) =

(
eit

(1 + i)eit

)
e−6t.
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Ó÷èòûâàÿ, ÷òî eit = cos t+ i sin t, ïîëó÷àåì

−→x ∗1(t) =

(
cos t+ i sin t

cos t− sin t+ i(cos t+ sin t)

)
e−6t.

Ðåøåíèå, ñîîòâåòñòâóþùåå λ2 = −6−i, èìååò

âèä

−→x ∗2(t) =

(
cos t− i sin t

cos t− sin t− i(cos t+ sin t)

)
e−6t,

òî åñòü êîìïëåêñíî ñîïðÿæåíî ñ −→x ∗1(t).
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Áåðåì äåéñòâèòåëüíóþ è ìíèìóþ ÷àñòè âåê-

òîðîâ −→x ∗1(t) è
−→x ∗2(t) â êà÷åñòâå âåùåñòâåííûõ

ðåøåíèé −→x 1(t) è
−→x 2(t) èñõîäíîé ñèñòåìû:

−→x 1(t) =

(
cos t

cos t− sin t

)
e−6t,

−→x 2(t) =

(
sin t

cos t+ sin t

)
e−6t

Ôóíäàìåíòàëüíàÿ ìàòðèöà ïðè ýòîì èìååò
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ñëåäóþùèé âèä

Y (t) =

(
e−6t cos t e−6t sin t

e−6t(cos t− sin t) e−6t(cos t+ sin t)

)
.

Ñ ïîìîùüþ ôóíäàìåíòàëüíîé ìàòðèöû îá-

ùåå ðåøåíèå −→y (t,
−→
C ) çàïèøåòñÿ êàê ñëåäóþ-

ùàÿ âåêòîð-ôóíêöèÿ(
C1e
−6t cos t+ C2e

−6t sin t
C1e
−6t(cos t− sin t) + C2e

−6t(cos t+ sin t)

)
.
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Â ñëó÷àå êðàòíûõ êîðíåé ïîñòðîåíèå ôóíäà-

ìåíòàëüíîé ñèñòåìû ðåøåíèé îñëîæíÿåòñÿ.

Â ýòîì ñëó÷àå ìàòðèöà A ìîæåò íå èìåòü

ïîëíîé ñèñòåìû ñîáñòâåííûõ âåêòîðîâ, ñî-

ñòàâëÿþùèõ áàçèñ ðàññìàòðèâàåìîãî âåêòîð-

íîãî ïðîñòðàíñòâà.

Ïóñòü λk � êîðåíü P (λ) êðàòíîñòè r, à ðàíã

ìàòðèöû A − λkE ðàâåí m. ×èñëî ëèíåéíî
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íåçàâèñèìûõ ñîáñòâåííûõ âåêòîðîâ A â ýòîì

ñëó÷àå ðàâíî n−m (÷èñëó ëèíåéíî íåçàâèñè-

ìûõ ðåøåíèé ñèñòåìû (A− λkE)−→x = 0).

Ïóñòü n−m = r. Òîãäà λk ñîîòâåòñòâóþò r ëè-

íåéíî íåçàâèñèìûõ ñîáñòâåííûõ âåêòîðîâ.

Ýòè âåêòîðû ìîãóò áûòü ïðèíÿòû çà îñíî-

âó ïðè ïîñòðîåíèè áàçèñà â Rn, à çàòåì è

ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé.
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Äåéñòâèòåëüíî, èç ñèñòåìû ëèíåéíûõ óðàâ-

íåíèé

(A− λkE)−→x = 0

ïîëó÷àåì óæå r íåçàâèñèìûõ ðåøåíèé

−→x (k)
1 , −→x (k)

2 , . . . , −→x (k)
r .

Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé ñèñòå-

ìû −→y ′ = A−→y âêëþ÷àåò â ñåáÿ ôóíêöèè

−→x (k)
1 eλkt, −→x (k)

2 eλkt, . . . , −→x (k)
r eλkt.
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Îáùåå èõ ÷èñëî ðàâíî êðàòíîñòè êîðíÿ λk.

Ïðèìåð. Íàéòè ôóíäàìåíòàëüíóþ ñèñòåìó

ðåøåíèé è îáùåå ðåøåíèå äëÿ ñèñòåìû äèô-

ôåðåíöèàëüíûõ óðàâíåíèé

dy1
dt

= y1,

dy2
dt

= y2.
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Ðåøåíèå. Çäåñü A =

(
1 0

0 1

)
. Ïîýòîìó

A− λE =

(
1− λ 0

0 1− λ

)
, P (λ) = (1− λ)2.

Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí èìååò êîðåíü

λ1,2 = 1 êðàòíîñòè äâà.

Ðàíã ìàòðèöû A−λE ðàâåí 0, ñëåäîâàòåëüíî,

äëÿ λ1 = 1 ñóùåñòâóåò äâà ëèíåéíî íåçàâè-

ñèìûõ ñîáñòâåííûõ âåêòîðà, îíè íàõîäÿòñÿ
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êàê ðåøåíèÿ ñèñòåìû(
1− λ1 0

0 1− λ1

)
·

(
h1
h2

)
=

(
0

0

)
.

Ýòè äâà ëèíåéíî íåçàâèñèìûõ âåêòîðà çàäà-

þòñÿ ðàâåíñòâàìè

−→x1 =

(
1

0

)
, −→x2 =

(
0

1

)
.
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Èòàê, ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé �

−→x1(t) =

(
1

0

)
et, −→x2(t) =

(
0

1

)
et.

Ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé

Y (t) =

(
et 0

0 et

)
.

Îáùåå ðåøåíèå çàäàåòñÿ ôîðìóëîé

−→y (t,
−→
C ) =

(
C1e

t

C2e
t

)
.
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Åñëè n−m < r, òî åñòü ÷èñëî n−m ëèíåéíî

íåçàâèñèìûõ ðåøåíèé ñèñòåìû

(A− λkE)−→x = 0

ìåíüøå êðàòíîñòè r êîðíÿ λk, òî âîçíèêà-

åò íåîáõîäèìîñòü äîïîëíèòü áàçèñ èç ñîá-

ñòâåííûõ âåêòîðîâ ìàòðèöû A.

Äëÿ ýòîãî êàæäîìó ñîáñòâåííîìó âåêòîðó

~hk1, ñîîòâåòñòâóþùåìó ÷èñëó λk, ñîïîñòàâ-
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ëÿåòñÿ ñåðèÿ ïðèñîåäèíåííûõ âåêòîðîâ

~hk1,
~hk2, ..., ~hkr.

Çäåñü ~hk1 6= 0 � ñîáñòâåííûé âåêòîð, ñîîò-

âåòñòâóþùèé ñîáñòâåííîìó ÷èñëó λk êðàò-

íîñòè r. Îñòàëüíûå âåêòîðû ~hk
j
6= 0 ïîñëåäî-

âàòåëüíî îïðåäåëÿþòñÿ ïî ôîðìóëàì

A~hk2 = λk
~hk2 + ~hk1, A~hk3 = λk

~hk3 + ~hk2, . . .

. . . , A~hkr = λk
~hkr + ~hkr−1,
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èëè, ÷òî òî æå ñàìîå, ïî ôîðìóëàì(
A− λkE

)−→
h
(k)
i

=
−→
h
(k)
i−1; i = 2, 3, . . . , r.

Åñëè λk � ïðîñòîé êîðåíü, òî óðàâíåíèå äëÿ
−→
h
(k)
2 íå ñîâìåñòíî, òî åñòü íå èìååò ðåøå-

íèé. Ïðè ýòîì ñåðèÿ îáðûâàåòñÿ íà ïåðâîì

âåêòîðå.
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Ñåðèè ïîñòðîåííûõ ïðèñîåäèíåííûõ âåêòî-

ðîâ ìàòðèöû ñîîòâåòñòâóåò ñëåäóþùèé íà-

áîð ðåøåíèé èñõîäíîé ñèñòåìû äèôôåðåí-

öèàëüíûõ óðàâíåíèé

~hk1e
λkt; (~hk2+t

~hk1)e
λkt;

(
~hk3 + t~hk2 +

t2

2!
~hk1

)
eλkt,

. . . ,
(
~hkr + t~hkr−1 + . . .+

tr−1

(r − 1)!
~hk1

)
eλkt.

Âñå ýòè âåêòîð-ôóíêöèè ñëåäóåò âêëþ÷èòü â

ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé.
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Ïîñëå äîïîëíåíèÿ êàæäîãî ñîáñòâåííîãî

âåêòîðà ìàòðèöû A ïðèñîåäèíåííîé ê íåìó

ñåðèåé âåêòîðîâ ïîëó÷èì ëèíåéíî íåçàâèñè-

ìóþ ñèñòåìó âåêòîðîâ âñåãî ïðîñòðàíñòâà.

Ñ ïîìîùüþ ýòîãî áàçèñà è ñòðîèòñÿ çàòåì

ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé.

Ïðèìåð. Íàéòè ôóíäàìåíòàëüíóþ ñèñòåìó

ðåøåíèé è îáùåå ðåøåíèå äëÿ ñèñòåìû äèô-
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ôåðåíöèàëüíûõ óðàâíåíèé

dy1
dt

= 0,

dy2
dt

= y1.

Ðåøåíèå. Çäåñü A =

(
0 0

1 0

)
. Ïîýòîìó

A− λE =

(
−λ 0

1 −λ

)
, P (λ) = λ2.
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Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí èìååò λ1,2 =

0 êîðíåì êðàòíîñòè äâà.

Ðàíã ìàòðèöû A − λ1E ðàâåí 1, ïîýòîìó ñó-

ùåñòâóåò òîëüêî îäèí ëèíåéíî íåçàâèñèìûé

ñîáñòâåííûé âåêòîð
−→
h1. Ýòîò âåêòîð ïîëó÷à-

åòñÿ êàê ðåøåíèå ñèñòåìû(
0 0

1 0

)(
h11
h12

)
= 0,
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îòêóäà ïîëó÷àåì h11 = 0, h12 = 1. Èòàê,

−→
h 1 =

(
0

1

)
.

Ïðèñîåäèíåííûé âåêòîð
−→
h 2 óäîâëåòâîðÿåò

ñèñòåìå (
0 0

1 0

)(
h21
h22

)
=

(
0

1

)
.

Îòñþäà èìååì h21 = 1, âòîðóþ êîîðäèíàòó

h22 ìîæíî âçÿòü ïðîèçâîëüíîé, íî òàê ÷òî-
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áû âåêòîðû
−→
h 1 è

−→
h 2 áûëè ëèíåéíî íåçàâè-

ñèìû. Ïóñòü h22 = 0. Òîãäà

−→
h2 =

(
1

0

)
.

Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé èìååò âèä

−→x 1(t) =

(
0

1

)
, −→x 2(t) = (~h2 + t~h1) =

(
1

t

)
.
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Îáùåå ðåøåíèå çàäàåòñÿ ôîðìóëîé

−→y (t,
−→
C ) =

(
C2

C1 + C2t

)
.

Ïðèìåð. Íàéòè ôóíäàìåíòàëüíóþ ñèñòåìó

ðåøåíèé è îáùåå ðåøåíèå ñèñòåìû äèôôå-

ðåíöèàëüíûõ óðàâíåíèé

dy1
dt

= 10y1 − 9y2,
dy2
dt

= y1 + 4y2.
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Ðåøåíèå. Çäåñü A =

(
10 −9
1 4

)
. Ïîýòîìó

A− λE =

(
10− λ −9

1 4− λ

)
.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

P (λ) = λ2 − 14λ+ 49 = (λ− 7)2 = 0

èìååò êîðåíü λ1,2 = 7 êðàòíîñòè äâà.
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Ðàíã ìàòðèöû

A− λ1E =

(
3 −9
1 −3

)
ðàâåí 1. Ïîýòîìó êîðíþ λ1 = 7 ñîîòâåòñòâóåò

ëèøü îäèí ñîáñòâåííûé âåêòîð
−→
h 1, è íàäî

èñêàòü ïðèñîåäèíåííûé âåêòîð
−→
h 2.

Âåêòîð
−→
h 1 � ýòî ñîáñòâåííûé âåêòîð ìàò-

ðèöû A, ïîëó÷àåì åãî êàê íåòðèâèàëüíîå ðå-
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øåíèå ñèñòåìû (A− λ1E)
−→
h 1 = 0. Èìååì

−→
h1 =

(
3

1

)
.

Äëÿ ïðèñîåäèíåííîãî âåêòîðà
−→
h 2 ïîëó÷àåì

ñèñòåìó (
3 −9
1 −3

)(
h21
h22

)
=

(
3

1

)
,

èç êîòîðîé âèäíî, ÷òî ïåðâîå óðàâíåíèå åñòü

ñëåäñòâèå âòîðîãî: h21 − 3h22 = 1. Èòàê, èñ-
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êîìàÿ ñåðèÿ èìååò âèä

−→
h 1 =

(
3

1

)
;
−→
h 2 =

(
1

0

)
.

Ôóíäàìåíòàëüíàÿ ñèñòåìà èìååò âèä

−→x 1(t) =

(
3

1

)
e7t;

−→x 2(t) = (
−→
h 2 + t

−→
h 1)e

7t =

(
3t+ 1

t

)
e7t.
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Îáùåå ðåøåíèå çàäàåòñÿ ôîðìóëîé

−→y (t,
−→
C ) =

(
3C1 + (3t+ 1)C2

C1 + tC2

)
e7t.

Â îáùåì ñëó÷àå êðàòíîìó λk ìîæåò ñîîòâåò-

ñòâîâàòü íåñêîëüêî ñîáñòâåííûõ âåêòîðîâ è

èõ ïðèñîåäèíåííûõ ñåðèé. Ïðè ýòîì êàæäàÿ

èç òàêèõ ñåðèé áóäåò ñîñòîÿòü ìåíüøå, ÷åì

èç r âåêòîðîâ.
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Èòàê, ïðîöåäóðà îïðåäåëåíèÿ ðåøåíèé, ñî-

îòâåòñòâóþùàÿ êðàòíûì êîðíÿì, ñîñòîèò â

ñëåäóþùåì:

1) îïðåäåëÿåòñÿ ÷èñëî ñîáñòâåííûõ âåêòî-

ðîâ, ñîîòâåòñòâóþùèõ λk è íàõîäÿòñÿ ñàìè

âåêòîðû;

2) åñëè ýòî ÷èñëî ðàâíî r, òî äàëåå ïîñòðîå-

íèå ôóíäàìåíòàëüíîé ñèñòåìû âåäåòñÿ òàê,

êàê è äëÿ ìàòðèöû ïðîñòîé ñòðóêòóðû;
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3) åñëè ÷èñëî ñîáñòâåííûõ âåêòîðîâ ìåíüøå

r, òî ê êàæäîìó äîáàâëÿåòñÿ ñåðèÿ ïðèñî-

åäèíåííûõ âåêòîðîâ è âûïèñûâàþòñÿ ÷àñò-

íûå ðåøåíèÿ ïî ïðèâåäåííûì âûøå ôîðìó-

ëàì;

4) ñîâîêóïíîñòü âñåõ ÷àñòíûõ ðåøåíèé ïî

èçâåñòíîìó ïðàâèëó äàåò ôóíäàìåíòàëüíóþ

ñèñòåìó ðåøåíèé.
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Íàéòè îáùåå ðåøåíèå ñèñòåìû:

1.

{
dy
dx

= z − y
dz
dx

= −y − 3z
Îòâåò:

{
y = (C1 + C2x)e

−2x

z = (C2 − C1 − C2x)e
−2x

2.

{
dy
dx

+ z = 0
dz
dx

+ 4y = 0
Îòâåò:

{
y = C1e

2x + C2e
−2x

z = −2(C1e
2x + C2e

−2x)
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Ïîêàæåì, êàê ïîñòðîèòü ÷àñòíîå ðåøåíèå

íåîäíîðîäíîé ñèñòåìû ìåòîäîì âàðèàöèè ïî-

ñòîÿííûõ.

Áóäåì èñêàòü êîìïîíåíòû yk0(x) ÷àñòíîãî ðå-

øåíèÿ Y0(x) ñèñòåìû â âèäå

yk0(x) = C1(x)yk1(x) + . . .+ Cn(x)ykn(x), (4.6)

ãäå yik(x), i, k = 1, . . . , n � êîìïîíåíòû âåêòîð-

ôóíêöèé Yk(x) èç ôóíäàìåíòàëüíîé ñèñòå-

ìû ðåøåíèé, Ci(x) � íåêîòîðûå íåïðåðûâíî
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äèôôåðåíöèðóåìûå íà èíòåðâàëå (a, b) ôóíê-

öèè.

Äëÿ òîãî ÷òîáû âåêòîð-ôóíêöèÿ Y0(x) áûëà

ðåøåíèåì íåîäíîðîäíîé ñèñòåìû, ôóíêöèè

C1(x), . . ., Cn(x) òðåáóåòñÿ âûáðàòü ñïåöèàëü-

íûì îáðàçîì.

Èç ðàâåíñòâ (4.6) âûòåêàþò ðàâåíñòâà

y′k0(x) = C′1(x)yk1(x) + . . .+ C′n(x)ykn(x)+
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+C1(x)y′k1(x) + . . .+ Cn(x)y′kn(x). (5.6)

Äàëåå, ïîñêîëüêó âåêòîð ôóíêöèÿ Y0(x) åñòü

ðåøåíèå íåîäíîðîäíîé ñèñòåìû, òî äîëæíû

âûïîëíÿòüñÿ ðàâåíñòâà

y′k0(x) = ak1(x)y10(x) + . . .+ akn(x)yn0(x) + fk(x),

ãäå k = 1, . . . , n. Ýòè ðàâåíñòâà ìîæíî ïðîäîë-

æèòü, èñïîëüçóÿ (4.6):

y′k0(x) = ak1(x)[C1(x)y11(x) + . . .+ Cn(x)y1n(x)]+
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. . .+akn(x)[C1(x)yn1(x)+. . .+Cn(x)ynn(x)]. (6.6)

Èç (5.6) è (6.6) ñëåäóþò ðàâåíñòâà

C′1(x)yk1(x) + . . .+ C′n(x)ykn(x)+

C1(x)y′k1(x) + . . .+ Cn(x)y′kn(x) =

= ak1(x)[C1(x)y11(x) + . . .+ Cn(x)y1n(x)] + . . .

+akn(x)[C1(x)yn1(x) + . . .+ Cn(x)ynn(x)] + fk(x),

(7.6)
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ãäå k = 1, . . . , n. Äëÿ ôóíêöèé yki(x) âûïîëíÿ-

þòñÿ ðàâåíñòâà

y′ki(x) = ak1(x)y1i(x) + . . .+ akn(x)yni(x), (8.6)

ãäå k, i = 1, . . . , n. Çàïèøåì (7.6) â ýêâèâàëåíò-

íîì âèäå

C′1(x)yk1(x) + . . .+ C′n(x)ykn(x)+

C1(x)y′k1(x) + . . .+ Cn(x)y′kn(x) =
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C1(x)[ak1(x)y11(x) + . . .+ akn(x)yn1(x)] + . . .

+Cn(x)[ak1(x)y1n(x) + . . .+ akn(x)ynn(x)].

Èñïîëüçóÿ (8.6), ïîëó÷àåì, ÷òî äëÿ ôóíêöèé

C′1(x), . . ., C′n(x) äîëæíû âûïîëíÿòüñÿ ñîîòíî-

øåíèÿ (k = 1, . . . , n):

C′1(x)yk1(x) + C′n(x)ykn(x) = fk(x). (9.6)

Ðàâåíñòâà (9.6) ïðåäñòàâëÿþò ñîáîé ñèñòå-

ìó ëèíåéíûõ îòíîñèòåëüíî ôóíêöèé

C′1(x), . . . , C′n(x)
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óðàâíåíèé.

Îïðåäåëèòåëü ýòîé ñèñòåìû åñòü îïðåäåëè-

òåëü Âðîíñêîãî ñèñòåìû ôóíêöèé

Y1(x), . . . , Yn(x).

Ýòè ôóíêöèè � ëèíåéíî íåçàâèñèìûå ðå-

øåíèÿ îäíîðîäíîé ñèñòåìû è ñîîòâåòñòâó-

þùèé èì îïðåäåëèòåëü Âðîíñêîãî îòëè÷åí

îò íóëÿ.
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Òåì ñàìûì ñèñòåìà (9.6) îäíîçíà÷íî ðàçðå-

øèìà. Ðåøèâ åå (íàïðèìåð, ïî ïðàâèëó Êðà-

ìåðà), ïîëó÷èì

C′1(x) = g1(x), . . . , C′n(x) = gn(x).

Èíòåãðèðóÿ, íàõîäèì ñàìè ôóíêöèè Ci(x), à

òåì ñàìûì � èñêîìîå ÷àñòíîå ðåøåíèå

Y0(x) = C1(x)Y1(x) + . . .+ Cn(x)Yn(x).
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40. Ïóñòü âñå êîýôôèöèåíòû ñèñòåìû
dy1
dx

= a11y1 + . . .+ a1nyn + f1(x),

. . .
dyn

dx
= an1y1 + . . .+ annyn + fn(x).

ïðåäñòàâëÿþò ñîáîé ïîñòîÿííûå âåùåñòâåí-

íûå ÷èñëà. Çàäà÷à Êîøè äëÿ ýòîé ñèñòå-

ìû ñ ïîñòîÿííûìè êîýôôèöèåíòàìè èìååò

åäèíñòâåííîå ðåøåíèå íà ëþáîì èíòåðâà-

ëå (a, b), íà êîòîðîì ôóíêöèè f1(x), . . . , fn(x)
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íåïðåðûâíû îäíîâðåìåííî.

Ïîêàæåì, êàê ñòðîèòñÿ ôóíäàìåíòàëüíàÿ ñè-

ñòåìà ðåøåíèé äëÿ ëèíåéíûõ ñèñòåì ñ ïî-

ñòîÿííûìè êîýôôèöèåíòàìè.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó ñ ïîñòîÿííû-

ìè äåéñòâèòåëüíûìè êîýôôèöèåíòàìè
y′1 = a11y1 + . . .+ a1nyn,

. . .

y′n = an1y1 + . . .+ annyn.

(1.6')
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Ýòîé ñèñòåìå ñîïîñòàâèì ìíîãî÷ëåí

P (λ) = det(A− λE)

ãäå A � ìàòðèöà (aij) ñèñòåìû (1.6′).

Îïðåäåëåíèå.Ìíîãî÷ëåí P (λ) íàçûâàåòñÿ

õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì äëÿ ðàñ-

ñìàòðèâàåìîé ñèñòåìû.

Ïóñòü äåéñòâèòåëüíûé êîðåíü λ õàðàêòåðè-

ñòè÷åñêîãî ìíîãî÷ëåíà P (λ) èìååò êðàòíîñòü
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m. Îïðåäåëèì ôóíêöèè

y1(x) = P1(x)eλx, y2(x) = P2(x)eλx,

y3(x) = P3(x)eλx, . . . , yn(x) = Pn(x)eλx, (10.6)

ãäå P1(x), P2(x), . . . , Pn(x) � ìíîãî÷ëåíû ñòåïå-

íè (m− 1) ñ íåîïðåäåëåííûìè ïîêà êîýôôè-

öèåíòàìè.

Ïðåäïîëàãàÿ, ÷òî ýòè ôóíêöèè ïðåäñòàâëÿ-

þò ñîáîé ðåøåíèå ñèñòåìû (1.6′), ïîäñòàâ-
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ëÿÿ èõ â ñèñòåìó è ïðèðàâíèâàÿ êîýôôèöè-

åíòû ïðè îäèíàêîâûõ ôóíêöèÿõ, ïîëó÷èì ëè-

íåéíóþ îäíîðîäíóþ àëãåáðàè÷åñêóþ ñèñòå-

ìó îòíîñèòåëüíî êîýôôèöèåíòîâ ìíîãî÷ëå-

íîâ

P1(x), . . . , Pn(x).

Îäíàêî ñðåäè óêàçàííûõ êîýôôèöèåíòîâ áó-

äåò ëèøü m íåçàâèñèìûõûõ, âñå îñòàëüíûå

êîýôôèöèåíòû áóäóò îäíîçíà÷íî âûðàæåíû

÷åðåç íåçàâèñèìûå.
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Íàéäÿ ýòè áàçèñíûå êîýôôèöèåíòû è ïîëà-

ãàÿ ïîî÷åðåäíî îäèí èç íèõ ðàâíûì åäèíè-

öå, îñòàëüíûå íóëþ, ïîñòðîèì äëÿ ñèñòåìû

(1.6′) m ëèíåéíî íåçàâèñèìûõ ðåøåíèé âèäà

(10.6).

Ïóñòü òåïåðü õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

P (λ) èìååò êîìïëåêñíûé êîðåíü λ êðàòíîñòè

m.
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Ïîñêîëüêó êîýôôèöèåíòû ìíîãî÷ëåíà P (λ)

äåéñòâèòåëüíû, òî åãî êîðíåì áóäåò è êîì-

ïëåêñíî ñîïðÿæåííîå ÷èñëî λ̄, ïðè÷¼ì ñ òîé

æå êðàòíîñòüþ m.

Âíîâü îïðåäåëèì ôóíêöèè y1(x), . . ., yn(x) ïî

ôîðìóëàì (10.6), ïðåäïîëàãàÿ òåïåðü, ÷òî

êîýôôèöèåíòû ìíîãî÷ëåíîâ P1(x), . . ., Pn(x)

ìîãóò áûòü è êîìïëåêñíûìè ÷èñëàìè.
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Ïîäñòàâëÿÿ ôóíêöèè y1(x), . . ., yn(x) â ñèñòå-

ìó (1.6′) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè

îäèíàêîâûõ ôóíêöèÿõ, âíîâü ïîëó÷èì ëèíåé-

íóþ îäíîðîäíóþ ñèñòåìó (ñ êîìïëåêñíûìè

êîýôôèöèåíòàìè) îòíîñèòåëüíî êîýôôèöè-

åíòîâ ìíîãî÷ëåíîâ P1(x), . . ., Pn(x) è âíîâü

ñðåäè íåèçâåñòíûõ êîýôôèöèåíòîâ îêàæóò-

ñÿ ëèøü m íåçàâèñèìûõ, îñòàëüíûå æå áóäóò

îïðåäåëÿòüñÿ ÷åðåç íåçàâèñèìûå.
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Ïîëàãàÿ ïîî÷åðåäíî îäèí èç ýòèõ íåçàâèñè-

ìûõ êîýôôèöèåíòîâ ðàâíûì åäèíèöå, îñòàëü-

íûå æå � íóëþ, ïîëó÷èì m êîìïëåêñíûõ ðå-

øåíèé ñèñòåìû (1.6′) âèäà (10.6). Âûäåëÿÿ ó

êàæäîãî èç ýòèõ ðåøåíèé äåéñòâèòåëüíóþ è

ìíèìóþ ÷àñòü, ïîëó÷èì 2m äåéñòâèòåëüíûõ

ðåøåíèé ñèñòåìû (1.6′).

Â öåëîì ñòàâÿ â ñîîòâåòñòâèå óêàçàííûì

âûøå ñïîñîáîì êàæäîìó äåéñòâèòåëüíîìó
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êîðíþ êðàòíîñòè m ñòîëüêî æå äåéñòâèòåëü-

íûõ ðåøåíèé, à êàæäîé ïàðå êîìïëåêñíî ñî-

ïðÿæåííûõ êîðíåé êðàòíîñòè m ðîâíî 2m

äåéñòâèòåëüíûõ ðåøåíèé, ïîëó÷èì â èòîãå

ðîâíî n ðåøåíèé ñèñòåìû (1.6′).

Âñå ýòè ðåøåíèÿ ëèíåéíî íåçàâèñèìû íà ÷èñ-

ëîâîé îñè è òåì ñàìûì îáðàçóþò ôóíäàìåí-

òàëüíóþ ñèñòåìó ðåøåíèé.
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Âçÿâ ëèíåéíóþ êîìáèíàöèþ ôóíêöèé ýòîé

ñèñòåìû ïî ñòîëáöàì ñ îäíèìè è òåìè ïðî-

èçâîëüíûìè ïîñòîÿííûìè C1, . . ., Cn, ìû ïî-

ëó÷èì îáùåå ðåøåíèå ñèñòåìû (1.6′).

Ðàññìîòðèì òåïåðü íåîäíîðîäíóþ ñèñòåìó ñ

ïîñòîÿííûìè äåéñòâèòåëüíûìè êîýôôèöè-

åíòàìè:

dY

dx
= AY + F (x).
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×àñòíîå ðåøåíèå íåîäíîðîäíîé ñèñòåìû ìî-

æåì ïîñòðîèòü, ïîëüçóÿñü ìåòîäîì âàðèà-

öèè ïîñòîÿííûõ. Îäíàêî, êàê è äëÿ îäíîãî

óðàâíåíèÿ, â ñëó÷àå, êîãäà ïðàâûå ÷àñòè ñè-

ñòåìû èìåþò ñïåöèàëüíûé âèä, ÷àñòíîå ðå-

øåíèå ìîæíî ïîñòðîèòü è èíûì ìåòîäîì �

ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ.

Ïóñòü ïðàâûå ÷àñòè ñèñòåìû � ôóíêöèè fk(x)
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èìåþò âèä

fk(x) = Pkmk
(x)eγx, (11.6)

ãäå Pkmk
(x) åñòü ìíîãî÷ëåíû ñòåïåíè mk. Êîì-

ïîíåíòû yk0 ÷àñòíîãî ðåøåíèÿ Y0(x) â ýòîì

ñëó÷àå ìîæíî èñêàòü â âèäå

yk0(x) = Qkm+s(x)eγx,

ãäå Qkm+s(x) åñòü ìíîãî÷ëåíû ñòåïåíè m + s

ñ íåîïðåäåëåííûìè ïîêà êîýôôèöèåíòàìè,

m = maxmk.
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×èñëî s ðàâíî íóëþ, åñëè γ íå ÿâëÿåòñÿ êîð-

íåì õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà.

Åñëè æå γ ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷å-

ñêîãî ìíîãî÷ëåíà êðàòíîñòè l, òî s = l.

Ïîäñòàâëÿÿ ôóíêöèè yk0(x) â èñõîäíóþ ñè-

ñòåìó (1.6) è ïðèðàâíèâàÿ âûðàæåíèÿ ïðè
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îäèíàêîâûõ ôóíêöèÿõ, ïîëó÷èì ëèíåéíóþ àë-

ãåáðàè÷åñêóþ ñèñòåìó îòíîñèòåëüíî íåèçâåñò-

íûõ êîýôôèöèåíòîâ, ðåøèâ êîòîðóþ íàõî-

äèì èñêîìûå êîìïîíåíòû ÷àñòíîãî ðåøåíèÿ.

Àíàëîãè÷íî èùåòñÿ ÷àñòíîå ðåøåíèå â ñëó-

÷àå, åñëè ïðàâûå ÷àñòè fk(x) ñèñòåìû èìåþò

âèä

fk(x) = [P
k,1
mk

(x) cosβx+P
k,2
lk

(x) sinβx]eαx. (12.6)
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Èìåííî, ôóíêöèè yk0(x) â ýòîì ñëó÷àå ñëå-

äóåò èñêàòü â âèäå

yk0(x) = [Q
k,1
m+s(x) cosβx+Q

k,2
m+s(x) sinβx]eαx,

ãäå

m = max{m1, . . . ,mn, l1, . . . , ln}.

×èñëî s ðàâíî íóëþ, åñëè α+ βi íå ÿâëÿåòñÿ

êîðíåì õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà, è

s = l, åñëè α+βi ÿâëÿåòñÿ êîðíåì õàðàêòåðè-

ñòè÷åñêîãî ìíîãî÷ëåíà êðàòíîñòè l.
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Ïóñòü îäíà èëè íåñêîëüêî ôóíêöèé fk(x) ñî-

ñòîèò èç ñëàãàåìûõ ðàçíîãî ðîäà (íàïðè-

ìåð, ñîäåðæàò ìíîæèòåëè eγ1x è eγ2x, ãäå

γ1 6= γ2). Òîãäà ñèñòåìó íåîáõîäèìî ðàçäå-

ëèòü íà êîìïîíåíòû ñ ïðàâûìè ÷àñòÿìè âè-

äà (11.6) èëè (12.6), êîòîðûå äîëæíû áûòü

îäíîðîäíû ïî ïîêàçàòåëÿì γ èëè α è ïî êî-

ýôôèöèåíòàì β. Çàòåì ñëåäóåò ïî îòäåëü-

íîñòè íàéòè ÷àñòíûå ðåøåíèÿ êàæäîé òàêîé

ñîïóòñòâóþùåé ñèñòåìû.
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Ñîâîêóïíîå ÷àñòíîå ðåøåíèå ìîæíî ïîëó-

÷èòü ïðîñóììèðîâàâ íàéäåííûå ÷àñòíûå ðå-

øåíèÿ.

Ìåòîä ïîñòðîåíèÿ îáùåãî ðåøåíèÿ îäíîðîä-

íîé ñèñòåìû (1.6), èçëîæåííîé â íàñòîÿùåé

ëåêöèè, íå ÿâëÿåòñÿ åäèíñòâåííî âîçìîæ-

íûì.
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Òåìà : Êðàåâûå çàäà÷è äëÿ

äèôôåðåíöèàëüíûõ óðàâíåíèé. Çàäà÷à

Øòóðìà-Ëèóâèëëÿ

10. Êðàåâûå çàäà÷è äëÿ ëèíåéíûõ äèôôåðåí-

öèàëüíûõ óðàâíåíèé ïðîèçâîëüíîãî ïîðÿäêà. 20.

Çàäà÷à Øòóðìà-Ëèóâèëëÿ. Ôóíêöèÿ Ãðèíà. 30.

Ñâåäåíèå íåîäíîðîäíîé çàäà÷è Øòóðìà-Ëèóâèë-

ëÿ ê èíòåãðàëüíîìó óðàâíåíèþ. 40. Ñâîéñòâà ñîá-

ñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé çàäà-

÷è Øòóðìà � Ëèóâèëëÿ. 50. Î ïðåäñòàâëåíèè ðå-

øåíèé çàäà÷è Êîøè è êðàåâûõ çàäà÷ ðÿäàìè.
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10. Íàðÿäó ñ çàäà÷åé Êîøè âàæíîå çíà÷å-

íèå â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé

è â ïðèëîæåíèÿõ èìåþò êðàåâûå, èëè ãðà-

íè÷íûå, çàäà÷è.

Â ýòèõ çàäà÷àõ çíà÷åíèÿ èñêîìîé ôóíêöèè è

(èëè) åå ïðîèçâîäíûõ çàäàþòñÿ íå â îäíîé, à

â äâóõ òî÷êàõ � êàê ïðàâèëî, â òî÷êàõ, îãðà-

íè÷èâàþùèõ îòðåçîê, íà êîòîðîì òðåáóåòñÿ

îïðåäåëèòü ðåøåíèå.
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Ïóñòü ôóíêöèè p1(x), . . . , pn(x) çàäàíû è íåïðå-

ðûâíû íà îòðåçêå [α, β]. Äëÿ ôóíêöèè y(x)

èç ïðîñòðàíñòâà Cn([α, β]) îïðåäåëèì äèôôå-

ðåíöèàëüíîå âûðàæåíèå

l(y) = y(n) + p1(x)y(n−1) + . . .+ pn(x)y.

Ïóñòü êðîìå òîãî èìåþòñÿ äâå ïðÿìîóãîëü-

íûå ìàòðèöû äåéñòâèòåëüíûõ ÷èñåë

{aij}, {bij}, i = 1, . . . ,m, j = 0, . . . , n− 1.
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Îáîçíà÷èì ÷åðåç Ui(y) ñëåäóþùóþ ëèíåéíóþ

ôîðìó

Ui(y) = ai,0y(α) + . . .+ ai,n−1y
(n−1)(α)+

+ bi,0y(β) + . . .+ bi,n−1y
(n−1)(β).

Îïðåäåëèì ñëåäóþùåå ìíîæåñòâî ôóíêöèé:

D =
{
y(x) ∈ Cn([α, β]) : Ui(y) = 0, i = 1, . . . ,m

}
.

452



Ìíîæåñòâî D îáðàçóåò â Cn([α, β]) ëèíåéíîå

ïîäïðîñòðàíñòâî, ïðè÷åì D = Cn([α, β]) òî-

ãäà, êîãäà âñå ÷èñëà ai,j è bij ðàâíû íóëþ.

Îïðåäåëåíèå.Êðàåâûìè óñëîâèÿìè äëÿ äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ

y(n) + p1(x)y(n−1) + . . .+ pn(x)y = f(x)

íà îòðåçêå [α, β] íàçûâàåòñÿ ñèñòåìà ðàâåíñòâ

âèäà

Ui(y) = 0, i = 1, . . . ,m.
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Îïðåäåëåíèå.Îïåðàòîð L, ñòàâÿùèé â ñî-

îòâåòñòâèå êàæäîé ôóíêöèè y(x) èç D ôóíê-

öèþ l(y), íàçûâàåòñÿ äèôôåðåíöèàëüíûì îïå-

ðàòîðîì, ïîðîæäåííûì äèôôåðåíöèàëüíûì

âûðàæåíèåì l(y) è êðàåâûìè óñëîâèÿìè

Ui(y) = 0, i = 1, . . . ,m.

Íåêîòîðûå èç ëèíåéíûõ ôîðì Ui(y) ìîãóò

îêàçàòüñÿ ëèíåéíûìè êîìáèíàöèÿìè îñòàëü-

íûõ. Òîãäà ñîîòâåòñòâóþùåå óñëîâèå Ui(y) =
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0 ìîæåò áûòü èñêëþ÷åíî èç íàáîðà êðàåâûõ

óñëîâèé êàê èçëèøíåå.

Äðóãèìè ñëîâàìè, ôîðìû Ui(y), âõîäÿùèå â

êðàåâûå óñëîâèÿ, èçíà÷àëüíî ìîæíî ñ÷èòàòü

ëèíåéíî íåçàâèñèìûìè. Êàê èçâåñòíî èç êóð-

ñà àëãåáðû, ýòî îçíà÷àåò, ÷òî ðàíã ìàòðèöû,

ñîñòàâëåííîé èç êîýôôèöèåíòîâ ôîðì Ui(y)

äîëæåí áûòü ðàâåí m.
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Îïðåäåëåíèå.Êðàåâîé çàäà÷åé äëÿ äèôôå-

ðåíöèàëüíîãî âûðàæåíèÿ l íàçûâàåòñÿ çàäà-

÷à îá îòûñêàíèè ôóíêöèè y(x) èç D, óäîâëå-

òâîðÿþùåé óðàâíåíèþ l(y) = f(x) è óñëîâèÿì

Ui(y) = ϕi(x), i = 1, . . . ,m,

ãäå f(x) è ϕi(x), . . . , ϕm(x) � çàäàííûå ôóíê-

öèè. Åñëè f(x), ϕ1(x), . . . , ϕm(x) � òîæäåñòâåí-

íî íóëåâûå ôóíêöèè, òî êðàåâàÿ çàäà÷à íà-

çûâàåòñÿ îäíîðîäíîé.
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Âñÿêàÿ îäíîðîäíàÿ êðàåâàÿ çàäà÷à èìååò ïî

êðàéíåé ìåðå îäíî ðåøåíèå � òîæäåñòâåííî

íóëåâîå. Âûÿñíèì, ïðè êàêèõ óñëîâèÿõ îäíî-

ðîäíàÿ êðàåâàÿ çàäà÷à èìååò íåòðèâèàëüíûå

ðåøåíèÿ.

Ïóñòü ñèñòåìà ôóíêöèé y1(x), . . . , yn(x) åñòü

ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé îäíîðîä-

íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ l(y) = 0.
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Òîãäà, êàê èçâåñòíî, âñÿêîå äðóãîå ýòîãî

óðàâíåíèÿ ìîæåò áûòü ïðåäñòàâëåíî â âè-

äå ëèíåéíîé êîìáèíàöèè

y(x) = C1y1(x) + . . .+ Cnyn(x).

Îäíîðîäíûå êðàåâûå óñëîâèÿ ïðèâîäÿò ê ðà-

âåíñòâàì

C1Ui(y1) + . . .+ CnUi(yn) = 0, i = 1, . . . ,m.
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Îòíîñèòåëüíî íåèçâåñòíûõ C1, . . . , Cn ýòè ðà-

âåíñòâà ïðåäñòàâëÿþò ñîáîé ñèñòåìó ëèíåé-

íûõ óðàâíåíèé.

Åñëè ñóùåñòâóþò ÷èñëà C1, . . . , . . . , Cn òàêèå,

÷òî C2
1 +. . .+C2

n > 0, òî ñóùåñòâóåò è íåòðèâè-

àëüíàÿ ôóíêöèÿ y(x), ÿâëÿþùàÿñÿ ðåøåíèåì

îäíîðîäíîé êðàåâîé çàäà÷è.
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Ìàòðèöà ñèñòåìû ëèíåéíûõ óðàâíåíèé äëÿ

îïðåäåëåíèÿ C1, . . . , Cn èìååò âèä

U =

 U1(y1) . . . U1(yn)
...

Um(y1) . . . Um(yn)

 .

Èç ëèíåéíîé àëãåáðû èçâåñòíî, ÷òî íå òîæ-

äåñòâåííî íóëåâîå ðåøåíèå C1, . . . , Cn ñèñòå-

ìû UC = 0 ñóùåñòâóåò òîãäà è òîëüêî òîãäà,

êîãäà ðàíã ìàòðèöû U ìåíüøå n.
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Â ÷àñòíîñòè, îäíîðîäíàÿ êðàåâàÿ çàäà÷à áó-

äåò èìåòü íåíóëåâûå ðåøåíèÿ ïðè m < n.

Åñëè m = n, òî îäíîðîäíàÿ êðàåâàÿ çàäà÷à

èìååò íåòðèâèàëüíîå ðåøåíèå òîãäà è òîëü-

êî òîãäà, êîãäà îïðåäåëèòåëü (â ýòîì ñëó÷àå

êâàäðàòíîé) ìàòðèöû U ðàâåí íóëþ.

Ðàíã ìàòðèöû U íå çàâèñèò îò âûáîðà ôóí-

äàìåíòàëüíîé ñèñòåìû y1(x), . . . , yn(x). Äåé-
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ñòâèòåëüíî, ïåðåõîä îò îäíîé òàêîé ñèñòå-

ìû ê äðóãîé ŷ1(x), . . . , ŷn(x) îñóùåñòâëÿåòñÿ

ëèíåéíûì ïðåîáðàçîâàíèåì

yi =

n∑
j=1

cijŷj, i = 1, . . . , n.

Ìàòðèöà C = (cij) ýòîãî ïðåîáðàçîâàíèÿ íåâû-

ðîæäåíà. Ïðè ýòîì ìàòðèöà U óìíîæàåòñÿ

íà íåâûðîæäåííóþ ìàòðèöó. Ïîýòîìó ðàíã

íîâîé ìàòðèöû, çàäàþùåé êðàåâûå óñëîâèÿ,

îñòàíåòñÿ ïðåæíèì.
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20. Ïóñòü íà îòðåçêå [0, a] ÷èñëîâîé ïðÿìîé

çàäàíû äâå ôóíêöèè p(x) è q(x) èç C1([0, a]) è

C([0, a]) ñîîòâåòñòâåííî.

Ïóñòü êðîìå òîãî çàäàíû äåéñòâèòåëüíûå

÷èñëà h1, h2, H1 è H2 òàêèå, ÷òî

h2
1 + h2

2 > 0, H2
1 +H2

2 > 0.
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Çàäà÷à (Øòóðìà � Ëèóâèëëÿ).Íàéòè òå çíà-

÷åíèÿ λ, ïðè êîòîðûõ óðàâíåíèå

l(y) ≡ −(p(x)y′)′ + q(x)y = λy, 0 < x < a, (1.7)

èìååò íåòðèâèàëüíûå ðåøåíèÿ y(x), óäîâëå-

òâîðÿþùèå êðàåâûì óñëîâèÿì

h1y(0)−h2y
′(0) = 0, H1y(a)+H2y

′(a) = 0. (2.7)

Çàäà÷à (1.7), (2.7) íàçûâàåòñÿ çàäà÷åéØòóð-

ìà � Ëèóâèëëÿ èëè çàäà÷åé íà ñîáñòâåííûå
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çíà÷åíèÿ äëÿ îïåðàòîðà l(y).

Âñþäó äàëåå ïðåäïîëàãàþòñÿ âûïîëíåííû-

ìè ñëåäóþùèå îãðàíè÷åíèÿ íà êîýôôèöèåí-

òû â óðàâíåíèè è â êðàåâûõ óñëîâèÿõ:

p(x) ≥ p0 > 0, q(x) ≥ 0 ∀x ∈ [0, a],

h1 ≥ 0, h2 ≥ 0, H1 ≥ 0, H2 ≥ 0,

h1 + h2 > 0, H1 +H2 > 0.


(3.7)

465



Òåîðåìà.Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (3.7)

è ïóñòü ëèáî ôóíêöèÿ q(x) íå ÿâëÿåòñÿ òîæ-

äåñòâåííî íóëåâîé, ëèáî îäíî èç ÷èñåë h1

èëè H1 ñòðîãî ïîëîæèòåëüíî. Òîãäà êðàå-

âàÿ çàäà÷à (1.7), (2.7) èìååò ïðè λ = 0 ëèøü

òðèâèàëüíîå ðåøåíèå.

Äîêàçàòåëüñòâî. Óìíîæèì óðàâíåíèå (1.7),

â êîòîðîì λ = 0, íà ôóíêöèþ y(x) è ïîëó-

÷åííîå ðàâåíñòâî ïðîèíòåãðèðóåì ïî îòðåç-
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êó (0, a). Ó÷èòûâàÿ êðàåâûå óñëîâèÿ (2.7),

ïîëó÷àåì ðàâåíñòâî

p(0)y′(0)y(0)− p(a)y′(a)y(a)+

+

a∫
0

p(x)y′2(x)dx+

a∫
0

q(x)y2(x)dx = 0. (4.7)

Ïóñòü h1 ïîëîæèòåëüíî. Åñëè ïðè ýòîì è H1
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ïîëîæèòåëüíî, òî èç (2.7) è (4.7) ïîëó÷àåì

p(0)h2
h1

y′2(0) +
p(a)H2
H1

y′2(0)+

+

a∫
0

p(x)y′2(x)dx+

a∫
0

q(x)y2(x)dx = 0.

Åñëè æå H1 = 0, òî èç (4.7) ïîëó÷àåì

p(0)h2
h1

y′2(0) +

a∫
0

p(x)y′2(x)dx+

a∫
0

q(x)y2(x)dx = 0.
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Âî âñåõ ñëó÷àÿõ ïîëó÷àåì ñîîòíîøåíèÿ

h2y
′2(0) = 0, H2y

′(a) = 0, y′(x) ≡ 0, q(x)y(x) ≡ 0,

ãäå x ∈ (0, a).

Òðåòüå ñîîòíîøåíèå y′(x) ≡ 0 îçíà÷àåò, ÷òî

y(x) ïîñòîÿííàÿ ôóíêöèÿ, ïåðâîå æå èç óñëî-

âèé (2.7) äàåò ðàâåíñòâî y(0) = 0. Íî òî-

ãäà ôóíêöèÿ y(x) áóäåò òîæäåñòâåííî íóëå-

âîé ôóíêöèåé âñþäó íà [0, a].
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Åñëè H1 ïîëîæèòåëüíî, òî àíàëîãè÷íûé àíà-

ëèç ðàâåíñòâà (4.7) ïðèâîäèò ê çàêëþ÷åíèþ,

÷òî ôóíêöèÿ y(x) è â ýòîì ñëó÷àå îáÿçàíà

áûòü òîæäåñòâåííî íóëåâîé.

Ïóñòü òåïåðü âûïîëíÿþòñÿ ñîîòíîøåíèÿ

h1 = H1 = 0, q(x) 6≡ 0 ïðè x ∈ [0, a].
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Ðàâåíñòâî (4.7) è êðàåâûå óñëîâèÿ äàþò ñî-

îòíîøåíèÿ

y′(0) = 0, y′(a) = 0, y′(x) ≡ 0, q(x) ≡ 0,

ãäå x ∈ (0, a).

Óñëîâèÿ q(x) ≥ 0, q(x) 6≡ 0, q(x) ∈ C([0, a]) îçíà-

÷àþò, ÷òî íà îòðåçêå [0, a] íàéäåòñÿ òî÷êà,

â îêðåñòíîñòè êîòîðîé ôóíêöèÿ q(x) ñòðîãî
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ïîëîæèòåëüíà. Íî òîãäà â ýòîé îêðåñòíîñòè

äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî y(x) = 0.

Âìåñòå ñ ïîñòîÿíñòâîì y(x) ïîñëåäíåå ðà-

âåíñòâî îçíà÷àåò, ÷òî ôóíêöèÿ y(x) îáÿçàíà

áûòü òîæäåñòâåííî íóëåâîé íà [0, a].
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Çàäà÷à.Íàéòè ôóíêöèþ y(x), ÿâëÿþùóþñÿ

íà èíòåðâàëå (0, a) ðåøåíèåì íåîäíîðîäíîãî

óðàâíåíèÿ

l(y) ≡ −(p(x)y′)′ + q(x)y = f(x) (1.7')

è óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì

h1y(0)− h2y
′(0) = 0, H1y(a) +H2y

′(a) = 0.

Ïðàâàÿ ÷àñòü f(x) â óðàâíåíèè � ýòî çàäàí-

íàÿ íåïðåðûâíàÿ ôóíêöèÿ.
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Ðåøåíèå. Ïðåäïîëîæèì, ÷òî ðåøåíèå ðàñ-

ñìàòðèâàåìîé êðàåâîé çàäà÷è îïðåäåëÿåò-

ñÿ åäèíñòâåííûì îáðàçîì. Äëÿ ýòîãî äî-

ñòàòî÷íî ïîòðåáîâàòü, ÷òîáû ñîîòâåòñòâó-

þùàÿ îäíîðîäíàÿ êðàåâàÿ çàäà÷à èìåëà òîëü-

êî íóëåâîå ðåøåíèå.

Ïóñòü íàéäåíû äâå ôóíêöèè y1(x) è y2(x), îá-

ðàçóþùèå ôóíäàìåíòàëüíóþ ñèñòåìó ðåøå-
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íèé îäíîðîäíîãî óðàâíåíèÿ

l(y) ≡ −(p(x)y′)′ + q(x)y = 0.

Âûáåðåì êàêèå-íèáóäü íåíóëåâûå ÷èñëà A1 è

A2 òàê, ÷òîáû íà ëåâîì êðàþ îòðåçêà âû-

ïîëíÿëîñü ðàâåíñòâî

A1[h1y1(0)− h2y
′
1(0)]+

+A2[h1y2(0)− h2y
′
2(0)] = 0. (5.7)
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Êðîìå òîãî âûáåðåì íåíóëåâûå ÷èñëà B1 è

B2 òàê, ÷òîáû íà ïðàâîì êðàþ âûïîëíÿëîñü

àíàëîãè÷íîå óñëîâèå

B1[H1y1(a) +H2y
′
1(a)]+

+B2[H1y2(a) +H2y
′
2(a)] = 0. (5.7')

Èñïîëüçóÿ âûáðàííûå ÷èñëà, îáðàçóåì ñëå-

äóþùèå äâà ðåøåíèÿ îäíîðîäíîãî óðàâíå-
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íèÿ l(y) = 0:{
v1(x) = A1y1(x) +A2y2(x),

v2(x) = B1y1(x) +B2y2(x).
(6.7)

Ïåðâàÿ èç ýòèõ ôóíêöèé v1(x) óäîâëåòâîðÿåò

êðàåâîìó óñëîâèþ â íóëå:

h1v1(0)− h2v
′
1(0) = 0,

à âòîðàÿ v2(x) � êðàåâîìó óñëîâèþ â ïðàâîé

òî÷êå îòðåçêà:

H1v2(a)−H2v
′
2(a) = 0.
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Ôóíêöèè v1(x) è v2(x) ëèíåéíî íåçàâèñèìû íà

îòðåçêå [0, a]. Äåéñòâèòåëüíî, åñëè ïðåäïîëî-

æèòü, ÷òî ýòè ôóíêöèè ëèíåéíî çàâèñèìû,

òî íàéäåòñÿ ÷èñëî µ òàêîå, ÷òî íà îòðåçêå

[0, a] âûïîëíÿåòñÿ ðàâåíñòâî

v1(x) = µv2(x).

Íî òîãäà äëÿ ôóíêöèè v1(x) áóäóò âûïîë-

íÿòüñÿ êðàåâûå óñëîâèÿ êàê íà ëåâîì, òàê

è íà ïðàâîì êðàþ îòðåçêà. Èíûìè ñëîâàìè,
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ôóíêöèÿ v1(x) ÿâëÿåòñÿ ðåøåíèåì îäíîðîä-

íîé êðàåâîé çàäà÷è.

Â ñèëó ñäåëàííûõ âûøå ïðåäïîëîæåíèé ýòî

âîçìîæíî ëèøü â ñëó÷àå, åñëè v1(x) ≡ 0. Ýòî

îçíà÷àåò, ÷òî

A1y1(x) +A2y2(x) = 0 x ∈ [0, a],

òî åñòü, ÷òî ôóíêöèè y1(x) è y2(x) ëèíåéíî çà-

âèñèìû. Íî ýòî ïðîòèâîðå÷èò èçíà÷àëüíîìó

479



âûáîðó ýòèõ ôóíêöèé êàê ôóíäàìåíòàëüíîé

ñèñòåìû ðåøåíèé. Ñëåäîâàòåëüíî, ôóíêöèè

v1(x) è v2(x) ëèíåéíî íåçàâèñèìû.

Îïðåäåëèòåëü Âðîíñêîãî W (x) ôóíêöèé v1(x)

è v2(x) íå îáðàùàåòñÿ â íóëü íà îòðåçêå [0, a],

÷òî ñëåäóåò èç äîêàçàííûõ ðàíåå ñâîéñòâ

ýòîãî îïðåäåëèòåëÿ. Êðîìå òîãî, èç ôîð-

ìóëû Îñòðîãðàäñêîãî � Ëèóâèëëÿ âûòåêàåò
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ðàâåíñòâî

p(x)W (x) = p(0)W (0) x ∈ [0, a]. (7.7)

Èñïîëüçóåì íàéäåííûå ôóíêöèè v1(x) è v2(x)

äëÿ ïîñòðîåíèÿ ðåøåíèÿ ðàññìàòðèâàåìîé

êðàåâîé çàäà÷è ìåòîäîì âàðèàöèè ïîñòîÿí-

íûõ.
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Ôóíêöèè v1(x) è v2(x) îáðàçóþò ôóíäàìåí-

òàëüíóþ ñèñòåìó ðåøåíèé îäíîðîäíîãî óðàâ-

íåíèÿ l(y) = 0. Ïîýòîìó ðåøåíèå y(x) íåîäíî-

ðîäíîãî óðàâíåíèÿ áóäåì èñêàòü â âèäå

y(x) = C1(x)v1(x) + C2(x)v2(x).

Â ñîîòâåòñòâèè ñ îáùåé ñõåìîé ìåòîäà âà-

ðèàöèè ïîñòîÿííîé äëÿ ôóíêöèé C′1(x) è C′2(x)
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äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà
C′1(x)v1(x) + C′2(x)v2(x) = 0,

C′1(x)v′1(x) + C′2(x)v′2(x) = −f(x)
p(x)

.

(8.7)

Ðàçðåøèâ ýòó ñèñòåìó îòíîñèòåëüíî íåèç-

âåñòíûõ C′1(x) è C′2(x), à çàòåì èñïîëüçóÿ ðà-

âåíñòâî p(x)W (x) = p(0)W (0), ïîëó÷èì

C′1(x) =
f(x)v2(x)

p(0)W (0)
, C′2(x) = −

f(x)v1(x)

p(0)W (0)
. (9.7)
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Ïîòðåáóåì, ÷òîáû äëÿ C1(x) è C2(x) âûïîë-

íÿëèñü óñëîâèÿ ñëåäóþùåãî âèäà

C1(a) = 0, C2(0) = 0. (10.7)

Îêàçûâàåòñÿ, ÷òî ïðè òàêîì âûáîðå óñëîâèé

Êîøè ôóíêöèÿ y(x) = C1(x)v1(x) + C2(x)v2(x)

óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

h1y(0)− h2y
′(0) = 0, H1y(a) +H2y

′(a) = 0.
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Óáåäèìñÿ, ÷òî ýòî äåéñòâèòåëüíî òàê. Äëÿ

ëåâîãî êðàÿ îòðåçêà ïî îïðåäåëåíèþ èìååì

h1y(0)− h2y
′(0) =

= h1[C1(0)v1(0) + C2(0)v2(0)]−

− h2[C1(0)v′1(0) + C′1(0)v1(0)+

+ C2(0)v′2(0) + C′2(0)v2(0)].

Ïðîèçâåäÿ â ïðàâîé ÷àñòè ïåðåãðóïïèðîâêó
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ñëàãàåìûõ, ïîëó÷èì

h1y(0)− h2y
′(0) =

= C1(0)[h1v1(0)− h2v
′
1(0)]+

+ C2(0)[h1v2(0)− h2v
′
2(0)]−

− h2[C′1(0)v1(0) + C′2(0)v2(0)].

Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè îáðàùàåò-

ñÿ â íóëü âñëåäñòâèå âûáîðà ôóíêöèè v1(x),

êîòîðàÿ óäîâëåòâîðÿåò èñõîäíîìó êðàåâîìó
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óñëîâèþ â ëåâîé òî÷êå îòðåçêà. Âòîðîå ñëà-

ãàåìîå îáðàùàåòñÿ â íóëü â ñèëó óñëîâèÿ

C2(0) = 0. Íàêîíåö, òðåòüå ñëàãàåìîå îáðà-

ùàåòñÿ íóëü â ñèëó óðàâíåíèÿ

C′1(x)v1(x) + C′2(x)v2(x) = 0,

êîòîðîìó ôóíêöèè C′1(x) è C′2(x) óäîâëåòâîðÿ-

þò ïî ñâîåìó ïîñòðîåíèþ. Òàêèì îáðàçîì,

èìååì îêîí÷àòåëüíî

h1y(0)− h2y
′(0) = 0.
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Àíàëîãè÷íî ïîêàçûâàåòñÿ, ÷òî ôóíêöèÿ y(x) =

C1(x)v1(x) +C2(x)v2(x) óäîâëåòâîðÿåò è âòîðî-

ìó ãðàíè÷íîìó óñëîâèþ íà ïðàâîì êðàþ îò-

ðåçêà.

Âåðíåìñÿ ê ïîëó÷åííîé âûøå ñèñòåìå ðà-

âåíñòâ

C′1(x) =
f(x)v2(x)

p(0)W (0)
, C′2(x) = −

f(x)v1(x)

p(0)W (0)
.
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Èíòåãðèðóÿ èõ ñ ó÷åòîì óñëîâèé

C1(a) = 0, C2(0) = 0,

íàõîäèì ôóíêöèè C1(x) è C2(x):

C1(x) = −
1

p(0)W (0)

a∫
x

v2(ξ)f(ξ)dξ,

C2(x) = −
1

p(0)W (0)

x∫
0

v1(ξ)f(ξ)dξ.
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Ïîäñòàâëÿÿ C1(x) è C2(x) â èñõîäíóþ ôîðìó-

ëó, íàõîäèì ðåøåíèåì ðàññìàòðèâàåìîé êðà-

åâîé çàäà÷è

y(x) = −
1

p(0)W (0)

v2(x)

x∫
0

v1(ξ)f(ξ)dξ+

+v1(x)

a∫
x

v2(ξ)f(ξ)d]

 . (11.7)
Ýòîìó ðàâåíñòâó ìîæíî ïðèäàòü áîëåå êîì-

ïàêòíûé âèä, åñëè âîñïîëüçîâàòüñÿ îáîçíà-
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÷åíèåì

G(x, ξ) = −
1

p(0)W (0)


v1(x)v2(ξ) ïðè 0 ≤ x ≤ ξ,

v2(x)v1(ξ) ïðè ξ ≤ x ≤ a.

Â ýòîì ñëó÷àå ïîëó÷åííàÿ äëÿ ðåøåíèÿ y(x)

ôîðìóëà ïðèíèìàåò âèä

y(x) =

a∫
0

G(x, ξ)f(ξ)dξ.
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Îïðåäåëåíèå.Ôóíêöèÿ äâóõ ïåðåìåííûõ

G(x, ξ), îïðåäåëÿåìàÿ ðàâåíñòâîì

G(x, ξ) = −
1

p(0)W (0)


v1(x)v2(ξ) ïðè 0 ≤ x ≤ ξ,

v2(x)v1(ξ) ïðè ξ ≤ x ≤ a,

íàçûâàåòñÿ ôóíêöèåé Ãðèíà êðàåâîé çàäà÷è

−(p(x)y′)′ + q(x)y = f(x),

h1y(0)− h2y
′(0) = 0, H1y(a) +H2y

′(a) = 0.
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Òåîðåìà (îá èíòåãðàëüíîì ïðåäñòàâëåíèè

ðåøåíèÿ).Ïóñòü ôóíêöèÿ f(x) íåïðåðûâíà íà

çàìêíóòîì îòðåçêå [0, a]. Òîãäà ðåøåíèå êðà-

åâîé çàäà÷è

−(p(x)y′)′ + q(x)y = f(x),

h1y(0)− h2y
′(0) = 0, H1y(a) +H2y

′(a) = 0

ñóùåñòâóåò, åäèíñòâåííî è îïðåäåëÿåòñÿ ñ
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ïîìîùüþ ôóíêöèè Ãðèíà ïî ôîðìóëå

y(x) =

a∫
0

G(x, ξ)f(ξ)dξ.

Äîêàçàòåëüñòâî. Äëÿ íåïðåðûâíîé íà îòðåç-

êå ôóíêöèè f(x) êîýôôèöèåíòû C1(x) è C2(x),

ïîëó÷åííûå ìåòîäîì âàðèàöèè ïîñòîÿííîé,

îïðåäåëåíû êîððåêòíî: èíòåãðàëû â ñîîò-

âåòñòâóþùèõ ôîðìóëàõ çàâåäîìî ñóùåñòâó-

þò.
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Íî òîãäà è ôóíêöèÿ y(x) îïðåäåëÿåòñÿ êîð-

ðåêòíî. Âûïîëíåíèå æå íåîäíîðîäíîãî óðàâ-

íåíèÿ è êðàåâûõ óñëîâèé íà êðàÿõ äëÿ ôóíê-

öèè y(x) âûòåêàåò èç åå ïîñòðîåíèÿ. Åäèí-

ñòâåííîñòü ðåøåíèÿ âûòåêàåò èç íà÷àëüíî-

ãî ïðåäïîëîæåíèÿ î òðèâèàëüíîñòè ðåøåíèÿ

îäíîðîäíîé êðàåâîé çàäà÷è.

Ïåðå÷èñëèì ñâîéñòâà ôóíêöèè Ãðèíà, âûòå-

êàþùèå íåïîñðåäñòâåííî èç åå îïðåäåëåíèÿ.
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1). Ôóíêöèÿ Ãðèíà G(x, ξ) ñèììåòðè÷íà:

G(x, ξ) = G(ξ, x), (x, ξ) ∈ [0, a]× [0, a].

2). Ôóíêöèÿ Ãðèíà G(x, ξ) íåïðåðûâíà â êâàä-

ðàòå [0, a]× [0, a].

3). Ôóíêöèÿ Ãðèíà G(x, ξ) èìååò íåïðåðûâ-

íûå âòîðûå ïðîèçâîäíûå âñþäó â âåðõíåì
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òðåóãîëüíèêå

{(x, ξ) : 0 ≤ x ≤ ξ ≤ a},

à òàêæå âñþäó â íèæíåì òðåóãîëüíèêå

{(x, ξ) : 0 ≤ ξ ≤ x ≤ a}.

4). Íà äèàãîíàëè x = ξ êâàäðàòà [0, a] × [0, a]

ïðîèçâîäíàÿ ôóíêöèè Ãðèíà
∂G(x,ξ)
∂x

èìååò
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ðàçðûâ, çàäàâàåìûé ðàâåíñòâîì

∂G(ξ + 0, ξ)

∂x
−
∂G(ξ − 0, ξ)

∂x
= −

1

p(ξ)
.

5). Âíå äèàãîíàëè x = ξ ôóíêöèÿ Ãðèíà G(x, ξ)

ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî óðàâíåíèÿ:

l(G(x, ξ)) = 0 ïðè x 6= ξ, (x, ξ) ∈ [0, a]× [0, a].
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6). Ôóíêöèÿ Ãðèíà G(x, ξ) ïðè ôèêñèðîâàí-

íîì ξ èç [0, a] óäîâëåòâîðÿåò ïî ïåðâîìó àð-

ãóìåíòó êðàåâûì óñëîâèÿì çàäà÷è:

h1G(0, ξ)− h2
∂G(0, ξ)

∂x
= 0,

H1G(a, ξ) +H2
∂G(a, ξ)

∂x
= 0.

30. Ñ ïîìîùüþ ôóíêöèè Ãðèíà ðåøåíèå íåîä-

íîðîäíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ ñâî-

äèòñÿ ê èíòåãðàëüíîìó óðàâíåíèþ.
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Òåîðåìà.Ïóñòü ôóíêöèÿ f(x) íåïðåðûâíà íà

çàìêíóòîì îòðåçêå [0, a]. Òîãäà ðåøåíèå êðà-

åâîé çàäà÷è

ly = λy(x) + f(x),

h1y(0)− h2y
′(0) = 0,

H1y(a) +H2y
′(a) = 0,

(BP)

ÿâëÿåòñÿ òàêæå ðåøåíèåì ñëåäóþùåãî èí-
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òåãðàëüíîãî óðàâíåíèÿ

y(x) = λ

a∫
0

G(x, ξ)y(ξ)dξ +

a∫
0

G(x, ξ)f(ξ)dξ. (13.7)

Âñÿêîå íåïðåðûâíîå íà çàìêíóòîì îòðåçêå

ðåøåíèå ýòîãî èíòåãðàëüíîãî óðàâíåíèÿ ÿâ-

ëÿåòñÿ òàêæå ðåøåíèåì ðàññìàòðèâàåìîé

êðàåâîé çàäà÷è.
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Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ y(x) ÿâëÿ-

åòñÿ ðåøåíèåì êðàåâîé çàäà÷è (BP) è ïðè-

íàäëåæèò êëàññó

M = {y(x) : y(x) ∈ C2((0, a)) ∩ C1([0, a]),

y′′(x) ∈ L2([0, a])}.

Ïðèìåíÿÿ òåîðåìó îá èíòåãðàëüíîì ïðåä-

ñòàâëåíèè ðåøåíèÿ êðàåâîé çàäà÷è ñ çàìå-

íîé â èíòåãðàëüíîé ôîðìóëå ïðàâîé ÷àñòè
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f(x) íà λy(x) + f(x), ïîëó÷àåì ðàâåíñòâî

y(x) =

a∫
0

G(x, ξ)[λy(ξ) + f(ξ)]dξ.

Ýòî è îçíà÷àåò, ÷òî ôóíêöèÿ y(x) ÿâëÿåòñÿ

ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ (13.7).

Ïóñòü òåïåðü ôóíêöèÿ ȳ(x) èç ïðîñòðàíñòâà

C([0, a]) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåãî èí-
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òåãðàëüíîãî óðàâíåíèÿ:

ȳ(x) =

a∫
0

G(x, ξ)
[
λȳ(ξ) + f(ξ)

]
dξ.

Ðàññìîòðèì êðàåâóþ çàäà÷ó

ly = λȳ(x) + f(x),

h1y(0)− h2y
′(0) = 0, H1y(a) +H2y

′(a) = 0.

Ýòà êðàåâàÿ çàäà÷à èìååò åäèíñòâåííîå ðå-

øåíèå y(x) èç êëàññàM, ïðè÷åì ýòî ðåøåíèå
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ïðåäñòàâèìî ðàâåíñòâîì

y(x) =

a∫
0

G(x, ξ)
[
λȳ(ξ) + f(ξ)

]
dξ.

Èç ýòîãî ðàâåíñòâà ïîëó÷àåì y(x) ≡ ȳ(x). Òà-

êèì îáðàçîì, ôóíêöèÿ ȳ(x) ÿâëÿåòñÿ ðåøå-

íèåì êðàåâîé çàäà÷è (BP) èç êëàññà M.

Êðàåâàÿ çàäà÷à (BP) â ñëó÷àå f(x) ≡ 0 ïðå-

âðàùàåòñÿ â çàäà÷ó Øòóðìà � Ëèóâèëëÿ.
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Ñëåäîâàòåëüíî, ðåøåíèÿ çàäà÷è Øòóðìà �

Ëèóâèëëÿ ñîâïàäàþò ñ ñîáñòâåííûìè ôóíê-

öèÿìè èíòåãðàëüíîãî îïåðàòîðà

Ay(x) =

a∫
0

G(x, ξ)y(ξ)dξ

ñ íåïðåðûâíûì è ñèììåòðè÷íûì ÿäðîì �

ôóíêöèåé Ãðèíà G(x, ξ).
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40. Äëÿ ñîáñòâåííûõ ÷èñåë è ñîáñòâåííûõ

ôóíêöèé çàäà÷è Øòóðìà � Ëèóâèëëÿ ñïðà-

âåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1. Ñîáñòâåííûå çíà÷åíèÿ íåîòðèöàòåëüíû.

2. Ìíîæåñòâî ñîáñòâåííûõ ÷èñåë ñ÷¼òíî.

3. Êàæäîå ñîáñòâåííîå ÷èñëî � ïðîñòîå.
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4. Ñîáñòâåííàÿ ôóíêöèÿ Xm(x), îòâå÷àþùàÿ

ïðîñòîìó ñîáñòâåííîìó ÷èñëó λm, îïðåäå-

ëÿåòñÿ ñ òî÷íîñòüþ äî ïðîèçâîëüíîãî ïî-

ñòîÿííîãî ñîìíîæèòåëÿ (íåíóëåâîãî). Äëÿ

îáåñïå÷åíèÿ îäíîçíà÷íîñòè âûáîðà ñîáñò-

âåííîé ôóíêöèè ïðèìåíÿþò óñëîâèå íîðìè-

ðîâêè:
a∫

0

X2
m(x) dx = 1.
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5. Åñëè ñîáñòâåííûå ôóíêöèè Xm(x) è Xl(x)

ñîîòâåòñòâóþò ðàçëè÷íûì ñîáñòâåííûì çíà-

÷åíèÿì λm è λl, òî îíè îðòîãîíàëüíû:

a∫
0

Xm(x)Xl(x) dx = 0, λm 6= λl.
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6. Äëÿ ëþáîé ôóíêöèè f(x) èç ìíîæåñòâà

M = {y(x) : y(x) ∈ C2((0, a)) ∩ C1([0, a]),

y′′(x) ∈ L2([0, a])}.

âûïîëíÿåòñÿ ðàâåíñòâî

f(x) =

∞∑
k=1

αkXk(x),

ãäå Xk(x) � ñîáñòâåííàÿ ôóíêöèÿ çàäà÷è

Øòóðìà � Ëèóâèëëÿ, à êîýôôèöèåíòû ðàç-
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ëîæåíèÿ αk âû÷èñëÿþòñÿ ïî ôîðìóëàì

αk =

a∫
0

f(x)Xk(x)dx.

Ðÿä, ïðåäñòàâëÿþùèé ôóíêöèþ f(x), ñõîäèò-

ñÿ íà îòðåçêå [0, a] àáñîëþòíî è ðàâíîìåðíî.
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Òåìà : Ïðåäñòàâëåíèå ðåøåíèé

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé ðÿäàìè

10. Îïðåäåëåíèå ãîëîìîðôíîé ôóíêöèè ìíîãèõ

ïåðåìåííûõ. 20. Òåîðåìà ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè ãîëîìîðôíîãî ðåøåíèÿ çàäà÷è Êîøè

äëÿ íåîäíîðîäíîé ñèñòåìû ñ ãîëîìîðôíûìè êî-

ýôôèöèåíòàìè. 30. Ïðèìåðû. 40. Ðåøåíèÿ â âèäå

îáîáùåííûõ ñòåïåííûõ ðÿäîâ äëÿ ëèíåéíûõ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîëðÿäêà. 50.

Ïðèìåðû.
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Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâ-

íåíèé ïåðâîãî ïîðÿäêà

dyi
dt

= fi(t, y1, . . . , yn), i = 1, n, (4.1)

ãäå ôóíêöèè fi � ãîëîìîðôíûå â îêðåñòíî-

ñòè òî÷êè

(t0, y
0
1, y

0
2, . . . , y

0
n).
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Îïðåäåëåíèå.Ôóíêöèÿ F (x1, . . . , xn) íàçûâà-

åòñÿ ãîëîìîðôíîé â îêðåñòíîñòè òî÷êè

(x01, . . . , x
0
n)

ôóíêöèåé, åñëè îíà â ýòîé îêðåñòíîñòè ïðåä-

ñòàâëÿåòñÿ ñõîäÿùèìñÿ ñòåïåííûì ðÿäîì

∞∑
|k|=0

ak1,...,kn
(x1 − x

0
1)
k1 · . . . · (xn − x0n)

kn,

ãäå |k| = k0 + k1 + . . .+ kn.
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Ãîëîìîðôíàÿ ôóíêöèÿ èìååò ÷àñòíûå ïðî-

èçâîäíûå ëþáûõ ïîðÿäêîâ ïî âñåì ïåðåìåí-

íûì.

Çàäà÷à Êîøè (4.1) ñ íà÷àëüíûìè óñëîâèÿìè

yi(t0) = y0i , i = 1, n (4.2)

èìååò åäèíñòâåííîå ðåøåíèå, ãîëîìîðôíîå

â îêðåñòíîñòè òî÷êè t = t0.
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Òåîðåìà.Ïóñòü åñòü íåîäíîðîäíàÿ ñèñòåìà

ëèíåéíûõ óðàâíåíèé

dyi
dt

= fi0(t)+fi1(t)y1(t)+fi2(t)y2(t)+...+fin(t)yn(t),

(4.3)

ïðè÷åì åå êîýôôèöèåíòû fij(t), i, j = 1, . . . , n

è êîìïîíåíòû fi0(t), i = 1, . . . , n, åå ïðàâîé ÷à-

ñòè � ýòî ãîëîìîðôíûå â |t − t0| < r ôóíê-

öèè. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøå-

íèå çàäà÷è (4.3), (4.2), òàêæå ãîëîìîðôíîå

âî âñåé îáëàñòè |t− t0| < r.

516



Ñîãëàñíî ýòîé òåîðåìå ðåøåíèå çàäà÷è Êî-

øè (4.3), (4.2) ìîæíî èñêàòü â âèäå ñòåïåí-

íîãî ðÿäà

yi(t) =

∞∑
k=0

Cik(t− t0)
k, i = 1, . . . , n. (4.4)

Çàìåòèì, ÷òî åñëè ðÿä (4.4) ñõîäèòñÿ àáñî-

ëþòíî è ðàâíîìåðíî â ëþáîé çàìêíóòîé îá-

ëàñòè |t− t0| ≤ r0 < r, òî åãî ìîæíî ïî÷ëåííî

äèôôåðåíöèðîâàòü ëþáîå ÷èñëî ðàç.
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Ïðèìåð. Ðåøèòü çàäà÷ó Êîøè

y′′ + y = 0, y(0) = 1, y′(0) = 0. (4.5)

Áóäåì èñêàòü ðåøåíèå â âèäå ðÿäà, îïèðàÿñü

íà ñôîðìóëèðîâàííóþ âûøå òåîðåìó.

Ëèíåéíîå óðàâíåíèå âòîðîãî ïîðÿäêà (4.5)

ýêâèâàëåíòíî ñëåäóþùåé ñèñòåìå:{
y′ = z,

z′ = −y
(4.6)
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ñ íà÷àëüíûìè äàííûìè

y(0) = 1, z(0) = 0. (4.7)

Ñèñòåìà (4.6) � ëèíåéíàÿ ñ ãîëîìîðôíîé

ïðàâîé ÷àñòüþ, è äëÿ çàäà÷è (4.6), (4.7) ñó-

ùåñòâóåò åäèíñòâåííîå ðåøåíèå, ãîëîìîðô-

íîå íà âñåé ÷èñëîâîé ïðÿìîé |t| <∞.

Áóäåì èñêàòü ðåøåíèå ðàññìàòðèâàåìîé çà-
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äà÷è Êîøè â âèäå ñòåïåííîãî ðÿäà

y(t) =

∞∑
k=0

Ckt
k.

Ïîñëå ïîäñòàíîâêè â äèôôåðåíöèàëüíîå óðàâ-

íåíèå íàéäåì

∞∑
k=2

k(k − 1)Ckt
k−2 +

∞∑
k=0

Ckt
k = 0. (4.8)

Îáà ñëàãàåìûõ â óðàâíåíèÿ (4.8) � ýòî ñòå-

ïåííûå ðÿäû. Èçâåñòíî, ÷òî åñëè äâà ñòå-
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ïåííûõ ðÿäà

∞∑
n=0

an(t− t0)
n è

∞∑
n=0

bn(t− t0)
n

ñõîäÿòñÿ â êðóãå |t−t0| < R è â ýòîì æå êðóãå

âûïîëíÿåòñÿ ðàâåíñòâî

∞∑
n=0

an(t− t0)
n =

∞∑
n=0

bn(t− t0)
n,

òî êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ

ðÿäîâ ñîâïàäàþò: an = bn, n = 0, 1, . . ..
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Ñëåäîâàòåëüíî, èç (4.8) èìååì 2C2 + C0 = 0,

6C3 + C1 = 0, . . ., k(k − 1)Ck + Ck−2 = 0.

Ðåøàÿ ýòó ñèñòåìó, ïîëó÷èì

Ck =
(−1)nC0
(2n)!

, åñëè k = 2n, n = 1, 2, . . .

Ck =
(−1)nC1
(2n+ 1)!

, åñëè k = 2n+ 1, n = 1, 2, . . .
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Òàêèì îáðàçîì, èñêîìîå ðåøåíèå èìååò âèä

y(t) = C0

∞∑
n=0

(−1)n

(2n)!
t2n + C1

∞∑
n=0

(−1)n

(2n+ 1)!
t2n+1.

èëè, ÷òî òî æå ñàìîå:

y(t) = C0 cos t+ C1 sin t.

Ýòî ôîðìóëà îáùåãî ðåøåíèÿ. Íà÷àëüíûå

æå äàííûå çàäà÷è ïîçâîëÿþò îïðåäåëèòü êî-
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ýôôèöèåíòû ðÿäà (4.4):

y(0) =

∞∑
k=0

Ckt
k
∣∣
t=0 = C0 = 1,

y′(0) =

∞∑
k=1

kCkt
k−1∣∣

t=0 = C1 = 0.

Ó÷èòûâàÿ ýòî, ïîëó÷èì ðåøåíèå çàäà÷è (4.5)

â âèäå ðàâíîìåðíî ñõîäÿùåãîñÿ â îáëàñòè

|t| <∞ ðÿäà

y(t) = 1−
1

2!
t2 +

1

4!
t4 −

1

6!
t6 . . . = cos t.
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Ðàññìîòðèì ëèíåéíîå óðàâíåíèå âòîðîãî ïî-

ðÿäêà â îáùåì âèäå

y′′(x) + p(x)y′ + q(x) = 0. (4.9)

Ïóñòü x = x0 ÿâëÿåòñÿ îñîáîé òî÷êîé äëÿ

óðàâíåíèÿ (4.9). Ýòî îçíà÷àåò, ÷òî ôóíêöèè

p(x) è q(x) â îêðåñòíîñòè x = x0 ïðåäñòàâèìû

â ñëåäóþùåì âèäå:

p(x) =
1

x− x0
p̃(x), q(x) =

1

(x− x0)2
q̃(x). (4.10)
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Çäåñü p̃(x) è q̃(x) � ãîëîìîðôíûå ôóíêöèè â

îêðåñòíîñòè òî÷êè x0:

p̃(x) = a0 + a1(x− x0) + a2(x− x0)
2 + . . . ,

q̃(x) = b0 + b1(x− x0) + b2(x− x0)
2 + . . . . (4.11)

Ïóñòü óñëîâèå (4.10) âûïîëíåíî â îêðåñòíî-

ñòè òî÷êè x = x0, òîãäà çàìåíèâ x − x0 íà x,

ïîëó÷èì (4.10) â îêðåñòíîñòè íà÷àëà x0 = 0.
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Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (4.9) â âè-

äå îáîáùåííîãî ñòåïåííîãî ðÿäà

y(x) = xρ(C0 + C1x+ C2x
2 + ...) =

= xρ
∞∑
n=0

Cnx
n, ρ 6= 0, 1, . . . . (4.12)

Ðÿä (4.12) ïðåäïîëàãàåòñÿ ñõîäÿùèìñÿ â íå-

êîòîðîé îêðåñòíîñòè òî÷êè x0 = 0, ïðè÷åì

ïåðâûé êîýôôèöèåíò C0 6= 0.
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Ïîäñòàâëÿÿ ðàâåíñòâà (4.10)-(4.12) â óðàâ-

íåíèå (4.9), ïîëó÷àåì òîæäåñòâî.

Ïðèðàâíèâàÿ íóëþ êîýôôèöèåíòû ïðè ïî-

ñëåäîâàòåëüíî âîçðàñòàþùèõ ñòåïåíÿõ x â

ýòîì òîæäåñòâå, ïîëó÷èì ïîñëåäîâàòåëüíûå

óðàâíåíèÿ äëÿ íàõîæäåíèÿ ÷èñåë ρ è Ci, i =

0, 1, . . .. Äëÿ ìëàäøåé ñòåïåíè x, ðàâíîé ρ, èç

òîæäåñòâà èìååì óðàâíåíèå

[ρ(ρ− 1) + a0ρ+ b0]C0 = 0.
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Ïî óñëîâèþ C0 6= 0. Ïîýòîìó äëÿ âûïîëíå-

íèÿ ïîñëåäíåãî ðàâåíñòâà íåîáõîäèìî, ÷òî-

áû ñòåïåíü ρ óäîâëåòâîðÿëà ñëåäóþùåìó óðàâ-

íåíèþ, êîòîðîå íàçûâàþò îïðåäåëÿþùèì:

d(ρ) ≡ ρ(ρ− 1) + a0ρ+ b0 = 0. (4.13)

Îòíîñèòåëüíî ïåðåìåííîé ρ ýòî êâàäðàòíîå

óðàâíåíèå. Ó íåãî ìîæåò áûòü òîëüêî äâà

äåéñòâèòåëüíûõ êîðíÿ.
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Âîçüìåì â (4.12) ρ = ρ̃, ãäå ρ̃ � êîðåíü óðàâ-

íåíèÿ (4.13), à â êà÷åñòâå C0 ìîæíî âçÿòü

ëþáîå ÷èñëî, ïîñêîëüêó äëÿ ëþáîãî ðåøå-

íèÿ y(x) óðàâíåíèÿ (4.9) âñÿêàÿ ôóíêöèÿ âè-

äà Cy(x) � ýòî ñíîâà ðåøåíèå ýòîãî æå óðàâ-

íåíèÿ.

Ïîñëåäîâàòåëüíî ïðèðàâíèâàÿ íóëþ êîýô-

ôèöèåíòû ïðè ñòåïåíÿõ xρ̃+n, n = 1, 2, . . .,
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â ïîëó÷èâøåìñÿ ïîñëå ïîäñòàíîâêè òîæäå-

ñòâå, ïîëó÷èì ïîñëåäîâàòåëüíîñòü óðàâíå-

íèé ñëåäóþùåãî âèäà:

Cnd(ρ̃+ n) + Pn−1 = 0. (4.14)

Çäåñü Pn−1 îáîçíà÷àåò íåêîòîðûé ìíîãî÷ëåí
îò ñîâîêóïíîñòè êîýôôèöèåíòîâ C1, · · · , Cn−1,
a0, a1, · · · , an, b0, · · · , bn.

Êîýôôèöèåíò d(ρ̃+n) ïðè Cn ìîæåò îêàçàòü-

ñÿ ðàâíûì íóëþ òîëüêî â òîì ñëó÷àå, åñëè

531



êîðíè îïðåäåëÿþùåãî óðàâíåíèÿ îòëè÷àþò-

ñÿ äðóã îò äðóãà íà öåëîå ÷èñëî.

Íàïðèìåð, åñëè ρ1 = ρ2+m, òî â êà÷åñòâå êî-

ýôôèöèåíòà ïðè Cm â óðàâíåíèè (4.14) ïî-

ëó÷èì âåëè÷èíó

d(ρ2 +m) = d(ρ1) = 0.

Îäíàêî â ýòîì ñëó÷àå d(ρ1 + n) 6= 0 äëÿ âñåõ

n.
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Òàêèì îáðàçîì, äëÿ êàæäîãî êîðíÿ ρ îïðå-

äåëÿþùåãî óðàâíåíèÿ (4.13) ïðè óñëîâèè,

÷òî ρ1 6= ρ2+m, ãäå m� öåëîå ïîëîæèòåëüíîå

÷èñëî èëè íóëü, ïîëó÷àåì äâà ðàçíûõ ðÿäà,

èìåþùèõ âèä

y(x) = xρ(C0 + C1x+ C2x
2 + ...).

Â ñëó÷àå, åñëè ýòè ðÿäû ñõîäÿòñÿ, îíè îïðå-

äåëÿò äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ

óðàâíåíèÿ (4.9). Òàêèì îáðàçîì, ïîñòðîåíà
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ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé èñõîäíî-

ãî óðàâíåíèÿ (4.9) ñ îñîáîé òî÷êîé.

Ïóñòü òåïåðü îïðåäåëÿþùåå óðàâíåíèå èìå-

åò êðàòíûé êîðåíü

ρ1 = ρ2 = r.

Â ýòîì ñëó÷àå íåâîçìîæíî ïîëó÷èòü äâà ðàç-
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ëè÷íûõ ðåøåíèÿ âèäà

y1(x) = xr(1 + C1x+ C2x
2 + . . . ),

(4.15)

y2(x) = xr(1 + C′1x+ C′2x
2 + . . . ),

ãäå íå âñå Ck ðàâíû C′
k
. Åñëè ôóíêöèè (4.15)

� ýòî ðåøåíèÿ óðàâíåíèÿ (4.8), òî ðåøåíèåì

ýòîãî æå óðàâíåíèÿ ÿâëÿåòñÿ è èõ ðàçíîñòü

y1 + y2 = xr
′
(h0 + h1x+ h2x

2 + . . .),
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ãäå r′ = r+ k (k � öåëîå ïîëîæèòåëüíîå ÷èñ-

ëî) è h0 6= 0. Íî ýòî îçíà÷àåò, ÷òî îïðåäåëÿ-

þùåå óðàâíåíèå êðîìå êîðíÿ r äîëæíî òàê-

æå èìåòü äðóãîé êîðåíü r′, ÷òî íåâîçìîæíî.

Òàêèì îáðàçîì, åñëè óðàâíåíèå

ρ(ρ− 1) + a0ρ+ b0 = 0.

536



èìååò îäèí êîðåíü êðàòíîñòè äâà, òî èñõîä-

íîå äèôôåðåíöèàëüíîå óðàâíåíèå

y′′(x) + p(x)y′ + q(x) = 0

ìîæåò èìåòü òîëüêî îäíî ðåøåíèå âèäà

y1(x) = xr(1 + C1x+ C2x
2 + . . . ).

Â ñëó÷àå, êîãäà êîðíè îïðåäåëÿþùåãî óðàâ-

íåíèÿ ñâÿçàíû ñîîòíîøåíèåì ρ1 = ρ2+m, ãäå
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m � öåëîå ÷èñëî èëè íîëü, íàéäåòñÿ òîëüêî

îäíî ðåøåíèå â âèäå îáîáùåííîãî ñòåïåí-

íîãîò ðÿäà. Âòîðîå ðåøåíèå, äàþùåå â îáú-

åäèíåíèè ñ ïåðâûì ôóíäàìåíòàëüíóþ ñèñòå-

ìó äëÿ îäíîðîäíîãî óðàâíåíèÿ

x2y′′ + xp̃(x)y′ + q̃(x) = 0, (4.16)

ñëåäóåò èñêàòü â âèäå

y2(x) = y1(x)z(x). (4.17)
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Ïîäñòàâëÿÿ (4.17) â (4.16), ïîëó÷èì

x2(y′′1 z+2y′1z
′+y1z

′′)+p̃(x)x(y′1z+y1z
′)+q̃(x)y1z = 0,

èëè, ïðîèçâîäÿ ïåðåãðóïïèðîâêó ñëàãàåìûõ,

(x2y′′1 + xp̃(x)y′1 + q̃(x)y1)z+

+ x2y1z
′′ + 2(y′1x

2 + p̃(x)xy1)z
′ = 0,

Ó÷èòûâàÿ, ÷òî y1 � ýòî ðåøåíèå (4.16), ïî-

ëó÷àåì óðàâíåíèå äëÿ z:

x2y1z
′′ + 2(y′1x

2 + p̃(x)xy1)z
′ = 0. (4.18)
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Óìíîæàÿ (4.18) íà y1(x) è ðàçäåëÿÿ ïåðåìåí-

íûå, ïîëó÷àåì

1

y21z
′d(y

2
1z
′) = −

p̃(x)

x
dx,

èëè

y21z
′(x) = Ce

−
x∫
x0

p̃(ξ)
ξ dξ

, C = const.

Âûáèðàÿ C = 1 è åùå ðàç èíòåãðèðóÿ, ïî-

ëó÷èì âòîðîå ëèíåéíî íåçàâèñèìîå ñ y1(x)
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ðåøåíèå óðàâíåíèÿ (4.16):

y2(x) = y1(x)

∫ x
ξ

1

y21(t)
e
−
∫ t
ξ
p̃(τ )
τ dτ

dt. (4.19)

Çäåñü ξ � ëþáàÿ òî÷êà îêðåñòíîñòè íóëÿ.

Âûÿñíèì, êàê âåäåò ñåáÿ ðåøåíèå y2(x) ïðè

ñòðåìëåíèè x ê íóëþ.

Ïóñòü ρ1 è ρ2 = ρ1 −m � ýòî êîðíè îïðåäå-

ëÿþùåãî óðàâíåíèÿ. Òîãäà

ρ1 + ρ2 = −(a0 − 1).
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Cëåäîâàòåëüíî, 2ρ1 + a0 = m + 1 åñòü öåëîå

ïîëîæèòåëüíîå ÷èñëî.

Èç (4.19), ó÷èòûâàÿ, ÷òî p̃(x) = a0 + a1x + . . .,

ïîëó÷èì

y2(x) = y1(x)

∫ x
ξ

dt

y21(t)
e
−
∫ t
ξ
p̃(τ )
τ dτ

=

= y1(x)

∫ x
x0

t−(2ρ1+a0)
ϕ(t)[

1 + C1t+ C2t
2 + . . .

]2dt.
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Ïîñêîëüêó ϕ(x)� ãîëîìîðôíàÿ ôóíêöèÿ, îíà

ïðåäñòàâèìà â âèäå ðÿäà (4.11) ñ êîýôôèöè-

åíòàìè gi. Òîãäà

y2(x) = y1(x)

∫ x
ξ

( g0

tm+1
+
g1
tm

+ . . .+
gm

t
+

+gm+1 + gm+2t+ . . .
)
dt =

= y1(x)(ln |x|gm + χ(x)).

Òàêèì îáðàçîì, â ñëó÷àå, êîãäà êîðíè îïðå-

äåëÿþùåãî óðàâíåíèÿ ðàçëè÷àþòñÿ íà öåëîå
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÷èñëî, y2(x) èìååò ëîãàðèôìè÷åñêóþ îñîáåí-

íîñòü â òî÷êå x = 0, åñëè gm 6= 0. Ôóíêöèÿ

χ(x) ãîëîìîðôíà â îêðåñòíîñòè x = 0, åñëè

m = 0, è èìååò âèä

χ(x) =
1

xm
χ̃(x)

ïðè m 6= 0. Çäåñü χ̃(x) � ãîëîìîðôíàÿ ôóíê-

öèÿ â îêðåñòíîñòè íóëÿ.
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Èòàê, ìû íàøëè äâà ëèíåéíî íåçàâèñèìûõ

ðåøåíèÿ óðàâíåíèÿ (4.16) y1(x) è y2(x), îá-

ðàçóþùèõ ôóíäàìåíòàëüíóþ ñèñòåìó.

Ïðèìåð. Íàéòè ðåøåíèå óðàâíåíèÿ

xy′′ + 2y′ + xy = 0.

Ðåøåíèå. Â îêðåñòíîñòè òî÷êè x = 0 èìååì

p(x) =
2

x
, a0 = 2, q(x) = 1, b0 = 0.
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Èùåì ðåøåíèå â âèäå

y(x) = xρ
∞∑
k=0

Ckx
k.

Âûïèøåì îïðåäåëÿþùåå óðàâíåíèå:

d(ρ) = ρ(ρ− 1) + 2ρ+ 0 = 0,

ρ2 + ρ = 0, ρ = 0, ρ = −1.

Ñëåäîâàòåëüíî, ðåøåíèå âîçìîæíî íàéòè â
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âèäå ñòåïåííîãî ðÿäà

y(x) =

∞∑
k=0

Ckx
k.

Èìååì

y′(x) =

∞∑
k=1

kCkx
k−1, y′′(x) =

∞∑
k=2

k(k − 1)Ckx
k−2.

Ïîäñòàâèì y, y′ è y′′ â èñõîäíîå óðàâíåíèå,

çàïèñàííîå â ñëåäóþùåì âèäå:

x2y′′ + 2xy′ + x2y = 0.
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Ïîëó÷èì

∞∑
k=0

Ckk(k − 1)xk + 2

∞∑
k=0

Ckkx
k +

∞∑
k=0

Ckx
k+2 = 0.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ

ñòåïåíÿõ x, èìååì ñèñòåìó äëÿ îïðåäåëåíèÿ

êîýôôèöèåíòîâ

2 · C1 = 0,

2 · C2 + 4 · C2 + C0 = 0,
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3 · 2 · C3 + 2 · 3 · C3 + C1 = 0,

4 · 3 · C4 + 2 · 4 · C4 + C2 = 0,

5 · 4 · C5 + 2 · 5 · C5 + C3 = 0,

. . .

Ñëåäîâàòåëüíî, âñå êîýôôèöèåíòû ñ íå÷åò-

íûìè íîìåðàìè ðàâíû íóëþ. Äëÿ ÷åòíûõ íî-

ìåðîâ èìååì ôîðìóëó

C2 = −
C0
6

=
−C0
3!

, C4 = −
C0

6 · 20
=
C0
5!
.
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Ñëåäîâàòåëüíî, ðÿä èìååò âèä

y(x) =

∞∑
k=0

(−1)kC0
(2k + 1)!

x2k.

Ïðîâåðèì, ñõîäèòñÿ ëè ýòîò ðÿä â îêðåñòíî-

ñòè òî÷êè x = 0.

Èñïîëüçóåì ïðèçíàê Äàëàìáåðà:

åñëè limn→∞
∣∣∣an+1
an

∣∣∣ < 1, òî
∑
|an| ñõîäèòñÿ.
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Èìååì

lim
n→∞

|(−1)n+1C0x
2(n+1)|(2n+ 1)!

(2(n+ 1) + 1)!|(1)nC0x
2n|

=

= lim
n→∞

x2

(2n+ 2)(2n+ 3)
< 1

äëÿ âñåõ x. Ñëåäîâàòåëüíî, îäíî ðåøåíèå ïî-

ëó÷èëè:

y1(x) = C0

∞∑
k=0

(−1)k

(2k + 1)!
x2k = C0(1−

x2

3!
+ . . .).

(4.20)
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Ïóñòü C0 = 1. Òîãäà ïîëó÷åííîå ÷àñòíîå ðå-

øåíèå èìååò âèä

y1(x) =
1

x
sinx.

Â ðàññìàòðèâàåìîì ñëó÷àå ρ1 = ρ2 + 1, òî

åñòü ρ1 îòëè÷àåòñÿ îò ρ2 íà öåëîå ÷èñëî. Äëÿ

îïðåäåëåíèÿ âòîðîé ôóíêöèè ôóíäàìåíòàëü-

íîé ñèñòåìû âîñïîëüçóåìñÿ ïîëó÷åííîé âû-

øå ôîðìóëîé

y2(x) = y1(x)

∫ x
ξ

1

y21(t)
e
−
∫ t
ξ
p̃(τ )
τ dτ

dt.
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Ñîãëàñíî ôîðìóëå Îñòðîãðàäñêîãî � Ëè-

óâèëëÿ äëÿ îäíîðîäíîãî óðàâíåíèÿ âòîðîãî

ïîðÿäêà

y′′(x) + a(x)y′ + b(x)y = 0

èìååì∣∣∣∣∣ y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣∣ = Ce
−
∫ x
x0
a(t)dt

. (4.21)

Çäåñü C � ýòî íà÷àëüíîå çíà÷åíèå îïðåäåëè-

òåëÿ Âðîíñêîãî, ïðè x = x0. Ïóñòü ôóíêöèÿ
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y2(x) íåèçâåñòíà , à y1(x) = sinx
x � íàéäåííîå

ðåøåíèå. Ðàñêðûâàÿ îïðåäåëèòåëü â (4.21),

ïîëó÷èì

y1y
′
2 − y2y

′
1 = Ce

∫
−2
xdx = Cx−2.

Ðàçäåëèâ ïðàâóþ è ëåâóþ ÷àñòü íà y21, ïîëó-

÷èì

d

dx

(
y2
y1

)
= C

x2

x2sin2 x
.
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Èíòåãðèðóÿ è ïîëàãàÿ C = −1, ïîëó÷èì

y2
y1

= −
∫

1

sinx2
dx =

cosx

sinx
+ C1.

Âçÿâ çäåñü C1 = 0, íàéäåì

y2 =
cosx

sinx
·
sinx

x
=

cosx

x
.

Òàêèì îáðàçîì, ôóíäàìåíòàëüíóþ ñèñòåìó

äëÿ ðàññìàòðèâàåìîãî ëèíåéíîãî óðàâíåíèÿ

îáðàçóþò ôóíêöèè

sinx

x
è

cosx

x
.
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Îáùåå ðåøåíèå óðàâíåíèÿ èìååò âèä

y(x) = C1
sinx

x
+ C2

cosx

x
.

Èíà÷å ãîâîðÿ, ðåøåíèåì óðàâíåíèÿ ÿâëÿåò-

ñÿ ëèíåéíàÿ êîìáèíàöèÿ äâóõ ðÿäîâ

y(x) = C1

∞∑
k=0

(−1)k

(2k + 1)!
x2k+

+ C2

(
1

x
−
x

2!
+
x3

4!
−
x5

6!
+ . . .

)
.
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Òåìà : Ôóíêöèè Áåññåëÿ è äðóãèå

ñïåöèàëüíûå ôóíêöèè

10. Î ñâîéñòâàõ ãàììà-ôóíêöèè. 20. Óðàâíåíèå

Áåññåëÿ è ôóíêöèè Áåññåëÿ. 30. Êðàåâàÿ çàäà÷à

äëÿ óðàâíåíèÿ Áåññåëÿ. 40. Äðóãèå öèëèíäðè÷å-

ñêèå ôóíêöèè. 50. Óðàâíåíèå Ãàóññà. 60. Óðàâíå-

íèå Ëåæàíäðà. Ïîëèíîìû Ëåæàíäðà. Ïðèñîåäè-

íåííûå ôóíêöèè Ëåæàíäðà.
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10. Ãàììà-ôóíêöèÿ Γ(s) îïðåäåëÿåòñÿ ðàâåí-

ñòâîì

Γ(s) =

∞∫
0

xs−1e−xdx. (1.8)

Íåòðóäíî ïðîâåðèòü, ÷òî èíòåãðàë, ñòîÿùèé

â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà, ñõîäèòñÿ

ïðè s > 0 è ðàñõîäèòñÿ ïðè s ≤ 0. Ïðîñòåé-

øèìè ñâîéñòâàìè ãàììà-ôóíêöèè ÿâëÿþòñÿ

ñëåäóþùèå
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1) Γ(s) > 0;

2) Γ(s+ 1) = sΓ(s);

3) Γ(n+ 1) = n! äëÿ íàòóðàëüíûõ ÷èñåë n.

Âòîðîå èç ïðèâåäåííûõ ñâîéñòâ ïîçâîëÿåò

îïðåäåëèòü ãàììà-ôóíêöèþ äëÿ îòðèöàòåëü-
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íûõ çíà÷åíèé s. Èìåííî, äëÿ ÷èñåë s èç èí-

òåðâàëà (−1, 0) ïîëîæèì

Γ(s) =
Γ(s+ 1)

s
. (2.8)

Äàëåå, äëÿ ÷èñåë s èç èíòåðâàëà (−n,−(n−1)),

n ∈ N, Γ(s) îïðåäåëèì òàê

Γ(s) =
Γ(s+ n)

s(s+ 1) · . . . · (s+ n− 1)
. (3.8)

Çàìåòèì, ÷òî èç ôîðìóë (2.8) è (3.8) ñëåäó-

åò ÷òî ãàììà-ôóíêöèÿ ïîëîæèòåëüíà, åñëè
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s ∈ (−n,−(n− 1)) è ÷èñëî n - ÷åòíîå, è ãàììà-

ôóíêöèÿ îòðèöàòåëüíà, åñëè s ∈ (−n,−(n− 1))

è ÷èñëî n � íå÷åòíîå.

Ôîðìóëû (2.8) è (3.8) îïðåäåëÿþò çíà÷åíèå

ãàììà-ôóíêöèè äëÿ íåöåëûõ îòðèöàòåëüíûõ

çíà÷åíèé s. Äëÿ s = 0 èìååì

Γ(−0) = lim
s→−0

Γ(s+ 1)

s
= −∞,
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Γ(+0) = lim
s→+0

Γ(s+ 1)

s
= +∞.

Â ôîðìóëå (3.8) ïîëîæèì s = −n+ t, 0 < t < 1.

Ïîëó÷èì ðàâåíñòâî

Γ(−n+ t) = (−1)n
Γ(t)

(1− t)(2− t) · . . . · (n− t)
.

Îòñþäà âûòåêàþò ñîîòíîøåíèÿ

Γ(−n+ 0) = (−1)n lim
t→+0

Γ(t)

(1− t) · . . . · (n− t)
= ±∞,

(4.8)
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Γ(−n− 0) = lim
t→1−0

Γ(−(n+ 1) + t) =

= (−1)n+1 lim
t→1−0

Γ(t)

(1− t) · . . . · (n+ 1− t)
= ∓∞.

(5.8)

Â ôîðìóëå (4.8) ïîäðàçóìåâàåòñÿ, ÷òî çíà-

÷åíèå Γ(−n+0) ïðèíèìàåòñÿ ðàâíûì +∞, åñëè

÷èñëî n ÷åòíîå, è −∞, åñëè ÷èñëî n íå÷åòíîå,

è ñîîòâåòñòâåííî â ôîðìóëå (5.8) çíà÷åíèå

Γ(−n− 0) åñòü −∞, åñëè n ÷åòíîå, è +∞, åñëè

n íå÷åòíîå.
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Èòàê, ãàììà-ôóíêöèþ Γ(s) îïðåäåëÿåìóþ ýé-

ëåðîâûì èíòåãðàëîì (1.8) ñõîäÿùèìñÿ ïðè

s > 0, ìîæíî äîîïðåäåëèòü äëÿ íåöåëûõ îò-

ðèöàòåëüíûõ çíà÷åíèé s ñ ïîìîùüþ ôîðìóë

(2.8) è (3.8). Â öåëûõ æå íåïîëîæèòåëüíûõ

òî÷êàõ s ïîâåäåíèå ãàììà-ôóíêöèè îïðåäå-

ëÿåòñÿ ôîðìóëàìè (4.8) è (5.8).

Äëÿ ïðîäîëæåííîé ãàììà-ôóíêöèè íà âñåé

åå îáëàñòè îïðåäåëåíèÿ ñîõðàíÿåòñÿ ñâîé-

ñòâî 2.
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Ïðèâåäåì áåç äîêàçàòåëüñòâà íåêîòîðûå äî-

ïîëíèòåëüíûå ñâîéñòâà ãàììà-ôóíêöèè.

4) íà âñåé îáëàñòè îïðåäåëåíèÿ ãàììà-ôóíêöèè

âûïîëíÿåòñÿ ðàâåíñòâî

Γ(s) =
1

s

∞∏
n=1

(1 + 1
n)s

1 + s
n

(ïðåäñòàâëåíèå ãàììà-ôóíêöèè â âèäå áåñ-

êîíå÷íîãî ïðîèçâåäåíèÿ);
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5) íà âñåé îáëàñòè îïðåäåëåíèÿ ãàììà-ôóíêöèè

âûïîëíÿåòñÿ ðàâåíñòâî

Γ(s) · Γ(1− s) =
π

sinπs

(ôîðìóëà äîïîëíåíèÿ);

6) íà âñåé îáëàñòè îïðåäåëåíèÿ ãàììà-ôóíêöèè

âûïîëíÿåòñÿ ðàâåíñòâî (òåîðåìà óìíîæåíèÿ)

Γ(s)Γ

(
s+

1

n

)
. . .Γ(s+

n− 1

n
) = (2π)

n−1
2 n

1
2−nsΓ(ns).
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Çäåñü n � íàòóðàëüíîå.

7) ïðè s ≥ 0 âûïîëíÿåòñÿ ñîîòíîøåíèå

Γ(s+ 1) = sse−s
√

2πs(1 + εs),

ãäå äëÿ âåëè÷èíû εs èìååò ìåñòî ðàâåíñòâî

lim
s→+∞

εs = 0

(ôîðìóëà Ñòèðëèíãà).
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20. Ëèíåéíîå äèôôåðåíöèàëüíûå óðàâíåíèå

âòîðîãî ïîðÿäêà

x2y
′′

+ xy′ + (x2 − ν2)y = 0 (B)

íàçûâàåòñÿ óðàâíåíèåì Áåññåëÿ. Çäåñü ν �

çàäàííûé ÷èñëîâîé ïàðàìåòð.

Âñÿêîå ðåøåíèå óðàâíåíèÿ Áåññåëÿ, íå ðàâ-

íîå òîæäåñòâåííî íóëþ, íàçûâàåòñÿ öèëèí-

äðè÷åñêîé ôóíêöèåé. Ýòî îáúÿñíÿåò âòîðîå
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åãî íàçâàíèå � óðàâíåíèå öèëèíäðè÷åñêèõ

ôóíêöèé.

Äëÿ òîãî ÷òîáû íàéòè îáùåå ðåøåíèå óðàâ-

íåíèÿ (B), ðàññìîòðèì ñëåäóþùóþ ôóíêöèþ

Φ(x) =

∞∑
k=0

(−1)k

Γ(ν + k + 1)Γ(k + 1)

(x
2

)ν+2k
.

Ðÿä â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà ñõîäèò-

ñÿ ïî ïðèçíàêó Äàëàìáåðà íà ïîëîæèòåëü-

íîé ÷àñòè âåùåñòâåííîé ïðÿìîé.

569



Ïðîèçâîäÿ äèôôåðåíöèðîâàíèå ðÿäà, ïîëó-

÷àåì âñþäó íà îáëàñòè îïðåäåëåíèÿ ôóíê-

öèè Φ(x) ñëåäóþùèå ðàâåíñòâà:

x2Φ
′′
(x) + xΦ′(x)− ν2Φ(x) =

∞∑
k=0

(−1)k[(2k + ν)(2k + ν − 1) + 2k + ν − ν2]

Γ(ν + k + 1)Γ(k + 1)

(x
2

)ν+2k
=

=

∞∑
k=0

(−1)k4k(k + ν)

Γ(ν + k + 1)Γ(k + 1)

(x
2

)ν+2k
=
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= 4

∞∑
k=1

(−1)k

Γ(ν + k)Γ(k)

(x
2

)ν+2k
=

−x2
∞∑
k=0

(−1)k

Γ(ν + k + 1)Γ(k + 1)

(x
2

)ν+2k
= −x2Φ(x).

Òàêèì îáðàçîì, ìû ïðîâåðèëè, ÷òî çàäàâàå-

ìàÿ îáîáùåííûì ñòåïåííûì ðÿäîì ôóíêöèÿ

Φ(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Áåññåëÿ.

Ïóñòü ν > 0. Äëÿ ôóíêöèè Φ(x) â ýòîì ñëó-

÷àå èìååòñÿ ñòàíäàðòíîå îáîçíà÷åíèå Jν(x).
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Èíûìè ñëîâàìè, äëÿ ν > 0 èìååò ìåñòî ðà-

âåíñòâî

Jν(x) =

∞∑
k=0

(−1)k

Γ(ν + k + 1)Γ(k + 1)

(x
2

)ν+2k
.

Ðÿä â ïðàâîé ÷àñòè ñõîäèòñÿ ïî ïðèçíàêó

Äàëàìáåðà.

Îïðåäåëåíèå.Ôóíêöèÿ Jν(x), ãäå ν > 0, íà-

çûâàåòñÿ áåññåëåâîé ôóíêöèåé ïåðâîãî ðîäà

è ïîðÿäêà ν.
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Ïóñòü òåïåðü ν > 0 è ν íå ÿâëÿåòñÿ öåëûì

÷èñëîì. Òîãäà îïðåäåëåí ñëåäóþùèé ðÿä

J−ν(x) =

∞∑
k=0

(−1)k

Γ(−ν + k + 1)Γ(k + 1)

(x
2

)−ν+2k
.

Îïðåäåëåíèå.Ôóíêöèÿ J−ν(x) íàçûâàåòñÿ

áåññåëåâîé ôóíêöèåé ïåðâîãî ðîäà è îòðè-

öàòåëüíîãî ïîðÿäêà −ν.

Ýòè äâå ôóíêöèè ëèíåéíî íåçàâèñèìû è îá-

ðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé
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óðàâíåíèÿ Áåññåëÿ. Òàêèì îáðàçîì, â ñëó÷àå

íåöåëîãî ïîëîæèòåëüíîãî ν îáùåå ðåøåíèå

óðàâíåíèÿ Áåññåëÿ (B) èìååò âèä

y(x) = C1Jν(x) + C2J−ν(x).

Äëÿ öåëûõ ν = n ôóíêöèÿ J−ν(x) îïðåäåëÿ-

åòñÿ ðàâåíñòâîì

J−ν(x) = (−1)νJν(x), ν = n.
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Òàêèì îáðàçîì, ôóíêöèè Jn(x) è J−n(x) ïðè

íàòóðàëüíûõ n ëèíåéíî çàâèñèìû.

Äëÿ áåññåëåâûõ ôóíêöèé èìååò ìåñòî ñëå-

äóþùåå ðåêóððåíòíîå ñîîòíîøåíèå

Jν+1(x)−
2ν

x
Jν(x) + Jν−1(x) = 0.

Ïðè äèôôåðåíöèðîâàíèè áåññåëåâûõ ôóíê-

öèé óäîáíî ïîëüçîâàòüñÿ ñëåäóþùèìè ôîð-
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ìóëàìè

J′ν(x) = Jν−1(x)−
ν

x
Jν(x),

J′ν(x) = −Jν+1(x) +
ν

x
Jν(x).

(
1

x

d

dx

)m(Jν(x)

xν

)
= (−1)m

Jν+m(x)

xν+m
,

(
1

x

d

dx

)m (
xνJν(x)

)
= xν−mJν−m(x).
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30.

Çàäà÷à.Íàéòè òå çíà÷åíèÿ λ, ïðè êîòîðûõ

äèôôåðåíöèàëüíîå óðàâíåíèå

−(xy′)′ +
ν2

x
y = λxy, (6.8)

èìååò íåòðèâèàëüíûå ðåøåíèÿ, óäîâëåòâî-

ðÿþùèå ñëåäóþùèì êðàåâûì óñëîâèÿì:
y(x) = O(xγ) ïðè x→ +0,

αy(1) + βy′(1) = 0.

(7.8)
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Çäåñü ñòåïåíü γ ðàâíà åäèíèöå ïðè ν > 1 ðàâ-

íà ν ïðè 0 6 ν < 1; α è β çàäàííûå íåîòðè-

öàòåëüíûå ÷èñëà, îäíîâðåìåííî íå ðàâíûå

íóëþ.

Âñþäó äàëåå ïðåäïîëàãàåòñÿ, ÷òî

ν > 0, α ≥ 0, β ≥ 0, α+ β > 0. (8.8)

Ëåâàÿ ÷àñòü óðàâíåíèÿ (6.8) âìåñòå ñ êðà-

åâûìè óñëîâèÿìè (7.8) îïðåäåëÿþò íåêîòî-

ðûé îïåðàòîð, êîòîðûé îáîçíà÷èì ÷åðåç Lν.
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Îáëàñòü îïðåäåëåíèÿ Mν îïåðàòîðà Lν çà-

äàåòñÿ ðàâåíñòâîì

M = {y(x) : y(x) ∈ C2((0, 1]),

y(x) = O(xγ), αy(1) + βy′(1) = 0,

x−
1
2[−(xy′)′ +

ν2

x
y] ∈ L2[0, 1]}.

Îïðåäåëåíèå.Ïðîñòðàíñòâî L2,x([0, 1]) ñîâ-

ïàäàåò ñ ìíîæåñòâîì ôóíêöèé f(x), äëÿ êî-

òîðûõ èíòåãðàë
1∫
0
xf2(x)dx êîíå÷åí.
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Ïðîñòðàíñòâî L2,x([0, 1]) ãèëüáåðòîâî ñî ñêà-

ëÿðíûì ïðîèçâåäåíèåì

(f, g)L2,x([0,1]) =

1∫
0

xf(x)g(x)dx.

1. Âñå ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è

(6.8), (7.8) � ïîëîæèòåëüíûå è ïðîñòûå.

2. Êðàåâàÿ çàäà÷à (6.8), (7.8) èìååò ñ÷¼òíîå
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ìíîæåñòâî ñîáñòâåííûõ ÷èñåë {λ(ν)
n }; ñîîò-

âåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè îá-

ðàçóþò îðòîãîíàëüíóþ ñèñòåìó â ïðîñòðàí-

ñòâå L2,x([0, 1]).

Ïóñòü λ � ñîáñòâåííîå çíà÷åíèå ðàññìàòðè-

âàåìîé ñèíãóëÿðíîé çàäà÷è íà ñîáñòâåííûå

çíà÷åíèÿ. Äèôôåðåíöèàëüíîå óðàâíåíèå çà-

äà÷è ïåðåïèøåì â âèäå

x2y
′′

+ y′ + (λx2 − ν2)y = 0. (Bλ)
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Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè ïðîâåðÿ-

åòñÿ, ÷òî ôóíêöèè

Jν(
√
λx) è J−ν(

√
λx)

ÿâëÿþòñÿ ðåøåíèÿìè ðàññìàòðèâàåìîãî óðàâ-

íåíèÿ. Ýòè ôóíêöèè ëèíåéíî íåçàâèñèìû.

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå óðàâíåíèÿ (Bλ)

èìååò âèä

y(x) = C1Jν(
√
λx) + C2J−ν(

√
λx).
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Èç êðàåâîãî óñëîâèÿ â íóëå è ïîëó÷åííî-

ãî ïðåäñòàâëåíèÿ áåññåëåâûõ ôóíêöèé â âè-

äå ðÿäîâ çàêëþ÷àåì, ÷òî êîýôôèöèåíò C2

äîëæåí îáðàùàòüñÿ â íóëü. Òàêèì îáðàçîì,

ñîáñòâåííûå ôóíêöèè ðàññìàòðèâàåìîé êðà-

åâîé çàäà÷è � ýòî ôóíêöèè Áåññåëÿ Jν(
√
λx).

Ñîáñòâåííûå çíà÷åíèÿ çàäà÷è îïðåäåëÿþò-

ñÿ èç êðàåâîãî óñëîâèÿ â åäèíèöå:

αJν(
√
λ) + βJ′ν(

√
λ) = 0. (9.8)
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Òåîðåìà (î ðàçëîæåíèè).Ïóñòü ôóíêöèÿ f(x)

ïðèíàäëåæèò ìíîæåñòâó Mν. Òîãäà èìååò

ìåñòî ðàâåíñòâî

√
xf(x) =

∞∑
k=1

c
(ν)
k

√
xJν

(
µ

(ν)
k

x
)
,

ãäå µ
(ν)
k

=

√
λ

(ν)
k
, à êîýôôèöèåíòû

c
(ν)
k

=

(
f(x), Jν(µ

(ν)
k

x)
)
L2,x[0,1]

||Jν(µ
(ν)
k

x)||L2,x[0,1]

.
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Çäåñü λ
(ν)
k

� ñîáñòâåííûå ÷èñëà ðàññìàòðè-

âàåìîé ñèíãóëÿðíîé çàäà÷è íà ñîáñòâåííûå

÷èñëà, òî åñòü ïîëîæèòåëüíûå êîðíè óðàâ-

íåíèÿ

αJν(
√
λ) + βJ′ν(

√
λ) = 0.

40. Íàðÿäó ñ ôóíêöèÿìè Áåññåëÿ â ïðèëî-

æåíèÿõ ðàñïðîñòðàíåíû äðóãèå öèëèíäðè÷å-

ñêèå ôóíêöèè.
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Îïðåäåëåíèå. Äëÿ íåöåëîãî çíà÷åíèÿ ν

ôóíêöèÿ Íåéìàíà îïðåäåëÿþòñÿ ñîîòíîøå-

íèåì

Nν(x) =
1

sinπν

[
Jν(x) cosπx− J−ν(x)

]
.

Åñëè æå ν = n � öåëîå ÷èñëî, òî ôóíêöèÿ

Íåéìàíà Nn(x) çàäàåòñÿ ñîîòíîøåíèåì

Nn(x) =
1

π

[
∂Jν(x)

∂ν
− (−1)n

∂J−ν(x)

∂ν

]
ν=n

.
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Ôóíêöèÿ Íåéìàíà Nν(x) ïðè ëþáûõ ν (öåëûõ

èëè íåöåëûõ) ïðåäñòàâëÿåò ñîáîé ëèíåéíî

íåçàâèñèìîå ñ ôóíêöèåé Jν(x) ðåøåíèå óðàâ-

íåíèÿ Áåññåëÿ.

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå óðàâíåíèÿ

Áåññåëÿ ìîæíî çàïèñàòü â ñëåäóþùåì âèäå

y(x) = C1Jν(x) + C2Nν(x).
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Ñ ïîìîùüþ ôóíêöèé Áåññåëÿ è Íåéìàíà

îïðåäåëèì ôóíêöèè Õàíêåëÿ ïåðâîãî è âòî-

ðîãî ðîäà ñîîòâåòñòâåííî:

H
(1)
ν (x) = Jν(x) + iNν(x),

H
(2)
ν (x) = Jν(x)− iNν(x).

Ôóíêöèè Áåññåëÿ, Íåéìàíà è Õàíêåëÿ îòíî-

ñÿòñÿ ê êëàññó öèëèíäðè÷åñêèõ ñïåöèàëüíûõ

ôóíêöèé.
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50. Ðàññìîòðèì åùå îäíî âàæíîå äëÿ ïðèëî-

æåíèé äèôôåðåíöèàëüíîå óðàâíåíèå.

Îïðåäåëåíèå.Ëèíåéíîå äèôôåðåíöèàëüíîå

óðàâíåíèå âèäà

x(x− 1)y
′′

+ [(α+ β + 1)x− γ]y′ + αβy = 0, (10.8)

íàçûâàåòñÿ ãèïåðãåîìåòðè÷åñêèì óðàâíåíè-

åì, èëè óðàâíåíèåì Ãàóññà. Çäåñü α, β, γ �

ýòî çàäàííûå ÷èñëà.
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Ðåøåíèå ýòîãî óðàâíåíèÿ ìîæíî ïðåäñòà-

âèòü â âèäå ñòåïåííîãî ðÿäà

y(x) =

∞∑
k=0

Akx
ρ+k, A0 6= 0.

×èñëà Ak íàõîäÿò, ïîäñòàâëÿÿ ïðåäïîëàãàå-

ìîå ðåøåíèå â óðàâíåíèå (10.8) è ïðèðàâíè-

âàÿ ê íóëþ êîýôôèöèåíòû ïðè âñåõ ïîñëå-

äîâàòåëüíûõ ñòåïåíÿõ x.
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Â ÷àñòíîñòè, èç ðàâåíñòâà íóëþ êîýôôè-

öèåíòà ïðè xρ−1 ïîëó÷àåòñÿ îïðåäåëÿþùåå

óðàâíåíèå

A0ρ(ρ− 1) + γA0ρ = 0.

Ó÷èòûâàÿ, ÷òî A0 6= 0, ïîëó÷àåì êâàäðàòíîå

óðàâíåíèå îòíîñèòåëüíî ρ, èìåþùåå äâà âå-

ùåñòâåííûõ êîðíÿ

ρ1 = 0, ρ2 = 1− γ.
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×àñòíûå ðåøåíèÿ óðàâíåíèÿ Ãàóññà, ñîîò-

âåòñòâóþùèå êîðíÿì ρ1 è ρ2, îáîçíà÷èì êàê

y1(x) è y2(x).

Ïîëàãàÿ A0 = 1, ïîëó÷àåì äëÿ êîýôôèöèåí-

òîâ Ak â ðàçëîæåíèè ôóíêöèè y1(x) ñëåäóþ-

ùèå ðåêóððåíòíûå ñîîòíîøåíèÿ

Ak+1 =
(α+ k)(β + k)

(k + 1)(γ + k)
Ak, k = 0, 1, . . . .
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Ó÷èòûâàÿ ýòè ðàâåíñòâà, ïîëó÷àåì äàëåå

Ak =
(α)k(β)k
k!(γ)k

, k = 0, 1, . . . .

×åðåç (·)k çäåñü îáîçíà÷åíî ïðîèçâåäåíèå,

èçâåñòíîå êàê ñèìâîë Ïîõãàììåðà:

(α)j = α(α+ 1) . . . (α+ j − 1),

(β)j = β(β + 1) . . . (β + j − 1),

(γ)j = γ(γ + 1) . . . (γ + j − 1).
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Ïóñòü ïàðàìåòð γ íå ÿâëÿåòñÿ öåëûì îò-

ðèöàòåëüíûì ÷èñëîì. Òîãäà ïðîñòðàíñòâî

îãðàíè÷åííûõ íà 0 6 x 6 1 ðåøåíèé óðàâíå-

íèÿ Ãàóññà îäíîìåðíî. Áàçèñ â ýòîì ïðî-

ñòðàíñòâå ñîñòîèò èç åäèíñòâåííîãî íåòðè-

âèàëüíîãî ðåøåíèÿ. Â êà÷åñòâå òàêîâîãî ãî-

äèòñÿ ñëåäóþùàÿ ôóíêöèÿ

y1(x) = 1 +

∞∑
k=1

(α)k(β)k
k!(γ)k

xk. (11.8)
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Ðÿä, ñòîÿùèé â ïðàâîé ÷àñòè (11.8), íàçû-

âàåòñÿ ãèïåðãåîìåòðè÷åñêèì.

Â ñèëó ïðèçíàêà Äàëàìáåðà ðÿä (11.8) ñõî-

äèòñÿ ïðè |x| < 1. Áîëåå òîãî, íà ëþáîì îò-

ðåçêå [a, b] òàêîì, ÷òî −1 < a < b < 1 ýòîò ðÿä

ìîæíî ïî÷ëåííî äèôôåðåíöèðîâàòü ëþáîå

÷èñëî ðàç.
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Îïðåäåëåíèå.Ñóììà ãèïåðãåîìåòðè÷åñêîãî

ðÿäà, ïðåäñòàâëÿþùàÿ ïåðâîå ÷àñòíîå ðå-

øåíèå óðàâíåíèÿ Ãàóññà, îáîçíà÷àåòñÿ ÷å-

ðåç F (α, β, γ;x) è íàçûâàåòñÿ ãèïåðãåîìåòðè-

÷åñêîé ôóíêöèåé.

Åùå îäíî ðåøåíèå y2(x) óðàâíåíèÿ (10.8) áó-

äåì èñêàòü â âèäå

y2(x) = x1−γu(x).
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Ïåðåñ÷èòûâàÿ y′2(x) è y′′2 (x) ÷åðåç ôóíêöèþ

u(x), ïîëó÷àåì, ÷òî u(x) äîëæíà ðåøàòü ãè-

ïåðãåîìåòðè÷åñêîå óðàâíåíèå ñ ïàðàìåòðà-

ìè

α+ 1− γ, β + 1− γ, 2− γ.

Ñëåäîâàòåëüíî, ôóíêöèÿ y2(x) áóäåò èìåòü

âèä

y2(x) = x1−γF (α+ 1− γ, β + 1− γ, 2− γ;x).
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Ïðè ýòîì 2− γ íå äîëæíî áûòü öåëûì íåïî-

ëîæèòåëüíûì ÷èñëîì.

Ïîñòðîåííûå ôóíêöèè y1(x) è y2(x) ëèíåéíî

íåçàâèñèìû. Ñëåäîâàòåëüíî, îáùåå ðåøåíèå

ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ (10.8) íà

èíòåðâàëå (−1, 1) ìîæíî çàïèñàòü â âèäå èõ

ëèíåéíîé êîìáèíàöèè

C1F (α, β, γ;x)+C2x
1−γF (α+1−γ, β+1−γ, 2−γ;x)
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ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå.

Ìíîãèå ôóíêöèè, êàê ýëåìåíòàðíûå, òàê è

ñïåöèàëüíûå, ìîãóò áûòü ïîëó÷åíû èç ãè-

ïåðãåîìåòðè÷åñêîé ôóíêöèè F (α, β, γ;x) ïðè

ïîäõîäÿùèõ çíà÷åíèÿõ ïàðàìåòðîâ α, β, γ.

Â ÷àñòíîñòè, èìåþò ìåñòî ðàâåíñòâà

F (−n, β, β;−x) = F (−n, 1, 1;−x) = (1 + x)n,

F (−n, β, β, 1− x) = F (−n, 1, 1; 1− x) = xn,
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F (1, 1, 2; ,−x) =
1

x
ln(1 + x),

lim
n→∞

F
(

1, n, 1,
x

n

)
= ex,

lim
α,β→∞

F

(
α, β,

1

2
;−

x2

4αβ

)
= cosx,

lim
α,β→∞

F

(
α, β,

1

2
;
x2

4αβ

)
= chx.
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×åðåç ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ ìîæ-

íî âûðàçèòü òàêæå áåññåëåâû ôóíêöèè:

Jν(x) = lim
α,β→∞

[
(x2)ν

Γ(ν + 1)
F

(
α, β, ν + 1;−

x2

4αβ

)]

J−ν(x) = lim
α,β→∞

[
(x2)−ν

Γ(−ν + 1)
F

(
α, β,−ν + 1;−

x2

4αβ

)]
.
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60. ×àñòî â ïðèëîæåíèÿõ âîçíèêàåò åùå îäíî

äèôôåðåíöèàëüíîå óðàâíåíèå, êîòîðîå ìû

ñåé÷àñ ðàññìîòðèì.

Îïðåäåëåíèå.Ëèíåéíîå äèôôåðåíöèàëüíîå

óðàâíåíèå âèäà

(1− x2)y′′ − 2xy′ + n(n+ 1)y = 0 (12.8)

íàçûâàåòñÿ óðàâíåíèåì Ëåæàíäðà.
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Òåîðåìà (îá îãðàíè÷åííûõ ðåøåíèÿõ óðàâ-

íåíèÿ Ëåæàíäðà).Ïðè ëþáîì íåîòðèöàòåëü-

íîì öåëîì k ñóùåñòâóåò åäèíñòâåííîå ðåøå-

íèå ñëåäóþùåé çàäà÷è
(
(1− t2)y′(t)

)′
+ k(k + 1)y(t) = 0, |t| < 1,

‖y(t) | C(1)[−1, 1]‖ < +∞, y(+1) = 1.

(4)

Ïî ïåðåìåííîé t ýòî ðåøåíèå � ïîëèíîìîì

ñòåïåíè k.
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Äîêàçàòåëüñòâî. Ïóñòü ñíà÷àëà k = 0. Óðàâ-

íåíèå â ýòîì ñëó÷àå èìååò âèä(
(1− t2)y′(t)

)′
= 0

è åãî îáùåå ðåøåíèå çàäàåòñÿ ôîðìóëîé

y(t) =
C1
2

ln
1 + t

1− t
+ C2.

Ôóíêöèÿ y(t) ïîäîáíîãî âèäà ìîæåò áûòü

îãðàíè÷åíà íà îòðåçêå [−1, 1] ëèøü â ñëó÷àå,
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êîãäà C1 = 0. Ïðè ýòîì y(t) òîæäåñòâåííî ïî-

ñòîÿííà è óñëîâèå y(+1) = 1 óäîâëåòâîðÿåò-

ñÿ ëèøü äëÿ òîæäåñòâåííî åäèíè÷íîé ôóíê-

öèè. Òåì ñàìûì ðåøåíèå ðàññìàòðèâàåìîé

çàäà÷è åäèíñòâåííî è îáÿçàíî áûòü òîæäå-

ñòâåííî åäèíè÷íîé ôóíêöèåé, ò.å. ïîëèíî-

ìîì íóëåâîé ñòåïåíè. Â ñóùåñòâîâàíèè ðå-

øåíèÿ ëåãêî óáåäèòüñÿ, ðàññìîòðåâ ïîëèíîì

P0(t) ≡ 1.
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Äàëåå, ïóñòü k > 1, à y(t) � ðåøåíèå óðàâíå-

íèÿ Ëåæàíäðà, y(t) ∈ C(1)[−1, 1]. Èç óðàâíåíèÿ

çàêëþ÷àåì, ÷òî

y(t) = −
1

k(k + 1)

d

dt

(
(1− t2)

dy

dt
(t)

)
, |t| < 1.

Ïðîèíòåãðèðîâàâ ýòî ðàâåíñòâî ïî îòðåçêó

(−1, τ ), ãäå τ < 1, ïîëó÷èì

τ∫
−1

y(t) dt = −
1

k(k + 1)

τ∫
−1

d

dt

(
(1− t2)

dy

dt
(t)

)
dt =
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= −
1

k(k + 1)
(1− t2)

dy

dt
(t)

∣∣∣t=τ
t=−1

= −
(1− τ2)

k(k + 1)
y′(τ ).

Ïîñëåäíåå ðàâåíñòâî ñïðàâåäëèâî â ñèëó óñëî-

âèÿ, ÷òî ïðîèçâîäíàÿ y′(t) èìååò êîíå÷íûé

ïðåäåë ïðè t→ −1. Òàêèì îáðàçîì, ïîëó÷à-

åì ðàâåíñòâî

y′(τ ) = −
k(k + 1)

1− τ2

τ∫
−1

y(t) dt.

Èç ýòîãî ñîîòíîøåíèÿ ñëåäóåò, â ÷àñòíîñòè,

÷òî y(t) ïðèíàäëåæèò C(∞)(−1, 1), ò.å. âíóòðè
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èíòåðâàëà (−1,+1) ôóíêöèÿ y(t) èìååò ïðîèç-

âîäíûå âñåõ ïîðÿäêîâ. Îáîçíà÷èì èõ ÷åðåç

vm(t) = y(m)(t), m = 0, 1, 2, . . ..

Ïðîäèôôåðåíöèðîâàâ m ðàç óðàâíåíèå Ëå-

æàíäðà, ïîëó÷èì

dm+1

dtm+1

(
(1− t2)

dy

dt
(t)

)
+ k(k + 1)

dmy

dtm
(t) = 0.

Ïðèìåíèâ äëÿ âû÷èñëåíèÿ ïåðâîãî ñëàãàå-

ìîãî â ëåâîé ÷àñòè ýòîãî ðàâåíñòâà ôîðìóëó
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Ëåéáíèöà, ïðèäåì ê ñîîòíîøåíèþ

(1− t2)v′′m − 2(m+ 1)tv′m −m(m+ 1)vm+

+k(k + 1)vm = 0. (5)

Äîìíîæèâ îáå ÷àñòè ïîëó÷åííîãî óðàâíåíèÿ

íà (1− t2)m è ââåäÿ îáîçíà÷åíèå

µkm = k(k + 1)−m(m+ 1),

ïîëó÷èì(
(1− t2)m+1v′m(t)

)′
+ µkm(1− t2)mvm(t) = 0. (6)
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Ó÷èòûâàÿ, ÷òî µk
k

= 0, êàê ýòî ñëåäóåò èç

îïðåäåëåíèÿ µkm, è ïîëàãàÿ â (6) m = k, ïî-

ëó÷àåì (
(1− t2)k+1v′k(t)

)′
= 0.

Âñïîìèíàÿ, ÷òî vk(t) = y(k)(t), èìååì èç ïî-

ëó÷åííîãî ðàâåíñòâà:

y(k+1)(t) =
C0

(1− t2)k+1
, (7)

ãäå C0 � íåêîòîðàÿ ïîñòîÿííàÿ.
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Óðàâíåíèå y(k+1)(t) = f(t) ñ íåïðåðûâíîé â îê-

ðåñòíîñòè íóëÿ ïðàâîé ÷àñòüþ f(t), êàê õîðî-

øî èçâåñòíî, èìååò îáùèì ðåøåíèåì ôóíê-

öèþ âèäà

y(t) =
1

k!

t∫
0

(t− τ )kf(τ ) dτ +Rk(t),

ãäå Rk(t) � ïîëèíîì ñòåïåíè k. Â ïðèìåíåíèè

ê óðàâíåíèþ (7) ýòà ôîðìóëà äàåò ñëåäóþ-
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ùåå ðàâåíñòâî

y(t) =
C0
k!

t∫
0

(t− τ )k

(1− τ2)k+1
dτ +Rk(t). (8)

Íàéäåì ïðåäåë èíòåãðàëà â ïðàâîé ÷àñòè (8)

ïðè ñòðåìëåíèè t ê åäèíèöå ñëåâà. Çàìåòèì,
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÷òî ïðè 0 < t < 1 èìåþò ìåñòî ñîîòíîøåíèÿ

t∫
0

(1− τ )k

(1− τ2)k+1
dτ =

t∫
0

1

(1 + τ )k+1

1

1− τ
dτ >

>
1

2k+1

t∫
0

1

1− τ
dτ = −

1

2k+1
ln(1− t).

Òàêèì îáðàçîì,

lim
t→1−0

t∫
0

(1− τ )k

(1− τ2)k+1
dτ = +∞.
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Ñëåäîâàòåëüíî, èíòåãðàë â (8) ïðè ñòðåìëå-

íèè t ê åäèíèöå ñëåâà íåîãðàíè÷åííî âîçðàñ-

òàåò:

lim
t→1−0

t∫
0

(t− τ )k

(1− τ2)k+1
dτ =

lim
t→1−0

t∫
0

(1− τ )k

(1− τ2)k+1
dτ = +∞.

Äëÿ îáîñíîâàíèÿ ïîñëåäíèõ äâóõ ðàâåíñòâ
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óäîáíî èñïîëüçîâàòü ïîëó÷àåìîå èç ôîðìó-

ëû áèíîìà Íüþòîíà ðàçëîæåíèå:

(t− τ )k − (1− τ )k =

k∑
j=1

C
j
k

(t− 1)j(1− τ )k−j.

Òàêèì îáðàçîì, çàäàâàåìàÿ ðàâåíñòâîì (8)

ôóíêöèÿ y(t) áóäåò îãðàíè÷åíà íà îòðåçêå

[−1, 1] ëèøü ïðè C0 = 0 è â ýòîì ñëó÷àå èìååò

ìåñòî ðàâåíñòâî y(t) = Rk(t). Ñëåäîâàòåëüíî,
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y(t) äåéñòâèòåëüíî ÿâëÿåòñÿ ïîëèíîìîì ñòå-

ïåíè k.

Óòî÷íèì âèä ïîëèíîìà Rk(t). Ñ ýòîé öåëüþ

óñòàíîâèì ïðè j = 1, 2, . . . k ñëåäóþùèå ñîîò-

íîøåíèÿ

y(t) =
(−1)j

µk0µ
k
1 . . . µ

k
j−1

dj

dtj

[
(1− t2)jvj

]
, (9)

ãäå vj(t) = djy/dtj è µk
i

= k(k + 1)− i(i+ 1).
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Ïðè j = 1 ñîîòíîøåíèå (9) ñîâïàäàåò ñ èñ-

õîäíûì óðàâíåíèåì Ëåæàíäðà, ò.å. çàâåäîìî

ñïðàâåäëèâî. Ïðåäïîëîæèâ âûïîëíåíèå (9)

ïðè íåêîòîðîì j < k, âîñïîëüçóåìñÿ ïðè m = j

óñòàíîâëåííûì ðàíåå òîæäåñòâîì (6), ò.å.

ðàâåíñòâîì

d

dt

(
(1− t2)j+1

dvj

dt
(t)

)
+ µkj (1− t2)jvj(t) = 0.

Ïåðåïèøåì åãî â ýêâèâàëåíòíîì âèäå

vj(t) = −
1

µk
j

1

(1− t2)j

d

dt

(
(1− t2)j+1vj+1(t)

)
.
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Ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â (9), íàõîäèì

äëÿ y(t) ñëåäóþùåå ïðåäñòàâëåíèå

(−1)j+1

µk0 . . . µ
k
j

dj

dtj

[
(1− t2)j

(1− t2)j

d

dt

(
(1− t2)j+1vj+1

)]
,

èëè

y(t) =
(−1)j+1

µk0µ
k
1 . . . µ

k
j

dj+1

dtj+1

[
(1− t2)j+1vj+1

]
,

ò.å. òî æå ñàìîå ðàâåíñòâî (9), íî óæå äëÿ

íîìåðà j + 1. Ïî èíäóêöèè çàêëþ÷àåì, ÷òî
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ðàâåíñòâî (9) ñïðàâåäëèâî äëÿ âñåõ äîïóñòè-

ìûõ çíà÷åíèé j.

Çàìåòèì òåïåðü, ÷òî

vk(t) = dky/dtk = dkRk/dt
k ≡ const.

Ïîñëåäíåå ðàâåíñòâî ñïðàâåäëèâî â ñèëó óñëî-

âèÿ, ÷òî Rk(t) � ýòî ïîëèíîì ñòåïåíè k. Ó÷è-

òûâàÿ ïîñòîÿíñòâî ôóíêöèè vk(t), âîçüìåì
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â (9) j = k. Òîãäà ïîëó÷èì

y(t) = Bk
dk

dtk

[
(1− t2)k

]
,

ãäå Bk � íåêîòîðàÿ êîíñòàíòà. Âûÿñíèì, êà-

êèì äîëæíî áûòü çíà÷åíèå Bk, ÷òîáû âûïîë-

íÿëîñü óñëîâèå y(+1) = 1.
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Èìååì, ïîëüçóÿñü ôîðìóëîé Ëåéáíèöà:

dk

dtk

[
(1− t2)k

]
=
dk

dtk

[
(1− t)k(1 + t)k

]
=

=

k∑
j=0

C
j
k

dj

dtj

[
(1− t)k

] dk−j
dtk−j

[
(1 + t)k

]
.

Ïðè t = +1 â ïðàâîé ÷àñòè ïîëó÷åííîãî ðà-

âåíñòâà îñòàåòñÿ â òî÷íîñòè îäíî ñëàãàå-

ìîå, ñîîòâåòñòâóþùåå èíäåêñó j = k, ò.å.

dk

dtk

[
(1− t2)k

] ∣∣∣
t=+1

= 2k(−1)kk!.
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Òàêèì îáðàçîì, óñëîâèþ y(+1) = 1 çàâåäîìî

óäîâëåòâîðÿåò ïîëèíîì

y(t) = Pk(t) ≡
1

2kk!

dk

dtk

[
(t2 − 1)k

]
. (10)

Ïîëèíîì Pk(t), çàäàâàåìûé ðàâåíñòâîì (10),

íàçûâàåòñÿ ïîëèíîìîì Ëåæàíäðà ñòåïåíè k.

Ñàìà æå ôîðìóëà (10) íàçûâàåòñÿ ôîðìó-

ëîé Ðîäðèãà äëÿ ïîëèíîìîâ Ëåæàíäðà.
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Òàêèì îáðàçîì, åäèíñòâåííîñòü ðåøåíèÿ óðàâ-

íåíèÿ Ëåæàíäðà â êëàññå C(1)[−1, 1] è åãî ïî-

ëèíîìèàëüíûé âèä óñòàíîâëåíû.

Ðàçëîæåíèå ïîëèíîìà Pk(t) ïî ñòåïåíÿì t

íàéäåì, âîñïîëüçîâàâøèñü ôîðìóëàìè Ðîä-

ðèãà è áèíîìà

(t2 − 1)k =

k∑
j=0

(−1)jk!

j!(k − j)!
t2k−2j.
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Â èòîãå ïîëó÷àåì ðàâåíñòâî

Pk(t) =

[k2]∑
j=0

(−1)j(2k − 2j)!

2kj!(k − j)!(k − 2j)!
tk−2j.

Ýòî ïðåäñòàâëåíèå ïîëèíîìà Ëåæàíäðà ïîç-

âîëÿåò ïðÿìûìè âû÷èñëåíèÿìè∗ óáåäèòüñÿ,

÷òî Pk(t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíî-

ìó óðàâíåíèþ

(1− t2)P ′′k (t)− 2tP ′k(t) + k(k + 1)Pk(t) = 0,

∗Â êà÷åñòâå óïðàæíåíèÿ ïðîäåëàéòå èõ ñàìîñòîÿòåëüíî.
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ò.å. óðàâíåíèþ Ëåæàíäðà. Òàêèì îáðàçîì,

ñóùåñòâîâàíèå ðåøåíèÿ êðàåâîé çàäà÷è (4)

òàêæå óñòàíîâëåíî.

Ïîêàæåì, ÷òî ìíîãî÷ëåíû

Pn(x) =
1

2nn!

dn

dxn
[(x2 − 1)n],

íàçûâàåìûå ìíîãî÷ëåíàìè Ëåæàíäðà, óäî-

âëåòâîðÿþò óðàâíåíèþ Ëåæàíäðà.
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Îáîçíà÷èì wn(x) = (x2 − 1)n. Èìååò ìåñòî

òîæäåñòâî

(x2 − 1)w′n − 2nxwn = 0.

Äèôôåðåíöèðóÿ ýòî òîæäåñòâåííî n+ 1 ðàç,

ïîëó÷àåì ðàâåíñòâî

(x2 − 1)w
(n+2)
n + 2xw

(n+1)
n − n(n+ 1)w

(n)
n = 0.

Èç ýòîãî ðàâåíñòâà è âûòåêàåò, ÷òî ôóíêöèÿ

w
(n)
n (x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (12.8).
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Äëÿ ìíîãî÷ëåíîâ Pn(x) èìåþò ìåñòî ñëåäó-

þùèå ðåêóððåíòíûå ñîîòíîøåíèÿ

(n+ 1)P(n+1)(x)− (2n+ 1)xPn(x) + nPn−1(x) = 0,

(2n+ 1)Pn(x) = P ′n+1(x)− P ′n−1(x).

Ìíîãî÷ëåíû Ëåæàíäðà Pn(x) îáëàäàþò ñëå-

äóþùèì âàæíûì ñâîéñòâîì.

Òåîðåìà.Ëþáîå ðåøåíèå y(x) óðàâíåíèÿ Ëå-

æàíäðà (12.8), îïðåäåëåííîå íà îòðåçêå [−1, 1]
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è ïðèíàäëåæàùåå ïðîñòðàíñòâó C2([−1, 1]), èìå-

åò âèä

y(x) = CPn(x), C = const. (13.8)

Äîêàçàòåëüñòâî. Äëÿ âñÿêîãî ðåøåíèÿ y(x)

èç êëàññà C2([−1, 1]) â ñèëó ôîðìóëû Îñòðî-

ãðàäñêîãî-Ëèóâèëëÿ íà èíòåðâàëå (−1, 1) áó-

äåò âûïîëíÿòüñÿ ðàâåíñòâî

P ′n(x)y(x)− Pn(x)y′(x) =
µ

1− x2
, µ = const.

(14.8)
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Ïðè |x| < 1 è x → ±1 ëåâàÿ ÷àñòü ðàâåí-

ñòâà (14.8) êîíå÷íà, ïðàâàÿ æå � áåñêî-

íå÷íà. Ñëåäîâàòåëüíî, (14.8) ìîæåò âûïîë-

íÿòüñÿ ëèøü ïðè µ = 0. Íî òîãäà îïðåäåëè-

òåëü Âðîíñêîãî ôóíêöèé y(x) è Pn(x) îáðà-

ùàåòñÿ â íóëü òîæäåñòâåííî, ÷òî âîçìîæ-

íî ëèøü ïðè ëèíåéíîé çàâèñèìîñòè ôóíêöèé

y(x) è Pn(x) íà îòðåçêå [−1, 1]. Ýòî è îçíà÷àåò,

÷òî ñïðàâåäëèâî ðàâåíñòâî (13.8).
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Ìíîãî÷ëåíû Ëåæàíäðà ÿâëÿþòñÿ ñîáñòâåí-

íûìè ôóíêöèÿìè îïåðàòîðà −((1−x2)y′)′, ñî-

îòâåòñòâóþùèìè ïðîñòîìó ñîáñòâåííîìó çíà-

÷åíèþ λ = n(n + 1). Ðîëü ãðàíè÷íûõ óñëîâèé

çäåñü èãðàþò óñëîâèÿ îãðàíè÷åííîñòè ðåøå-

íèÿ â òî÷êàõ ±1.

1. Ìíîãî÷ëåíû Ëåæàíäðà îáðàçóþò îðòîãî-

íàëüíóþ ñèñòåìó â ïðîñòðàíñòâå L2([−1, 1]).
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2. Ñèñòåìà {Pn(x)} ìíîãî÷ëåíîâ Ëåæàíäðà

ïîëíà â ïðîñòðàíñòâå L2([−1, 1]).

3. Âñÿêàÿ ôóíêöèÿ f(x) èç L2([−1, 1]) ïðåäñòà-

âèìà ðÿäîì ñõîäÿùèìñÿ â L2([−1, 1]):

f(x) =

∞∑
n=0

2n+ 1

2
αnPn(x),

αn =

1∫
−1

f(x)Pn(x)dx.
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Ðàññìîòðèì óðàâíåíèå

(1−x2)y
′′
−2xy′+ [n(n+ 1)−m(m+ 1)]y = 0, (15.8)

â êîòîðîì n è m � öåëûå íåîòðèöàòåëüíûå

÷èñëà. Ýòî óðàâíåíèå ñîîòâåòñòâóåò ãèïåð-

ãåîìåòðè÷åñêîìó óðàâíåíèþ ñî ñëåäóþùèìè

ïàðàìåòðàìè

α = m+ n+ 1, β = m− n, γ = m+ 1, x =
1− t

2
.
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Ïîêàæåì, ÷òî ôóíêöèè

Pmn (x) = (1−x2)
m
2 P

(m)
n (x), n = 0, 1, . . . ,m = 0, 1, . . . , n,

ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ (15.8).

Ïðåîáðàçóåì óðàâíåíèå (15.8), ïîëîæèâ

y(x) = (1− x2)
m
2 z(x).
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Äëÿ ôóíêöèè z(x) òîãäà äîëæíî âûïîëíÿòü-

ñÿ óðàâíåíèå

(1−x2)z
′′
−2x(m+1)z′+(n2+n−m2−m)z = 0. (16.8)

Ñ äðóãîé ñòîðîíû, äèôôåðåíöèðóÿ óðàâíå-

íèå Ëåæàíäðà (12.8) m ðàç, ïîëó÷àåì, ÷òî

ïðîèçâîäíàÿ P
(m)
n (x) óäîâëåòâîðÿåò óðàâíå-

íèþ (16.8). Îòñþäà ñëåäóåò ñîâïàäåíèÿ ôóíê-

öèé z(x) è P
(m)
n (x) è äàëåå - ÷òî ðåøåíèåì

óðàâíåíèÿ (15.8) áóäóò ôóíêöèè Pmn (x).
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Óðàâíåíèå (15.8) íàçûâàåòñÿ äèôôåðåíöè-

àëüíûì óðàâíåíèåì ïðèñîåäèíåííûõ ôóíê-

öèé, ðåøåíèå æå åãî � òî åñòü ôóíêöèè

Pmn (x) � ïðèñîåäèíåííûìè ôóíêöèÿìè Ëå-

æàíäðà.

Äëÿ ïðèñîåäèíåííûõ ôóíêöèé Ëåæàíäðà èìå-

þò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:
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1. Ïðè n ≥ m ëþáîå ðåøåíèå óðàâíåíèÿ (15.8),

îïðåäåëåííîå íà îòðåçêå [−1, 1] è ïðèíàäëå-

æàùåå ïðîñòðàíñòâó C2([−1, 1]) èìååò âèä

y(x) = CPmn (x), C = const.

2. Äëÿ ëþáîãî íåîòðèöàòåëüíîãî öåëîãî ÷èñ-

ëà m ôóíêöèè {Pmn (x)}, n = m,m+ 1, . . ., îáðà-

çóþò â ïðîñòðàíñòâå L2([−1, 1]) îðòîãîíàëü-

íóþ ñèñòåìó.
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3. Äëÿ ëþáîãî íåîòðèöàòåëüíîãî öåëîãî ÷èñ-

ëà m ñèñòåìà ôóíêöèé {Pmn (x)}, n = m, m +

1, . . ., ïîëíà â ïðîñòðàíñòâå L2([−1, 1]).

Ñëåäóþùèìè ïðèìåðàìè ñïåöèàëüíûõ ôóíê-

öèé ÿâëÿþòñÿ

ìíîãî÷ëåíû ×åáûøåâà

Tn(x) = cos(n arccosx);
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ìíîãî÷ëåíû Ýðìèòà

Hn(x) = (−1)nex
2 dn

dxn
(e−x

2
);

ìíîãî÷ëåíû Ëàãåððà

L
(α)
n (x) =

exx−α

n!

dn

dxn
(e−xxn+α)

(α - äåéñòâèòåëüíîå ÷èñëî).

Âñå ýòè ìíîãî÷ëåíû, êàê è ìíîãî÷ëåíû Ëå-

æàíäðà, ïîðîæäàþòñÿ íåêîòîðûìè äèôôå-

ðåíöèàëüíûìè óðàâíåíèÿìè. Ñèñòåìû ýòèõ
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ìíîãî÷ëåíîâ òàêæå îáëàäàþò íåêîòîðûìè

ñâîéñòâàìè îðòîãîíàëüíîñòè è ïîëíîòû.
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Òåìà : Óñòîé÷èâîñòü ðåøåíèé

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé è ñèñòåì

10. Óñòîé÷èâîñòü è àñèìïòîòè÷åñêàÿ óñòîé÷è-

âîñòü ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé è

ñèñòåì. 20. Ôàçîâîå ïðîñòðàíñòâî. 30. Òåîðåìû

Ëÿïóíîâà è ×åòàåâà. 40. Óñòîé÷èâîñòü ðåøåíèé

ñèñòåì ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôè-

öèåíòàìè. 50. Òî÷êè ïîêîÿ è èõ êëàññèôèêàöèÿ.

60. Óñòîé÷èâîñòü ïî ïåðâîìó ïðèáëèæåíèþ.
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10. Ïåðâîèñòî÷íèêîì çàäà÷ îá óñòîé÷èâîñòè

ÿâëÿëèñü çàäà÷è îá ýâîëþöèè (äâèæåíèè)

ìåõàíè÷åñêèõ ñèñòåì. Ïîýòîìó íåçàâèñèìóþ

ïåðåìåííóþ â òåîðèè óñòîé÷èâîñòè ïðèíÿòî

îáîçíà÷àòü êàê t è òðàêòîâàòü åå êàê âðåìÿ.

Òåîðèÿ óñòîé÷èâîñòè èññëåäóåò âîïðîñû ïî-

âåäåíèÿ ìíîæåñòâ ðåøåíèé äèôôåðåíöèàëü-

íûõ óðàâíåíèé è ñèñòåì ïðè áîëüøèõ çíà÷å-

íèÿõ âðåìåíè. Îñíîâû ýòîé òåîðèè çàëîæèë
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ðóññêèé ìàòåìàòèê è ìåõàíèê À.Ì.Ëÿïóíîâ â

êîíöå äåâÿòíàäöàòîãî � íà÷àëå äâàäöàòîãî

âåêà.

Ïóñòü èìååòñÿ âåêòîð-ôóíêöèÿ f(t, y), çàäà-

âàåìàÿ ðàâåíñòâàìè

f(t, y) =↑ (f1(t, y1, . . . , yn), . . . , fn(t, y1, . . . , yn)).

Çàäà÷à (Êîøè).Íàéòè ðåøåíèå ñèñòåìû

y′ = f(t, y), (1.9)
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óäîâëåòâîðÿþùèå óñëîâèþ

y(t0) = y0. (2.9)

Çäåñü t0 � íà÷àëüíûé ìîìåíò âðåìåíè.

Áóäåì ñ÷èòàòü, ÷òî ôóíêöèè f1, . . . , fn òà-

êîâû, ÷òî ýòà çàäà÷à èìååò ðåøåíèå ϕ(t),

îïðåäåëåííîå íà áåñêîíå÷íîì ïîëóèíòåðâà-

ëå [t0,+∞).

643



Îïðåäåëåíèå.Ðåøåíèå ϕ(t) çàäà÷è Êîøè

y′ = f(t, y), y(t0) = y0,

íàçûâàåòñÿ óñòîé÷èâûì, åñëè äëÿ ëþáîãî

ïîëîæèòåëüíîãî ÷èñëà ε íàéäåòñÿ ïîëîæè-

òåëüíîå æå ÷èñëî δ òàêîå, ÷òî äëÿ âñÿêîãî

ðåøåíèÿ y(t) ðàññìàòðèâàåìîé ñèñòåìû, óäî-

âëåòâîðÿþùåãî â òî÷êå t0 óñëîâèþ

|y(t0)− ϕ(t0)| 6 δ, (3.9)
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ïðè âñåõ t èç [t0,∞) âûïîëíÿåòñÿ íåðàâåí-

ñòâî

|y(t)− ϕ(t)| 6 ε.

Îïðåäåëåíèå.Åñëè ðåøåíèå ϕ(t) çàäà÷è Êî-

øè y′ = f(t, y), y(t0) = y0, óñòîé÷èâî è äîïîë-

íèòåëüíî âûïîëíÿåòñÿ óñëîâèå

lim
t→+∞

|y1(t)− ϕ(t)| = 0,

òî ðåøåíèå ϕ(t) íàçûâàåòñÿ àñèìïòîòè÷åñêè

óñòîé÷èâûì.
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Îïðåäåëåíèå.Åñëè ñóùåñòâóåò ïîëîæèòåëü-

íîå ÷èñëî ε0 òàêîå, ÷òî ïðè âûïîëíåíèè äëÿ

ñêîëü óãîäíî ìàëîãî ïîëîæèòåëüíîãî ÷èñëà

δ è ðåøåíèÿ y(t) ñèñòåìû ÎÄÓ óñëîâèÿ

|y(t0)− ϕ(t0)| < δ

íàéäåòñÿ ÷èñëî t1 èç èíòåðâàëà (t0,+∞), äëÿ

êîòîðîãî âûïîëíÿåòñÿ íåðàâåíñòâî

|y(t1)− ϕ(t1)| > ε0,
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òî ðåøåíèå ϕ(t) çàäà÷è Êîøè (1.9), (2.9) íà-

çûâàåòñÿ íåóñòîé÷èâûì.

Èíòåðåñíî èññëåäîâàòü, ÿâëÿåòñÿ ëè çàäàí-

íîå ðåøåíèå ñèñòåìû óðàâíåíèé óñòîé÷èâûì,

àñèìïòîòè÷åñêè óñòîé÷èâûì èëè æå íåóñòîé-

÷èâûì. Â ýòîé ñâÿçè â òåîðèè äèôôåðåíöè-

àëüíûõ óðàâíåíèé ðàññìàòðèâàåòñÿ îòäåëü-

íûé è îáøèðíûé êëàññ çàäà÷.
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Çàäà÷à (îá óñòîé÷èâîñòè).Ïóñòü y = ϕ(t) �

ýòî ðåøåíèå çàäà÷è Êîøè

y′ = f(t, y), y(t0) = y0.

Òðåáóåòñÿ èññëåäîâàòü ýòî ðåøåíèå íà óñòîé-

÷èâîñòü.

Îòìåòèì, ÷òî èññëåäîâàíèå íà óñòîé÷èâîñòü

êàêîãî-ëèáî ðåøåíèÿ ñèñòåìû äèôôåðåíöè-

àëüíûõ óðàâíåíèé ìîæíî ñâåñòè ê èññëåäî-
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âàíèþ íà óñòîé÷èâîñòü òîæäåñòâåííî íóëå-

âîãî ðåøåíèÿ íåìíîãî äðóãîé ñèñòåìû. Ïî-

êàæåì, êàê îñóùåñòâèòü òàêîå ñâåäåíèå.

Ïóñòü y = ϕ(t) � ýòî ðåøåíèå çàäà÷è Êîøè

(1.9), (2.9). è ïóñòü ôóíêöèÿ z(t) îïðåäåëåíà

ðàâåíñòâîì z(t) = y(t) − ϕ(t). Òîãäà z(t) ÿâëÿ-

åòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è:

z′ = f(t, z + ϕ)− f(t, ϕ), (1.9')

649



z(t0) = 0. (2.9')

Òîæäåñòâåííî íóëåâàÿ ôóíêöèÿ z(t) ≡ 0 áó-

äåò ðåøåíèåì ýòîé íîâîé çàäà÷è Êîøè. Ïðè

ýòîì âñÿêîå ðåøåíèå z(t) ñèñòåìû (1.9') ïî-

ðîæäàåò ïî ôîðìóëå y(t) = z(t) +ϕ(t) ðåøåíèå

y(t) ñèñòåìû (1.9).

Ñîïîñòàâëÿÿ ïîíÿòèÿ óñòîé÷èâîñòè, àñèìï-

òîòè÷åñêîé óñòîé÷èâîñòè èëè íåóñòîé÷èâî-
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ñòè òîæäåñòâåííî íóëåâîãî ðåøåíèÿ çàäà-

÷è Êîøè (1.9'), (2.9') ñ àíàëîãè÷íûìè ïîíÿ-

òèÿìè äëÿ ðåøåíèÿ ϕ(t) çàäà÷è Êîøè (1.9),

(2.9), íåòðóäíî óáåäèòüñÿ â èõ ýêâèâàëåíò-

íîñòè.

Òàêèì îáðàçîì, âîïðîñ îá óñòîé÷èâîñòè,

àñèìïòîòè÷åñêîé óñòîé÷èâîñòè èëè íåóñòîé-

÷èâîñòè ëþáîãî ðåøåíèÿ ϕ(t) âñåãäà ñâîäèò-

ñÿ ê âîïðîñó îá óñòîé÷èâîñòè, àñèìïòîòè÷å-
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ñêîé óñòîé÷èâîñòè èëè íåóñòîé÷èâîñòè íóëå-

âîãî ðåøåíèÿ.

20. Ðåøåíèå çàäà÷è Êîøè ìîæíî ðàññìàòðè-

âàòü êàê êðèâóþ â ïðîñòðàíñòâå ïåðåìåííûõ

(t, y1, . . . , yn) èç Rn+1, ïðîõîäÿùóþ ÷åðåç çà-

äàííóþ òî÷êó (t0, y0). Ëþáàÿ òàêàÿ êðèâàÿ

íàçûâàåòñÿ èíòåãðàëüíîé.
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Ýòî æå ðåøåíèå äîïóñêàåò êèíåìàòè÷åñêîå

èñòîëêîâàíèå êàê òðàåêòîðèÿ (ïóòü) â ïðî-

ñòðàíñòâå Rn ïåðåìåííûõ y1, . . . , yn, ïî êîòî-

ðîé äâèæåòñÿ ìàòåðèàëüíàÿ òî÷êà.

Èíà÷å ãîâîðÿ, ðåøåíèå y(t) çàäà÷è Êîøè ïðè

êàæäîì çíà÷åíèè t îïðåäåëÿåò â Rn òî÷êó,

êîòîðàÿ ïðè èçìåíåíèè âðåìåíè t íåïðåðûâ-

íûì îáðàçîì èçìåíÿåò ñâîå ìåñòîïîëîæå-

íèå âñå â òîì æå ïðîñòðàíñòâå Rn.
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Ïðîñòðàíñòâî Rn, â êîòîðîì çàäàþòñÿ êðè-

âûå, ñîîòâåòñòâóþùèå ðåøåíèÿì ñèñòåìû

äèôôåðåíöèàëüíûõ óðàâíåíèé, íàçûâàåòñÿ

ôàçîâûì ïðîñòðàíñòâîì äëÿ ýòîé ñèñòåìû,

à ñàìè êðèâûå, ïî êîòîðûì ïðîèñõîäèò äâè-

æåíèå, íàçûâàþò ôàçîâûìè òðàåêòîðèÿìè.

Â êèíåìàòè÷åñêîé èíòåðïðåòàöèè ñèñòåìû

y′ = f(t, y)
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åå ïðàâàÿ ÷àñòü ïðåäñòàâëÿåò ñîáîé âåêòîð

ñêîðîñòè äâèæåíèÿ òî÷êè ïî òðàåêòîðèè. Ïî-

ýòîìó âåêòîð-ôóíêöèþ f(t, y) íàçûâàþò òàê-

æå ôàçîâîé ñêîðîñòüþ.

Íóëåâîìó ðåøåíèþ çàäà÷è Êîøè

y′ = f(t, y), y(t0) = 0,

â ôàçîâîì ïðîñòðàíñòâå ñîîòâåòñòâóåò íà-

÷àëî êîîðäèíàò (0, . . . , 0).
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Íóëåâîå ðåøåíèå áóäåò óñòîé÷èâûì, åñëè äëÿ

âñÿêîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî

ëþáàÿ òðàåêòîðèÿ, íà÷èíàþùàÿñÿ â øàðå

|y| < δ, ïðè âñåõ t èç [t0,+∞) íå âûõîäèò çà

ïðåäåëû øàðà |y| < ε.

Íóëåâîå ðåøåíèå àñèìïòîòè÷åñêè óñòîé÷è-

âî, åñëè äëÿ âñÿêîãî ε > 0 ñóùåñòâóåò δ > 0

òàêîå, ÷òî ëþáàÿ òðàåêòîðèÿ, íà÷èíàþùàÿ-

ñÿ â øàðå |y| < δ, ïðè âñåõ t èç [t0,+∞) íå
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òîëüêî íå âûõîäèò çà ïðåäåëû øàðà |y| < ε,

íî è íåîãðàíè÷åííî ñ ðîñòîì t ïðèáëèæàåòñÿ

ê íà÷àëó.

30. Ôóíäàìåíòàëüíûå èññëåäîâàíèÿ óñòîé-

÷èâîñòè ðåøåíèé äèôôåðåíöèàëüíûõ óðàâ-

íåíèé è ñèñòåì ïðèíàäëåæàò âûäàþùåìóñÿ

ðóññêîìó ìàòåìàòèêó è ìåõàíèêó À.Ì. Ëÿïó-

íîâó. Ïðèâåäåì çäåñü íåêîòîðûå åãî ðåçóëü-

òàòû ïî ðàññìàòðèâàåìîé òåìå.
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Ïóñòü ôóíêöèè

f1(t, y1 . . . , yn), . . . , fn(t, y1, . . . , yn)

îïðåäåëåíû è íåïðåðûâíû ïðè t0 ≤ t < +∞,

|y| ≤ ε0, ãäå ε0 � ïîëîæèòåëüíîå ÷èñëî, y =

(y1, . . . , yn), |y| =
√
y2
1 + · · ·+ y2

n.

Äàëåå, ïóñòü ïðè òåõ æå çíà÷åíèÿõ y îïðåäå-

ëåíà è íåïðåðûâíî äèôôåðåíöèðóåìà ôóíê-

öèÿ V (y).
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Îïðåäåëåíèå.Ïðîèçâîäíîé ôóíêöèè V (y) â

ñèëó ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

y′ = f(t, y) (I)

íàçûâàåòñÿ ñëåäóþùåå äèôôåðåíöèàëüíîå

âûðàæåíèå

dV

dt

∣∣∣
I

=

n∑
j=1

∂V (y)

∂yj
fj(t, y).
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Ïðîèçâîäíàÿ ôóíêöèè â ñèëó ñèñòåìû ïîë-

íîñòüþ îïðåäåëÿåòñÿ çàäàíèåì ïðàâûõ ÷à-

ñòåé â óðàâíåíèÿõ ýòîé ñèñòåìû.

Îïðåäåëåíèå.Ïóñòü íåïðåðûâíî äèôôåðåí-

öèðóåìàÿ ôóíêöèÿ V (y) ñòðîãî ïîëîæèòåëü-

íà ïðè |y| > 0 è V (0) = 0, à ïðîèçâîäíàÿ ôóíê-

öèè V (y) â ñèëó ñèñòåìû (I) íåïîëîæèòåëüíà

âñþäó â åå îáëàñòè îïðåäåëåíèÿ. Òîãäà V (y)

íàçûâàåòñÿ ôóíêöèåé Ëÿïóíîâà ðàññìàòðè-

âàåìîé ñèñòåìû (I).
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Òåîðåìà (Ëÿïóíîâà).Ïóñòü äëÿ íåêîòîðîãî

ïîëîæèòåëüíîãî ÷èñëà ε0 ôóíêöèè

f1(t, y1 . . . , yn), . . . , fn(t, y1, . . . , yn)

îïðåäåëåíû è íåïðåðûâíû ïðè t0 ≤ t < +∞,
|y| ≤ ε0, è ïðè ýòîì âûïîëíÿþòñÿ òîæäåñòâà

fi(t, 0, . . . , 0) ≡ 0, i = 1, . . . , n.

Åñëè äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-

íåíèé

y′ = f(t, y) (I)
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ñóùåñòâóåò íåïðåðûâíî äèôôåðåíöèðóåìàÿ

ôóíêöèÿ Ëÿïóíîâà V (y), òî íóëåâîå ðåøåíèå

y = ϕ(t) ≡ 0 ýòîé ñèñòåìû óñòîé÷èâî.

Åñëè äîïîëíèòåëüíî ïðè òåõ æå çíà÷åíèÿõ t

è y âûïîëíÿåòñÿ íåðàâåíñòâî

n∑
j=1

∂V (y)

∂yj
fj(t, y) ≤ −W (y),

ãäå W (y) � íåïðåðûâíàÿ ôóíêöèÿ, ðàâíàÿ

íóëþ â íà÷àëå è ñòðîãî ïîëîæèòåëüíàÿ ïðè
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y2
1 + . . . + y2

n > 0, òî íóëåâîå ðåøåíèå ñèñòå-

ìû (I) àñèìïòîòè÷åñêè óñòîé÷èâî.

Äîêàçàòåëüñòâî. Ïóñòü ÷èñëî ε ïîëîæèòåëü-

íî è íå ïðåâîñõîäèò ÷èñëà ε0. Îáîçíà÷èì

Sε = {y ∈ Rn : |y| = ε}, Vε = min
Sε

V (y).

Âñëåäñòâèå óñëîâèé íà ôóíêöèþ V (y) èìååò

ìåñòî íåðàâåíñòâî Vε > 0.
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Âûáåðåì ÷èñëî δ èç èíòåðâàëà (0, ε) íàñòîëü-

êî ìàëûì, ÷òîáû íà Sδ è âñþäó âíóòðè Sδ

âûïîëíÿëîñü íåðàâåíñòâî V (y) < Vε (òàêîå

÷èñëî δ ñóùåñòâóåò, ïîñêîëüêó ôóíêöèÿ V (y)

íåïðåðûâíà è îáðàùàåòñÿ â íóëü ïðè y = 0).

Ïóñòü y(t) åñòü òàêîå ðåøåíèå, ÷òî òî÷êà

y(t0) = (y1(t0), . . . , yn(t0)) ëåæèò âíóòðè Sδ. Äðó-

ãèìè ñëîâàìè, y(t) � ýòî òàêîå ðåøåíèå, ÷òî

|y(t0)| < δ.
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Ïîêàæåì, ÷òî äëÿ ýòîãî ðåøåíèÿ âñåãäà áó-

äåò âûïîëíÿòüñÿ íåðàâåíñòâî |y(t)| < ε. Ïðåä-

ïîëîæèì, ÷òî ýòî íå òàê. Ïóñòü t1 åñòü ÷èñ-

ëî, áîëüøåå t0 è òàêîå, ÷òî |y(t1)| = ε.

Ðàññìîòðèì ôóíêöèþ

Φ(t) = V (y(t)) = V (y1(t), y2(t), . . . , yn(t)).
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Å¼ ïðîèçâîäíàÿ âû÷èñëÿåòñÿ òàê

Φ′(t) =

n∑
j=1

∂V (y)

∂yj

dyj(t)

dt
=

n∑
j=1

∂V (y)

∂yj
fj(t, y).

Èìååò ìåñòî íåðàâåíñòâî Φ′(t) ≤ 0. Èíòåãðè-

ðóÿ ýòî íåðàâåíñòâî â ïðåäåëàõ îò òî÷êè t0

äî òî÷êè t1, ïîëó÷àåì

V (y(t1)) ≤ V (y(t0)). (2.9)

666



Ñ äðóãîé ñòîðîíû, âûïîëíÿþòñÿ íåðàâåí-

ñòâà

V (y(t0)) < Vε ≤ V (y(t1)).

Ýòè íåðàâåíñòâà è íåðàâåíñòâî (2.9) ïðèâî-

äÿò ê íåâîçìîæíîìó íåðàâåíñòâó

V (y(t1)) < V (y(t1)).

Ïîëó÷åííîå ïðîòèâîðå÷èå îïðîâåðãàåò ïðåä-

ïîëîæåíèå î òîì, ÷òî ñóùåñòâóåò òî÷êà t1,

äëÿ êîòîðîé |y(t1)| = ε.
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Äðóãèìè ñëîâàìè, äëÿ âñåõ ÷èñåë t òàêèõ,

÷òî t ≥ t0, âûïîëíÿåòñÿ íåðàâåíñòâî |y(t)| < ε.

Ýòî è îçíà÷àåò, ÷òî íóëåâîå ðåøåíèå óñòîé-

÷èâî.

Äîêàæåì âòîðóþ ÷àñòü òåîðåìû. Ôóíêöèÿ

Φ(t) ïðè t ≥ t0 ìîíîòîííî óáûâàåò. Ñëåäîâà-

òåëüíî, îíà èìååò ïðåäåë ïðè t→ +∞. Ïîêà-

æåì, ÷òî ýòîò ïðåäåë ðàâåí íóëþ.
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Ïðåäïîëîæèì, ÷òî ýòî íå òàê, ò.å. ÷òî ïðå-

äåë ôóíêöèè Φ(t) ïðè t → +∞ åñòü ïîëîæè-

òåëüíîå ÷èñëî α.

Òîãäà ïðè t ≥ t0 âûïîëíÿåòñÿ íåðàâåíñòâî

Φ(t) ≥ α. Îòñþäà âûòåêàåò, ÷òî ñóùåñòâóåò

òàêîå ïîëîæèòåëüíîå ÷èñëî β, ÷òî ïðè t ≥ t0
âûïîëíÿåòñÿ íåðàâåíñòâî |y(t)| ≥ β. Äåéñòâè-

òåëüíî, åñëè òàêîãî ÷èñëà β íåò, òî äëÿ ëþ-

áîãî íàòóðàëüíîãî ÷èñëà m íàéä¼òñÿ òî÷êà

669



tm òàêàÿ, ÷òî tm ≥ t0 è âûïîëíÿåòñÿ íåðà-

âåíñòâî |y(tm)| < 1
m.

Ïî óñëîâèþ ôóíêöèÿ V (y) íåïðåðûâíà è îá-

ðàùàåòñÿ â íóëü ïðè y = 0. Ïîýòîìó ïðè äî-

ñòàòî÷íî áîëüøèõ m âûïîëíÿåòñÿ íåðàâåí-

ñòâî Φ(tm) = V (y(tm)) < α. Ýòî ïðîòèâîðå÷èò

óñòàíîâëåííîé ðàíåå îöåíêå Φ(t) ≥ α.

Èòàê, åñëè ïðåäåë ôóíêöèè Φ(t) ïðè t → +∞
íå ðàâåí íóëþ, òî íàéä¼òñÿ ïîëîæèòåëüíîå
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÷èñëî β òàêîå, ÷òî ïðè t ≥ t0 âûïîëíåíà îöåí-

êà |y(t)| ≥ β. Èç ýòîãî íåðàâåíñòâà ñëåäó-

åò ñóùåñòâîâàíèå ïîëîæèòåëüíîãî ÷èñëà γ

òàêîãî, ÷òî ïðè t ≥ t0 èìååò ìåñòî îöåíêà

W (y(t)) ≥ γ. Ýòî âûòåêàåò èç íåïðåðûâíîñòè

ôóíêöèè W (y), êîòîðàÿ îáðàùàåòñÿ â íóëü â

íà÷àëå êîîðäèíàò.

Óñëîâèå èç âòîðîé ÷àñòè òåîðåìû î ôóíêöèè
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V îçíà÷àåò ñïðàâåäëèâîñòü íåðàâåíñòâà

Φ′(t) ≤ −W (y(t)).

Èíòåãðèðóÿ îáå íåãî ÷àñòè è ïîëüçóÿñü îöåí-

êîé W (y(t)) ≥ γ, ïîëó÷àåì

V (y(t))− V (y(t0)) ≤ −γ(t− t0),

èëè

V (y(t)) ≤ V (y(t0))− γ(t− t0) (3.9)
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ïðè t ≥ t0. Ïðè äîñòàòî÷íî áîëüøèõ t ïðàâàÿ
÷àñòü íåðàâåíñòâà (3.9) ñòàíîâèòñÿ îòðèöà-

òåëüíîé.

Ýòî ïðîòèâîðå÷èò óñëîâèþ V (y) ≥ 0, âûïîë-

íåííîìó äëÿ âñåõ y = y(t) òàêèõ, ÷òî |y(t)| < ε.

Íàïîìíèì, ÷òî èìåííî ýòî íåðàâåíñòâî äî-

êàçàíî â ïåðâîé ÷àñòè òåîðåìû.

Ïîëó÷åííîå ïðîòèâîðå÷èå îçíà÷àåò, ÷òî ïðåä-

ïîëîæåíèå î òîì, ÷òî ïðåäåë ôóíêöèè Φ(t)
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ïðè t → +∞ ïîëîæèòåëåí, íå âåðíî. Ñëåäî-

âàòåëüíî, èñêîìûé ïðåäåë ðàâåí íóëþ.

Íî òîãäà ôóíêöèÿ y(t) ïðè t→ +∞ òàêæå èìå-

åò ïðåäåë, ðàâíûé íóëþ. Äåéñòâèòåëüíî, åñ-

ëè ýòî íå òàê, òî íàéä¼òñÿ ïîëîæèòåëüíîå

÷èñëî ε1 òàêîå, ÷òî äëÿ ëþáîãî íàòóðàëüíî-

ãî m íàéä¼òñÿ òî÷êà tm òàêàÿ, ÷òî tm > m,
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y(tm) > ε1. Íî òîãäà âûïîëíÿåòñÿ ñîîòíîøå-

íèå

lim
m→∞

V (y(tm)) 6= 0,

÷åãî íå ìîæåò áûòü. Ïîëó÷åííîå ïðîòèâî-

ðå÷èå îçíà÷àåò, ÷òî ïðåäåë ôóíêöèè y(t) ïðè

t→ +∞ ðàâåí íóëþ.

Äëÿ ïîëîæèòåëüíîãî ÷èñëà ε ïîëîæèì

Bε = {y ∈ Rn : |y| < ε}, B̄ε = {y ∈ Rn : |y| ≤ ε}.
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Òåîðåìà (×åòàåâà).Ïóñòü äëÿ íåêîòîðîãî

ïîëîæèòåëüíîãî ÷èñëà ε0 ôóíêöèè

f1(t, y1, . . . , yn), . . . , fn(t, y1, . . . , yn)

îïðåäåëåíû è íåïðåðûâíû íà ìíîæåñòâå

{(t, y) : t0 ≤ t < +∞, |y| ≤ ε0},

è ïóñòü ïðè t ≥ t0 âûïîëíÿþòñÿ òîæäåñòâà

fi(t, 0, . . . , 0) ≡ 0, i = 1, . . . , n. Äàëåå, ïóñòü ñóùå-

ñòâóåò îïðåäåëåííàÿ â øàðå B̄ε0 íåïðåðûâíî
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äèôôåðåíöèðóåìàÿ â íåì ôóíêöèÿ V (y), äëÿ

êîòîðîé âûïîëíÿþòñÿ óñëîâèÿ

1. â ñêîëü óãîäíî ìàëîé îêðåñòíîñòè U íà÷à-

ëà êîîðäèíàò ñóùåñòâóåò îáëàñòü DU , â êî-

òîðîé ôóíêöèÿ V (y) ñòðîãî ïîëîæèòåëüíà;

2. íà ÷àñòè ãðàíèöû îáëàñòè DU , ëåæàùåé â

îêðåñòíîñòè U, ôóíêöèÿ V (y) îáðàùàåòñÿ â

íóëü;
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3. â îáëàñòè DU ïðè t ≥ t0 âûïîëíÿåòñÿ íåðà-

âåíñòâî
n∑
j=1

∂V (y)

∂yj
fj(t, y) > 0;

4. åñëè äëÿ ïîëîæèòåëüíîãî α íà ïîäìíîæå-

ñòâå DUα îáëàñòè DU âûïîëíÿåòñÿ íåðàâåí-

ñòâî V (y) ≥ α, òî íàéäåòñÿ ïîëîæèòåëüíîå

÷èñëî β, ÷òî íà òîì æå ìíîæåñòâå DUα ïðè
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t ≥ t0 áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

n∑
j=1

∂V (y)

∂yj
fj(t, y) ≥ β.

Òîãäà íóëåâîå ðåøåíèå ðàññìàòðèâàåìîé ñè-

ñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé íåóñ-

òîé÷èâî.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì ÷èñëî ε1 èç èí-

òåðâàëà (0, ε0). Ïóñòü U åñòü ïðîèçâîëüíàÿ
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îêðåñòíîñòü íà÷àëà êîîðäèíàò, ëåæàùàÿ â

øàðå Bε1, y0 åñòü òî÷êà ìíîæåñòâà DU , y(t)

åñòü ðåøåíèå ñèñòåìû (1.9), äëÿ êîòîðîãî

âûïîëíÿåòñÿ óñëîâèå y(t0) = y0. Ïîêàæåì,

÷òî äëÿ ýòîãî ðåøåíèÿ íàéäåòñÿ òî÷êà t1 òà-

êàÿ, ÷òî èìååò ìåñòî ðàâåíñòâî |y(t1)| = ε1.

Ïðåäïîëîæèì, ÷òî òî÷êè t1 ñ óêàçàííûì ñâîé-

ñòâîì íåò. Äðóãèìè ñëîâàìè, ïóñòü âûïîë-
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íÿåòñÿ óñëîâèå

|y(t)| < ε1 ∀t ≥ t0. (4.9)

Îáîçíà÷èì Φ(t) = V (y(t)), α = Φ(t0). Çàìåòèì,

÷òî èç óñëîâèÿ 1 òåîðåìû âûòåêàåò, ÷òî α

åñòü ïîëîæèòåëüíîå ÷èñëî.

Ïîêàæåì, ÷òî ðåøåíèå y(t) íå ìîæåò ïîêè-

íóòü ìíîæåñòâà DBε1
. Ïóñòü ýòî íå òàê, è
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ïóñòü ÷èñëî t∗ åñòü ïåðâîå ÷èñëî, äëÿ êîòî-

ðîãî âûïîëíÿåòñÿ âêëþ÷åíèå y(t∗) ∈ ∂DBε1
.

Èç óñëîâèÿ (4.9) è óñëîâèÿ 2 òåîðåìû ñëå-

äóåò, ÷òî â òî÷êå t∗ èìååò ìåñòî ðàâåíñòâî

Φ(t∗) = 0. Ñ äðóãîé ñòîðîíû, äëÿ ÷èñåë t

èç ïðîìåæóòêà [t0, t
∗) ñïðàâåäëèâî âêëþ÷å-

íèå y(t) ∈ DBε1
.

Èç ýòîãî âêëþ÷åíèÿ è èç óñëîâèÿ 3 òåîðåìû

ñëåäóåò, ÷òî ïðîèçâîäíàÿ ôóíêöèè Φ(t) íà
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óêàçàííîì ïðîìåæóòêå áóäåò ïîëîæèòåëüíîé.

Íî òîãäà äëÿ ôóíêöèè Φ(t) âûïîëíÿåòñÿ íåðà-

âåíñòâî

Φ(t) > Φ(t0), t ∈ [t0, t
∗). (5.9)

Ïåðåõîä ê ïðåäåëó â ýòîì íåðàâåíñòâå ïðè

t → t∗ è íåïðåðûâíîñòü ôóíêöèè Φ(t) äàþò

íåðàâåíñòâî Φ(t∗) > 0, êîòîðîå ïðîòèâîðå-

÷èò ïîëó÷åííîìó ðàíåå ðàâåíñòâó Φ(t∗) = 0.
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Ïðîòèâîðå÷èå âîçíèêëî âñëåäñòâèå ïðåäïî-

ëîæåíèÿ, ÷òî ðåøåíèå y(t) ìîæåò ïîêèíóòü

ìíîæåñòâî DBε1
.

Èòàê, ðåøåíèå y(t) äåéñòâèòåëüíî íå ìîæåò

ïîêèíóòü ìíîæåñòâî DBε1
. Áîëåå òîãî, äëÿ

ðåøåíèÿ y(t) äëÿ âñåõ ÷èñåë t èç ïðîìåæóòêà

[t0,+∞) âûïîëíÿåòñÿ íåðàâåíñòâî

V (y(t)) = Φ(t) ≥ α > 0.
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Óñëîâèå 4 òåîðåìû ïîçâîëÿåò îò ïîñëåäíåãî

íåðàâåíñòâà ïåðåéòè ê îöåíêå Φ′(t) ≥ β è äà-

ëåå ïîñëå èíòåãðèðîâàíèÿ � ê íåðàâåíñòâó

V (y(t)) ≥ α+ β(t− t0). (6.9)

Íåðàâåíñòâî (6.9) ïðîòèâîðå÷èò íåðàâåíñòâó

(4.9). Ñëåäîâàòåëüíî, ïðåäïîëîæåíèå, êîòî-

ðîå ïðèâåëî ê íåðàâåíñòâó (4.9), ëîæíî. Íî

òîãäà íàéäåòñÿ ÷èñëî t1, äëÿ êîòîðîãî âû-

ïîëíÿåòñÿ òðåáóåìîå ðàâåíñòâî |y(t)| = ε1.
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Ýòî ðàâåíñòâî è îçíà÷àåò íåóñòîé÷èâîñòü

íóëåâîãî ðåøåíèÿ.

Ïðèâåäåì ïðèìåð ïðèìåíåíèÿ òåîðåìû Ëÿ-

ïóíîâà. Ðàññìîòðèì ñèñòåìó

y′1 = y2, y′2 = −g(y1),

ãäå äëÿ ôóíêöèè g(y1) âûïîëíÿþòñÿ óñëîâèå

Ëèïøèöà è óñëîâèÿ

g(0) = 0, y1g(y1) > 0 ïðè y1 6= 0.

686



Òîãäà â êà÷åñòâå ôóíêöèè Ëÿïóíîâà ñèñòå-

ìû ìîæíî âçÿòü ôóíêöèþ

V (y) =
1

2
y2
2 +

y1∫
0

g(ξ)dξ.

Íåòðóäíî ïðîâåðèòü, ÷òî âñå óñëîâèÿ òåîðå-

ìû Ëÿïóíîâà â ýòîì ñëó÷àå âûïîëíåíû.

Â ðÿäå ñëó÷àåâ, êîãäà f1(y), . . . , fn(y) ïðåä-

ñòàâëÿþò ñîáîé ñòåïåííûå ôóíêöèè ïåðå-
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ìåííûõ y1, . . . , yn, ôóíêöèþ V (y), óäîâëåòâî-

ðÿþùóþ óñëîâèÿì òåîðåì Ëÿïóíîâà èëè ×å-

òàåâà, óäàåòñÿ íàéòè â âèäå êâàäðàòè÷íîé

ôîðìû

V (y) = (Hy, y),

îäíîðîäíîé ôîðìû ÷åòâåðòîé ñòåïåíè, èëè

æå èíîé ôîðìû ÷åòíîé ñòåïåíè.
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40. Îïèøåì õàðàêòåð ïîâåäåíèÿ òðàåêòîðèé

è òåì ñàìûì ïðîâåäåì èññëåäîâàíèå óñòîé-

÷èâîñòè íóëåâîãî ðåøåíèÿ äëÿ ëèíåéíîé ñè-

ñòåìû èç äâóõ óðàâíåíèé{
y′1 = ay1 + by2

y′2 = cy1 + dy2
(7.9)

ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè.

Ïóñòü λ1 è λ2 åñòü êîðíè õàðàêòåðèñòè÷åñêî-
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ãî óðàâíåíèÿ ∣∣∣∣∣ a− λ b

c d− λ

∣∣∣∣∣ = 0.

Âîçìîæíû ñëåäóþùèå ñëó÷àè

1. ÷èñëà λ1 è λ2 äåéñòâèòåëüíû è ðàçëè÷íû,

2. ÷èñëà λ1 è λ2 êîìïëåêñíûå (êîìïëåêñíî-

ñîïðÿæåííûå),
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3.÷èñëà λ1 è λ2 ñîâïàäàþò.

Â ïåðâîì ñëó÷àå îáùåå ðåøåíèå ñèñòåìû

(7.9) èìååò âèä

y1 = C1α1e
λ1t + C2β1e

λ2t,

y2 = C1α2e
λ1t + C2β2e

λ2t,
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ãäå αi è βi � ïîñòîÿííûå, îïðåäåëÿåìûå êàê

íåòðèâèàëüíîå ðåøåíèå ñèñòåìû{
(a− λ1)α1 + bα2 = 0,

cα1 + (d− λ1)α2 = 0,

è ñèñòåìû {
(a− λ2)β1 + bβ2 = 0,

cβ1 + (d− λ2)β2 = 0.

Åñëè òåïåðü ÷èñëà λ1 è λ2 îòðèöàòåëüíû, òî

òî÷êà íà ëþáîé òðàåêòîðèè ñ ðîñòîì t ïåðå-
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ìåùàåòñÿ ïî íàïðàâëåíèþ ê íà÷àëó êîîðäè-

íàò. Íóëåâîå ðåøåíèå ïðè ýòîì àñèìïòîòè-

÷åñêè óñòîé÷èâî.

Åñëè ÷èñëà λ1 è λ2 îáà ïîëîæèòåëüíû, òî

òî÷êà íà ëþáîé òðàåêòîðèè ñ ðîñòîì t ïå-

ðåìåùàåòñÿ ïî íàïðàâëåíèþ îò íà÷àëà êî-

îðäèíàò â áåñêîíå÷íîñòü. Íóëåâîå ðåøåíèå

ïðè ýòîì íåóñòîé÷èâî.

693



Ïóñòü ÷èñëà λ1 è λ2 èìåþò ðàçíûå çíàêè. Íà-

ïðèìåð, ïóñòü ÷èñëî λ1 ïîëîæèòåëüíî, à ÷èñ-

ëî λ2 îòðèöàòåëüíî. Òîãäà ñðåäè òðàåêòîðèé

èìåþòñÿ êàê òðàåêòîðèè, ïðèõîäÿùèå â íà-

÷àëî êîîðäèíàò, òàê è òðàåêòîðèè, óõîäÿùèå

èç íà÷àëà. Ïðèìåðîì ïðèõîäÿùèõ òðàåêòî-

ðèé ñëóæàò ñëåäóþùèå

y1 = C2β1e
λ2t, y2 = C2β2e

λ2t, λ2 < 0.
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Ïðèìåðû óõîäÿùèõ òðàåêòîðèé òàêîâû

y1 = C1α1e
λ1t, y2 = C1α2e

λ1t, λ1 > 0.

Íóëåâîå ðåøåíèå â ñëó÷àå, åñëè λ1 è λ2 èìå-

þò ðàçíûå çíàêè, íåóñòîé÷èâî.

Ïóñòü îäíî èç ÷èñåë, íàïðèìåð, λ1 , ðàâíî

íóëþ, äðóãîå æå λ2 îòðèöàòåëüíî. Òîãäà òðà-

åêòîðèè

y1 = C1α1 + C2β1e
λ2t, y2 = C1α2 + C2β2e

λ2t
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ñ ðîñòîì t áóäóò ïðèõîäèòü â (C1α1, C1α2)

(òðàåêòîðèè ïðåäñòàâëÿþò ñîáîé ñåìåéñòâî

ïðÿìûõ). Íóëåâîå ðåøåíèå â óêàçàííîé ñè-

òóàöèè áóäåò óñòîé÷èâûì, íî íå àñèìïòîòè-

÷åñêè óñòîé÷èâûì.

Â ñëó÷àå λ1 = 0, λ2 > 0 òðàåêòîðèÿìè áóäóò

òå æå ïàðàëëåëüíûå ïðÿìûå, íî ïðè ýòîì

ñ ðîñòîì t îíè óõîäÿò èç òî÷åê (C1α1, C1α2).

Íóëåâîå ðåøåíèå áóäåò íåóñòîé÷èâûì.
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Ïóñòü òåïåðü λ1 è λ2 � êîìïëåêñíûå ÷èñëà

λ1 = p+ qi, λ2 = p− qi, q 6= 0.

Îáùåå ðåøåíèå ñèñòåìû (7.9) â ýòîì ñëó÷àå

ìîæíî çàïèñàòü â âèäå{
y1 = ept(C1 cos qt+ C2 sin qt),

y2 = ept(C∗1 cos qt+ C∗2 sin qt),

ãäå C1 è C2 � ïðîèçâîëüíûå ïîñòîÿííûå,

C∗1 è C∗2 � íåêîòîðûå ëèíåéíûå êîìáèíàöèè
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ýòèõ ïîñòîÿííûõ. Åñëè p îòðèöàòåëüíî, òî

òðàåêòîðèè ñïèðàëåâèäíî "âõîäÿò" â íà÷àëî

êîîðäèíàò. Åñëè æå ÷èñëî p ïîëîæèòåëüíî,

òî òðàåêòîðèè óõîäÿò îò íà÷àëà êîîðäèíàò

(òàê æå ñïèðàëåâèäíî). Â ïåðâîì ñëó÷àå íó-

ëåâîå ðåøåíèå áóäåò àñèìïòîòè÷åñêè óñòîé-

÷èâî, âî âòîðîì � íåóñòîé÷èâî.

Íàêîíåö, åñëè p ðàâíî íóëþ, òî òðàåêòî-

ðèè ïðåäñòàâëÿþò ñîáîé çàìêíóòûå êðèâûå,
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ñîäåðæàùèå âíóòðè ñåáÿ íà÷àëî êîîðäèíàò.

Íóëåâîå ðåøåíèå ïðè ýòîì áóäåò óñòîé÷è-

âûì, íî íå àñèìïòîòè÷åñêè óñòîé÷èâûì.

Â ñëó÷àå êðàòíûõ ñîáñòâåííûõ ÷èñåë ìàò-

ðèöû ñèñòåìû åå òðàåêòîðèè âåäóò ñåáÿ ïî

ðàçíîìó â çàâèñèìîñòè îò òîãî, êàêèì ÿâëÿ-

åòñÿ îáùåå çíà÷åíèå ÷èñåë λ1 è λ2: ïîëîæè-

òåëüíûì, îòðèöàòåëüíûì èëè íóëåì.
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Åñëè λ1 = λ2, òî îáùåå ðåøåíèå ñèñòåìû

(7.9) èìååò âèä{
y1 = (C1α1 + C2β1t)e

λ1t,

y2 = (C1α2 + C2β2t)e
λ1t.

Î÷åâèäíî. ÷òî â ñëó÷àå λ1 > 0 òðàåêòîðèè

áóäóò �óõîäèòü� îò íà÷àëà êîîðäèíàò, è ÷òî

íóëåâîå ðåøåíèå áóäåò íåóñòîé÷èâûì.

Åñëè æå λ1 < 0, òî òðàåêòîðèè áóäóò "âõî-

äèòü" â íà÷àëî êîîðäèíàò. Íóëåâîå æå ðå-
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øåíèå áóäåò óñòîé÷èâûì è äàæå àñèìïòîòè-

÷åñêè óñòîé÷èâûì.

Ïðè λ1 = λ2 = 0 èìåþòñÿ äâå âîçìîæíîñòè:

β2
1 + β2

2 > 0 è β1 = β2 = 0.

Â ïåðâîì èç ýòèõ ñëó÷àåâ òðàåêòîðèè ïðåä-

ñòàâëÿþò ñîáîé ïðÿìûå, è íóëåâîå ðåøåíèå

íå áóäåò óñòîé÷èâûì. Âî âòîðîì æå ñëó÷àå
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âñå òðàåêòîðèè âûðîæäàþòñÿ â òî÷êè; íóëå-

âîå ðåøåíèå ïðè ýòîì áóäåò óñòîé÷èâûì.

Òåîðåìà.Åñëè âñå ñîáñòâåííûå ÷èñëà ìàò-

ðèöû A ñèñòåìû{
y′1 = ay1 + by2

y′2 = cy1 + dy2

èìåþò îòðèöàòåëüíûå äåéñòâèòåëüíûå ÷à-

ñòè, òî íóëåâîå ðåøåíèå ýòîé ñèñòåìû àñèìï-

òîòè÷åñêè óñòîé÷èâî. Åñëè õîòÿ áû îäíî ñîá-
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ñòâåííîå ÷èñëî ìàòðèöû A èìååò ïîëîæè-

òåëüíóþ äåéñòâèòåëüíóþ ÷àñòü, òî íóëåâîå

ðåøåíèå íåóñòîé÷èâî.

Äàííàÿ òåîðåìà ñïðàâåäëèâà è äëÿ ëèíåé-

íûõ ñèñòåì èç n óðàâíåíèé. Äîêàçûâàåòñÿ

îíà òàêæå ñ ïîìîùüþ àíàëèçà ôîðìóëû îá-

ùåãî ðåøåíèÿ.
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50. Â èññëåäîâàíèè íà óñòîé÷èâîñòü ðåøåíèé

ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé âàæ-

íóþ ðîëü èãðàåò ïîíÿòèå ïîëîæåíèÿ ðàâíî-

âåñèÿ.

Îïðåäåëåíèå.Åñëè ðåøåíèå ñèñòåìû äèô-

ôåðåíöèàëüíûõ óðàâíåíèé

y′ = f(t, y),

ïðåäñòàâëÿåò ñîáîé òî÷êó â ñîîòâåòñòâóþ-

ùåì n-ìåðíîì ôàçîâîì ïðîñòðàíñòâå, òî ýòî
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ðåøåíèå íàçûâàåòñÿ òî÷êîé ïîêîÿ, èëè ïî-

ëîæåíèåì ðàâíîâåñèÿ, ñèñòåìû.

Î÷åâèäíî, ÷òî y0 = (y0
1, . . . , y

0
n) òîãäà è òîëüêî

òîãäà ÿâëÿåòñÿ òî÷êîé ïîêîÿ ñèñòåìû (1.9),

êîãäà y0 ïðåäñòàâëÿþò ñîáîé ñòàöèîíàðíîå

ðåøåíèå àëãåáðàè÷åñêîé ñèñòåìû óðàâíåíèé

f1(t, y0
1, . . . , y

0
n) = 0, . . . , fn(t, y0

1, . . . , y
0
n) = 0.
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Ïðîâåäåííûé àíàëèç ïîâåäåíèÿ òðàåêòîðèé

äëÿ ëèíåéíîé ñèñòåìû èç äâóõ óðàâíåíèé

ïîçâîëÿåò ïðîâåñòè êëàññèôèêàöèþ òî÷åê

ïîêîÿ äëÿ îáùèõ ñèñòåì èç äâóõ óðàâíåíèé

(íå îáÿçàòåëüíî ëèíåéíûõ).

Åñëè òðàåêòîðèè ñèñòåìû äèôôåðåíöèàëü-

íûõ óðàâíåíèé{
y′1 = f1(t, y1, y2),

y′2 = f2(t, y1, y2)
(8.9)
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íà÷èíàþùèåñÿ â íåêîòîðîé ôèêñèðîâàííîé

îêðåñòíîñòè òî÷êè ïîêîÿ (y0
1, y

0
2), "âõîäÿò" â

íåå, íåîãðàíè÷åííî ê íåé ïðèáëèæàÿñü âìå-

ñòå ñ êàñàòåëüíîé, òî òàêàÿ òî÷êà ïîêîÿ íà-

çûâàåòñÿ óñòîé÷èâûì óçëîì.

Åñëè òðàåêòîðèè ñèñòåìû (8.9), íà÷èíàþùè-

åñÿ â ñêîëü óãîäíî ìàëîé îêðåñòíîñòè òî÷-

êè (y0
1, y

0
2) "óõîäÿò" â áåñêîíå÷íî óäàëåííóþ
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òî÷êó âìåñòå ñ êàñàòåëüíûìè, òî òàêàÿ òî÷-

êà ïîêîÿ íàçûâàåòñÿ íåóñòîé÷èâûì óçëîì.

Åñëè æå â ïåðâîì ñëó÷àå êàñàòåëüíûå íå

"âõîäÿò" â òî÷êó ïîêîÿ è ñîîòâåòñòâåííî

âî âòîðîì ñëó÷àå íå "óõîäÿò"â áåñêîíå÷-

íî óäàëåííóþ òî÷êó, òî òàêàÿ òî÷êà ïîêîÿ

íàçûâàåòñÿ óñòîé÷èâûì èëè ñîîòâåòñòâåííî

íåóñòîé÷èâûì ôîêóñîì.
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Åñëè ñðåäè òðàåêòîðèé, íà÷èíàþùèõñÿ â ñêîëü

óãîäíî ìàëîé îêðåñòíîñòè òî÷êè ïîêîÿ (y0
1, y

0
2)

åñòü êàê "âõîäÿùèå" â íå¼, òàê è "óõîäÿùèå"

â áåñêîíå÷íî-óäàëåííóþ òî÷êó, òî òàêàÿ òî÷-

êà ïîêîÿ íàçûâàåòñÿ ñåäëîì.

Íàêîíåö, åñëè âñå òðàåêòîðèè, íà÷èíàþùèå-

ñÿ â δ - îêðåñòíîñòè òî÷êè ïîêîÿ, ïðåäñòàâ-

ëÿþò ñîáîé çàìêíóòóþ êðèâóþ, íå ïîêèäàþ-

ùóþ ε - îêðåñòíîñòü òî÷êè ïîêîÿ (ε - ïðîèç-
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âîëüíîå ïîëîæèòåëüíîå ÷èñëî, δ = δ(ε)), òî

òàêàÿ òî÷êà ïîêîÿ íàçûâàåòñÿ öåíòðîì.

Óòî÷íèì, ÷òî ïîâåäåíèå òðàåêòîðèé òîé èëè

èíîé äèôôåðåíöèàëüíîé ñèñòåìû âñþäó ïî-

íèìàåòñÿ êàê ïîâåäåíèå ïðè t→ +∞.

60. Ïîêàæåì, ÷òî â íåêîòîðûõ ñëó÷àÿõ èññëå-

äîâàíèå óñòîé÷èâîñòè ðåøåíèé äèôôåðåí-

öèàëüíûõ ñèñòåì ìîæíî ïðîâåñòè àëãåáðà-

è÷åñêèìè ìåòîäàìè.
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Íà ïðîñòðàíñòâå âñåõ êâàäðàòè÷íûõ ôîðì

îò ïåðåìåííûõ y1, . . . , yn ñ äåéñòâèòåëüíûìè

êîýôôèöèåíòàìè ðàññìîòðèì äèôôåðåíöè-

àëüíîå óðàâíåíèå

grad V(y) · Ay = F(y), (9.9)

ãäå F (y) � çàäàííàÿ âåùåñòâåííàÿ êâàäðà-

òè÷íàÿ ôîðìà, A � çàäàííàÿ âåùåñòâåííàÿ

êâàäðàòíàÿ ìàòðèöà ðàçìåðíîñòè n× n.
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Ëåììà.Åñëè âñå ñîáñòâåííûå ÷èñëà ìàòðè-

öû A èìåþò îòðèöàòåëüíûå äåéñòâèòåëüíûå

÷àñòè, òî óðàâíåíèå (9.9) èìååò åäèíñòâåí-

íîå ðåøåíèå.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëó÷àé n = 2,

îáùèé æå ñëó÷àé ðàññìàòðèâàåòñÿ àíàëî-

ãè÷íî.
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Ïóñòü A =

(
α β

γ δ

)
, à êâàäðàòè÷íûå ôîðìû

V (y) è F (y) çàäàþòñÿ ðàâåíñòâàìè

V (y) = ay2
1 + 2by1y2 + cy2

2,

F (y) = λy2
1 + 2µy1y2 + νy2

2.

Êîýôôèöèåíòû a, b, c ïðåäïîëàãàþòñÿ íåèç-

âåñòíûìè, à λ, µ, ν � èçâåñòíûìè. Ðàâåíñòâî

(9.9) âûïîëíåíî òîãäà è òîëüêî òîãäà êîãäà
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êîýôôèöèåíòû êâàäðàòè÷íûõ ôîðì ñâÿçà-

íû ñîîòíîøåíèÿìè

αa+ γb =
λ

2
,

βa+ (α+ δ)b+ γc = µ, (10.9)

βb+ δc =
ν

2
.

Îïðåäåëèòåëü ∆ ýòîé ñèñòåìû èìååò âèä

∆ = (α+ δ)(αδ − βγ).
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Èç óñëîâèÿ îòðèöàòåëüíîñòè äåéñòâèòåëü-

íûõ ÷àñòåé âñåõ ñîáñòâåííûõ ÷èñåë ìàòðèöû

A âûòåêàåò, ÷òî ÷èñëà α+δ è αδ−βγ íå ðàâíû

íóëþ. Ñëåäîâàòåëüíî, ñèñòåìà (10.9) èìååò

åäèíñòâåííîå ðåøåíèå a, b, c, ÷òî è îçíà÷àåò

òðåáóåìîå.

Ëåììà.Åñëè âûïîëíÿþòñÿ óñëîâèÿ ïðåäû-

äóùåé ëåììû è äîïîëíèòåëüíî êâàäðàòè÷-

íàÿ ôîðìà F (y) îòðèöàòåëüíî îïðåäåëåíà,
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òî ôîðìà V (y) áóäåò ïîëîæèòåëüíî îïðåäå-

ëåííîé.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ôîðìà

V (y) íå ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåí-

íîé. Òîãäà íàéäåòñÿ âåêòîð y0 6= 0 òàêîé, ÷òî

V (y0) ≤ 0.

Äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

y′ = Ay (11.9)
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âèäà (1.9) âûïîëíÿåòñÿ ðàâåíñòâî

n∑
j=1

∂V (y)

∂yj
fj(y) = grad V(y) · Ay.

Ïóñòü y(t) åñòü ðåøåíèå ñèñòåìû (11.9), óäî-

âëåòâîðÿþùåå óñëîâèþ y(t0) = y0. Äëÿ ôîð-

ìû V (y), ÿâëÿþùåéñÿ ðåøåíèåì óðàâíåíèÿ

(9.9), âûïîëíÿåòñÿ íåðàâåíñòâî

grad V(y(t)) · Ay(t) = F(y(t)) < 0.
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Âñïîìíèâ, ÷òî ëåâàÿ ÷àñòü ýòîãî íåðàâåí-

ñòâà åñòü ïðîèçâîäíàÿ ôóíêöèè Φ(t) = V (y(t)),

ïîëó÷àåì, ÷òî V (y(t)) åñòü âåëè÷èíà îòðèöà-

òåëüíàÿ. Íî òîãäà ôîðìà −V (y) íà ðåøåíèè

y(t) áóäåò, íàîáîðîò, ïðèíèìàòü ïîëîæèòåëü-

íûå çíà÷åíèÿ.

Äàëåå, â ñèëó îäíîðîäíîñòè êâàäðàòè÷íàÿ

ôîðìà −V (y) ïðèíèìàåò ïîëîæèòåëüíûå çíà-

÷åíèÿ íà ëþáîì ëó÷å, ñîåäèíÿþùåì òî÷êó
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y(t) ñ íà÷àëîì êîîðäèíàò, èëè, äðóãèìè ñëî-

âàìè, â ëþáîé îêðåñòíîñòè íà÷àëà êîîðäè-

íàò.

Íåòðóäíî óáåäèòüñÿ, ÷òî è âñå îñòàëüíûå

óñëîâèÿ òåîðåìû ×åòàåâà âûïîëíÿþòñÿ. Ñëå-

äîâàòåëüíî, íóëåâîå ðåøåíèå ñèñòåìû (11.9)

äîëæíî áûòü íåóñòîé÷èâûì. Íî ýòî íå òàê,

ïîñêîëüêó âñëåäñòâèå îòðèöàòåëüíîñòè äåé-

ñòâèòåëüíûõ ÷àñòåé âñåõ ñîáñòâåííûõ ÷èñåë
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ìàòðèöû íóëåâîå ðåøåíèå óñòîé÷èâî è äàæå

àñèìïòîòè÷åñêè óñòîé÷èâî. Ïðèøëè ê ïðî-

òèâîðå÷èþ ñ ïðåäïîëîæåíèåì î ñóùåñòâîâà-

íèè âåêòîðà y0, äëÿ êîòîðîãî âûïîëíÿþòñÿ

ñîîòíîøåíèÿ y0 6= 0, V (y0) ≤ 0. Ñëåäîâàòåëü-

íî, âåêòîðà ñ óêàçàííûì ñâîéñòâîì íåò è

ôîðìà V (y) ïîëîæèòåëüíî îïðåäåëåíà.

Ëåììà.Ïóñòü ñðåäè ñîáñòâåííûõ ÷èñåë ìàò-

ðèöû A åñòü òàêèå, êîòîðûå èìåþò ïîëîæè-

òåëüíóþ äåéñòâèòåëüíóþ ÷àñòü. Òîãäà ìîæ-
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íî ïîäîáðàòü íåîòðèöàòåëüíîå ÷èñëî m òà-

êîå, ÷òî óðàâíåíèå

grad V (y) ·Ay = mV (y) + F (y) (12.9)

èìååò åäèíñòâåííîå ðåøåíèå â êëàññå êâàä-

ðàòè÷íûõ ôîðì. Åñëè äîïîëíèòåëüíî ôîð-

ìà F (y) áóäåò ïîëîæèòåëüíî îïðåäåëåííîé

êâàäðàòè÷íîé ôîðìîé, òî â ëþáîé îêðåñò-

íîñòè íà÷àëà êîîðäèíàò íàéäåòñÿ îáëàñòü,
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â êîòîðîé ôóíêöèÿ V (y) ïðèíèìàåò ïîëîæè-

òåëüíûå çíà÷åíèÿ.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëó÷àé n = 2.

Óðàâíåíèå (12.9) ìîæíî çàïèñàòü â âèäå

grad V (y) · (A−
m

2
E)y = F (y), (12.9')

èëè æå â âèäå ñèñòåìû(
α−

m

2

)
a+ γb =

λ

2
,
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βa+ (α+ δ −m)b+ γc = µ,

βb+
(
δ −

m

2

)
c =

λ

2
. (10.9')

Îïðåäåëèòåëü ýòîé ñèñòåìû åñòü ÷èñëî

∆(m) = (α+ δ −m)

[
αδ − βγ − α+ δ)

m

2
+
m2

4

]
.

Åñëè ∆(0) = 0, òî âûïîëíÿåòñÿ îäíî èç ðà-

âåíñòâ α + δ = 0, αδ − βγ = 0, ëèáî æå âû-

ïîëíÿþòñÿ îáà ýòè ðàâåíñòâà. Â ïîñëåäíåì

ñëó÷àå äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà m

723



îïðåäåëèòåëü ∆(m) íå áóäåò îáðàùàòüñÿ â

íóëü.

Åñëè âûïîëíÿåòñÿ ïåðâîå èç óêàçàííûõ âû-

øå ðàâåíñòâ è íå âûïîëíÿåòñÿ âòîðîå, òî

ïðè äîñòàòî÷íî ìàëûõ ïîëîæèòåëüíûõ m ñïðà-

âåäëèâî ∆(m) 6= 0. Àíàëîãè÷íî, åñëè âûïîë-

íÿåòñÿ âòîðîå ðàâåíñòâî è íå âûïîëíÿåòñÿ

ïåðâîå, òî ïðè äîñòàòî÷íî ìàëûõ ïîëîæè-

òåëüíûõ m âûïîëíÿåòñÿ ∆(m) 6= 0.
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Íàêîíåö, åñëè ∆(0) 6= 0, òî â êà÷åñòâå m ìîæ-

íî âçÿòü íóëü.

Ñëåäîâàòåëüíî, âî âñåõ ñëó÷àÿõ äëÿ äîñòà-

òî÷íî ìàëûõ íåîòðèöàòåëüíûõ ÷èñåë m îïðå-

äåëèòåëü ∆(m) ñèñòåìû (10.9') íå áóäåò îá-

ðàùàòüñÿ â íóëü. Íî òîãäà ýòà ñèñòåìà áó-

äåò èìåòü äåéñòâèòåëüíîå ðåøåíèå a, b, c.

Ýòî îçíà÷àåò, ÷òî óðàâíåíèå (12.9) äëÿ äî-

ñòàòî÷íî ìàëûõ íåîòðèöàòåëüíûõ ÷èñåë m

èìååò åäèíñòâåííîå ðåøåíèå.
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Äîêàæåì âòîðóþ ÷àñòü ëåììû. Ïðåäïîëî-

æèì, ÷òî â ëþáîé îêðåñòíîñòè íà÷àëà êîîð-

äèíàò íåò òî÷åê, â êîòîðûõ ôîðìà V (y) ïðè-

íèìàåò ïîëîæèòåëüíûå çíà÷åíèÿ. Ýòî îçíà-

÷àåò, ÷òî ôîðìà −V (y) åñòü ïîëîæèòåëüíî

îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôîðìà. Íî òî-

ãäà äëÿ ñèñòåìû

y′ =
(
A−

m

2
E
)
y
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è ôóíêöèè −V (y) âûïîëíÿþòñÿ âñå óñëîâèÿ

òåîðåìû Ëÿïóíîâà. Èç ýòîãî ñëåäóåò, ÷òî

íóëåâîå ðåøåíèå óêàçàííîé ñèñòåìû áóäåò

àñèìïòîòè÷åñêè óñòîé÷èâî. Ñ äðóãîé ñòîðî-

íû, äëÿ äîñòàòî÷íî ìàëûõ ÷èñåë m ìàòðèöà

A−m2 E áóäåò èìåòü ñðåäè ñîáñòâåííûõ ÷èñåë

õîòÿ áû îäíî ñ ïîëîæèòåëüíîé äåéñòâèòåëü-

íîé ÷àñòüþ. Êàê ïîêàçàíî ðàíåå, íóëåâîå ðå-

øåíèå â ýòîì ñëó÷àå îáÿçàíî áûòü íåóñòîé-

÷èâûì. Ïîëó÷åíî ïðîòèâîðå÷èå.
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Òåîðåìà.Ïóñòü âåêòîð-ôóíêöèÿ f(t, y) èìå-

åò âèä f(t, y) = Ay+g(t, y), ãäå A � ïîñòîÿííàÿ

êâàäðàòíàÿ ìàòðèöà ðàçìåðíîñòè n×n, è ïðè
ýòîì âûïîëíÿåòñÿ óñëîâèå

|g(t, y)|
|y|

→ 0 ïðè |y| → 0, (13.9)

ïðè÷åì ñòðåìëåíèå ê íóëþ çäåñü ðàâíîìåð-

íîå ïî t ïðè t ≥ t0. Åñëè âñå ñîáñòâåííûå

÷èñëà ìàòðèöû A èìåþò îòðèöàòåëüíûå äåé-

ñòâèòåëüíûå ÷àñòè, òî íóëåâîå ðåøåíèå ñè-

ñòåìû (1.9) àñèìïòîòè÷åñêè óñòîé÷èâî.
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Äîêàçàòåëüñòâî. Ïðåæäå âñåãî çàìåòèì, ÷òî

èç óñëîâèÿ (13.9) ñëåäóåò, ÷òî èìååò ìåñòî

òîæäåñòâî g(t, 0) ≡ 0. Ýòî òîæäåñòâî îçíà÷à-

åò, ÷òî ñèñòåìà (1.9) â àíàëèçèðóåìîé ñè-

òóàöèè äåéñòâèòåëüíî îáëàäàåò íóëåâûì ðå-

øåíèåì.

Ñîãëàñíî äîêàçàííûì ðàíåå ëåììàì óðàâíå-

íèå

gradV (y) ·Ay = −(y2
1 + . . .+ y2

n)
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èìååò åäèíñòâåííîå ðåøåíèå. Ýòî ðåøåíèå

� ïîëîæèòåëüíî îïðåäåëåííàÿ êâàäðàòè÷-

íàÿ ôîðìà, äëÿ êîòîðîé ñïðàâåäëèâû íåðà-

âåíñòâà∣∣∣∣∣∂V (y)

∂yj

∣∣∣∣∣ ≤ K|y|, j = 1, . . . , n, (14.9)

ãäå ïîñòîÿííàÿ K îïðåäåëÿåòñÿ ëèøü ìàò-

ðèöåé A.
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Äàëåå, î÷åâèäíûå íåðàâåíñòâà

|gj(t, y)| ≤ |g(t, y)|, j = 1, . . . , n,

äàþò ñëåäóþùåå ñâîéñòâî

äëÿ ëþáîãî ïîëîæèòåëüíîãî ÷èñëà ε íàéäåò-

ñÿ ïîëîæèòåëüíîå ÷èñëî δ òàêîå, ÷òî ïðè âû-

ïîëíåíèè íåðàâåíñòâ |y| < δ, t ≥ t0 âûïîëíÿ-

åòñÿ íåðàâåíñòâî

|gj(t, y)| ≤ ε|y|. (15.9)
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Èç íåðàâåíñòâ (14.9) è ñâîéñòâà (15.9) âû-

òåêàåò, ÷òî äëÿ âñåõ òî÷åê (t, y) òàêèõ, ÷òî

|y| < δ, t ≥ t0, áóäåò âûïîëíÿòüñÿ íåðàâåí-

ñòâî ∣∣∣∣∣∣
n∑
j=1

∂V (y)

∂yj
· gj(t, y)

∣∣∣∣∣∣ ≤ εnK|y|2. (16.9)

Çàôèêñèðóåì ÷èñëî ε òàê, ÷òîáû âûïîëíÿ-
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ëîñü íåðàâåíñòâî εnK ≤ 1
2. Èç ðàâåíñòâ

n∑
j=1

∂V (y)

∂yj
· fj(t, y) =

grad V (y) ·Ay +

n∑
j=1

∂V (y)

∂yj
· gj(t, y) =

= −|y|2 +

n∑
j=1

∂V (y)

∂yj
· gj(t, y)
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è íåðàâåíñòâà (16.9) ïðè òàêîì âûáîðå ÷èñ-

ëà ε ñëåäóåò, ÷òî äëÿ âñåõ òî÷åê (y, t) òàêèõ,

÷òî |y| < δ, t ≥ t0, áóäåò âûïîëíÿòüñÿ íåðà-

âåíñòâî

n∑
j=1

∂V (y)

∂yj
· fj(t, y) ≤ −

1

2
|y|2.

Íî òîãäà äëÿ ñèñòåìû (1.9) âûïîëííåíû âñå

óñëîâèÿ òåîðåìû Ëÿïóíîâà (êàê ïåðâîé åå

÷àñòè, òàê è âòîðîé). Èç òåîðåìû Ëÿïóíîâà

è âûòåêàåò òðåáóåìîå.
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Òåîðåìà.Ïóñòü âåêòîð-ôóíêöèÿ f(t, y) èìå-

åò âèä, óêàçàííûé â òåîðåìå 3.9 è ïóñòü âû-

ïîëíÿåòñÿ óñëîâèå (13.9). Òîãäà, åñëè õîòÿ

áû îäíî ñîáñòâåííîå ÷èñëî ìàòðèöû A èìååò

ïîëîæèòåëüíóþ äåéñòâèòåëüíóþ ÷àñòü, òî

íóëåâîå ðåøåíèå ñèñòåìû (1.9) íåóñòîé÷èâî.

Äîêàçàòåëüñòâî. Âíîâü ïðåæäå âñåãî çàìå-

òèì, ÷òî â òåîðåìå óòâåðæäàåòñÿ íåóñòîé-

÷èâîñòü ðåàëüíî ñóùåñòâóþùåãî ðåøåíèÿ.
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Èç ðàíåå äîêàçàííîé ëåììû ñëåäóåò, ÷òî äëÿ

äîñòàòî÷íî ìàëûõ íåîòðèöàòåëüíûõ ÷èñåë

m óðàâíåíèå

gradV (y) ·Ay = m V (y) + y2
1 + . . .+ y2

n

èìååò ðåøåíèå V (y) â êëàññå êâàäðàòè÷íûõ

ôîðì, è ÷òî äëÿ ôóíêöèè V (y) â ëþáîé ñêîëü

óãîäíî ìàëîé îêðåñòíîñòè íà÷àëà êîîðäèíàò

íàéäóòñÿ òî÷êè, â êîòîðûõ îíà ïðèíèìàåò

ïîëîæèòåëüíûå çíà÷åíèÿ.
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Èñïîëüçóÿ íåðàâåíñòâî (16.9) è âûáèðàÿ ÷èñ-

ëà m è ε ìàëûìè (âîçìîæíîñòü âûáîðà ÷èñ-

ëà m ìàëûì ïîêàçàíà ïî õîäó äîêàçàòåëü-

ñòâà ëåììû 3.9, âîçìîæíîñòü âûáîðà ÷èñ-

ëà ε ìàëûì âûòåêàåò èç óñëîâèÿ (13.9)),

íåòðóäíî ïîêàçàòü. ÷òî äëÿ òî÷åê (y, t) òàêèõ,

÷òî |y| < δ (ïîëîæèòåëüíîå ÷èñëî δ îïðåäå-

ëÿåòñÿ ÷èñëîì ε), t ≥ t0, áóäåò âûïîëíÿòüñÿ
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íåðàâåíñòâî

n∑
j=1

∂V (y)

∂yj
· fj(t, y) ≥

1

2
|y|2.

Ýòî íåðàâåíñòâî è óêàçàííûå âûøå ñâîéñòâà

ôóíêöèè V (y) ïîêàçûâàþò, ÷òî äëÿ ñèñòåìû

(1.9) áóäóò âûïîëíÿòüñÿ âñå óñëîâèÿ òåîðå-

ìû ×åòàåâà. Èç òåîðåìû ×åòàåâà è ñëåäóåò

òðåáóåìîå.
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Óñëîâèÿ äâóõ ïðåäûäóùèõ òåîðåì íàðóøà-

þòñÿ, åñëè ó ìàòðèöû A èìåþòñÿ ñîáñòâåí-

íûå ÷èñëà ñ íóëåâîé äåéñòâèòåëüíîé ÷àñòüþ

è îòñóòñòâóþò ñîáñòâåííûå ÷èñëà ñ ïîëîæè-

òåëüíîé äåéñòâèòåëüíîé ÷àñòüþ. Ýòîò ñëó-

÷àé òðåáóþò îòäåëüíîãî ðàññìîòðåíèÿ. Íà-

ïðèìåð, äëÿ ñèñòåì ñ ïîñòîÿííûìè êîýô-

ôèöèåíòàìè èññëåäîâàíèå óñòîé÷èâîñòè íó-

ëåâîãî ðåøåíèÿ â óêàçàííîì ñëó÷àå ìîæíî
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ïðîâåñòè íà îñíîâå ÿâíîãî ïðåäñòàâëåíèÿ

ðåøåíèÿ.

Ïðè èññëåäîâàíèè óñòîé÷èâîñòè ïî ïåðâîìó

ïðèáëèæåíèþ ÷àñòî ïðèìåíÿþòñÿ àëãåáðàè-

÷åñêèå êðèòåðèè îòðèöàòåëüíîñòè èëè ïîëî-

æèòåëüíîñòè äåéñòâèòåëüíûõ ÷àñòåé êîðíåé

ìíîãî÷ëåíîâ. Ïðèâåä¼ì îäèí èç òàêèõ êðè-

òåðèåâ.
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Åñëè ñèñòåìà (1.9) ñîñòîèò èç n óðàâíåíèé,

òî ìàòðèöà A áóäåò ìàòðèöåé n -ãî ïîðÿäêà

è, ñîîòâåòñòâåííî, óðàâíåíèå äëÿ ñîáñòâåí-

íûõ ÷èñåë áóäåò óðàâíåíèåì n -ãî ïîðÿäêà

a0λ
n + . . .+ an−1λ+ an = 0, a0 > 0. (17.9)

Äëÿ òîãî, ÷òîáû äåéñòâèòåëüíûå ÷àñòè âñåõ

êîðíåé óðàâíåíèÿ (17.9) áûëè îòðèöàòåëü-

íûìè, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âñå
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ãëàâíûå ìèíîðû ìàòðèöû
a1 a0 0 0 0 . . . 0

a3 a2 a1 a0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 0 0 0 0 . . . an


áûëè ïîëîæèòåëüíû.

Ïðèâåä¼ííûé êðèòåðèé íàçûâàåòñÿ êðèòåðè-

åì Ðàóñà-Ãóðâèöà.
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Óòî÷íèì, êàê ñòðîèòñÿ ìàòðèöà êðèòåðèÿ

Ðàóñà-Ãóðâèöà: íà ãëàâíîé äèàãîíàëè ñòîÿò

÷èñëà a1, a2, . . ., an, ñïðàâà îò äèàãîíàëè �

ýëåìåíòû ñ óáûâàþùèìè íîìåðàìè, ñëåâà �

ñ âîçðàñòàþùèìè, íî ïðè ýòîì ýëåìåíòû ñ

íîìåðàìè i > n èëè i < 0 çàìåíÿþòñÿ íóëÿìè.

Òåîðåìû îá óñòîé÷èâîñòè èëè íåóñòîé÷èâî-

ñòè ïî ïåðâîìó ïðèáëèæåíèþ ïðèìåíèìû,

åñëè ñèñòåìà (1.9) èìååò ñïåöèàëüíûé âèä.
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Âìåñòå ñ òåì, åñëè ôóíêöèè fi íå çàâèñÿò îò

âðåìåíè t, èìåþò ïî ïåðåìåííûì y1, . . . , yn

íåïðåðûâíûå ïðîèçâîäíûå äî âòîðîãî ïî-

ðÿäêà âêëþ÷èòåëüíî è âûïîëíÿþòñÿ ðàâåí-

ñòâà fi(0) = 0, i = 1, . . . , n, òî îáùóþ ñèñòåìó

(1.9) âñåãäà ìîæíî ïðèâåñòè ê òðåáóåìîìó

âèäó. Äåéñòâèòåëüíî, âñëåäñòâèå ôîðìóëû

Òåéëîðà èìåþò ìåñòî ðàâåíñòâà

fi(y) = ai1y1 + . . .+ ainyn +Ri(y), i = 1, . . . , n,
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ãäå aij =
∂fi(0,...,0)

∂yj
, Ri(y) � ÷ëåíû âòîðîãî ïî-

ðÿäêà ìàëîñòè. Ýòè ðàâåíñòâà è äàþò âîç-

ìîæíîñòü çàïèñàòü èñõîäíóþ ñèñòåìó â âè-

äå, óêàçàííîì â ïðåäûäóùèõ òåîðåìàõ; ïðè

ýòîì äëÿ ôóíêöèè g(y) âûïîëíÿåòñÿ íåðàâåí-

ñòâî

|g(y)| ≤M |y|2.
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Òåìà : Óðàâíåíèÿ ñ ÷àñòíûìè

ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà

10. Èíòåãðàëû ñèñòåì îáûêíîâåííûõ äèôôåðåí-

öèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. 20. Óðàâíå-

íèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà.

30. Ëèíåéíûå îäíîðîäíûå óðàâíåíèÿ. 40. Çàäà÷à

Êîøè äëÿ ëèíåéíîãî óðàâíåíèÿ. 50. Êâàçèëèíåé-

íûå íåîäíîðîäíûå óðàâíåíèÿ.
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10. Ïîíÿòèÿ èíòåãðàëà è îáùåãî èíòåãðà-

ëà ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé ïåðâîãî ïîðÿäêà â íîðìàëü-

íîé ôîðìå
y′1 = f1(x, y1, . . . , yn),

. . .

y′n = fn(x, y1, . . . , yn)

(1.12)

óæå áûëè îïðåäåëåíû â ïåðâîé ëåêöèè. Ïðè-

âåä¼ì ñåé÷àñ íåêîòîðûå ðåçóëüòàòû îá èõ

ñâîéñòâàõ.
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Ïóñòü íà îòêðûòîì ìíîæåñòâå U ïðîñòðàí-

ñòâà Rn çàäàíû ôóíêöèè g1(x), . . ., gm(x), è

ïóñòü ýòè ôóíêöèè íåïðåðûâíî äèôôåðåí-

öèðóåìû íà U.

Ñèñòåìà ôóíêöèé g1(x), . . ., gm(x) íàçûâàåò-

ñÿ ôóíêöèîíàëüíî çàâèñèìîé â îêðåñòíîñòè

òî÷êè x0 ìíîæåñòâà U ñèñòåìîé, åñëè äëÿ

íåêîòîðîãî ïîëîæèòåëüíîãî ÷èñëà δ è íåêî-

òîðîé ôóíêöèè Φ(y1, . . . ym), îïðåäåëåííîé íà
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îêðåñòíîñòè V òî÷êè y0 = (g1(x0), . . ., gm(x0)),

âûïîëíÿþòñÿ óñëîâèÿ

1. åñëè x åñòü òî÷êà δ - îêðåñòíîñòè òî÷êè

x0, òî òî÷êà (g1(x), . . ., gm(x)) ëåæèò â îêðåñò-

íîñòè V òî÷êè y0, ïðè÷åì äëÿ âñåõ òî÷åê x

èç óêàçàííîé δ - îêðåñòíîñòè âûïîëíÿåòñÿ

òîæäåñòâî

Φ(g1(x), . . . , gm(x)) ≡ 0;
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2. Φ(y1, . . . , ym) ∈ C1(V ), |∇Φ(y)| 6= 0 ïðè y ∈ V .

Åñëè ñèñòåìà ôóíêöèé g1(x), . . ., gm(x) åñòü

ôóíêöèîíàëüíî çàâèñèìàÿ ñèñòåìà â îêðåñò-

íîñòè êàæäîé òî÷êè x ìíîæåñòâà U, òî ãî-

âîðÿò, ÷òî ýòà ñèñòåìà åñòü ôóíêöèîíàëüíî

çàâèñèìàÿ ñèñòåìà íà âñåì ìíîæåñòâå U.

Åñëè ñèñòåìà ôóíêöèé g1(x), . . ., gm(x) íå ÿâ-

ëÿåòñÿ ôóíêöèîíàëüíî çàâèñèìîé ñèñòåìîé
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â îêðåñòíîñòè òî÷êè x0 èëè æå íà ìíîæå-

ñòâå U, òî ãîâîðÿò, ÷òî ýòè ôóíêöèè ôóíê-

öèîíàëüíî íåçàâèñèìû â óêàçàííîé îêðåñò-

íîñòè èëè íà ìíîæåñòâå U.

Èñïîëüçóÿ òåîðåìó î íåÿâíîé ôóíêöèè, íåòðóä-

íî ïîêàçàòü, ÷òî åñëè ôóíêöèè g1(x), . . ., gm(x)

ôóíêöèîíàëüíî çàâèñèìû íà ìíîæåñòâå U,
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òî â îêðåñòíîñòè êàæäîé òî÷êè x0 ýòîãî ìíî-

æåñòâà îäíà èç ôóíêöèé ìîæåò áûòü âûðà-

æåíà ÷åðåç îñòàëüíûå:

gk(x) = F (g1(x), . . . , gk−1(x), gk+1(x), . . . , gm(x)).

Ïðèâåäåì óñëîâèå ôóíêöèîíàëüíîé íåçàâè-

ñèìîñòè ñèñòåì ôóíêöèé.
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Òåîðåìà.Ñèñòåìà èç m íåïðåðûâíî äèôôå-

ðåíöèðóåìûõ íà îòêðûòîì ìíîæåñòâå U ïðî-

ñòðàíñòâà Rn, n ≥ m, ôóíêöèîíàëüíî íåçà-

âèñèìà íà ýòîì ìíîæåñòâå òîãäà è òîëüêî

òîãäà, êîãäà ðàíã ìàòðèöû
∂g1
∂x1

∂g1
∂x2

. . .
∂g1
∂xn

...
∂gm
∂x1

∂gm
∂x2

. . .
∂gm
∂xn


â êàæäîé òî÷êå ìíîæåñòâà U ðàâåí m.
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Ïóñòü èìåþòñÿ ôóíêöèè

ψ1(x, y1, . . . , yn), . . . , ψn(x, y1, . . . , yn),

êîòîðûå ÿâëÿþòñÿ ïåðâûìè èíòåãðàëàìè ñè-

ñòåìû (1.12). Ýòè ôóíêöèè äàþò îáùèé èí-

òåãðàë ñèñòåìû ëèøü â ñëó÷àå èõ íåçàâèñè-

ìîñòè.

Òåîðåìà.Äëÿ íåçàâèñèìîñòè èíòåãðàëîâ ψ1,

. . ., ψn íà îòêðûòîì ìíîæåñòâå D ïåðåìåí-

íûõ (x, y1, . . . , yn) ïðîñòðàíñòâà Rn+1 íåîáõî-
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äèìî è äîñòàòî÷íî, ÷òîáû íà ýòîì ìíîæå-

ñòâå ÿêîáèàí ôóíêöèé ψ1, . . ., ψn ïî ïåðåìåí-

íûì y1, . . ., yn íå îáðàùàëñÿ â íóëü.

Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü âûòåêàåò èç

ïðèâåäåííîãî âûøå óñëîâèÿ íåçàâèñèìîñòè.

Äîêàæåì íåîáõîäèìîñòü.

Âîçüì¼ì â ìíîæåñòâå D òî÷êó (x0, y
(0)
1 , . . . , y

(0)
n ).
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Ñîãëàñíî òåîðåìå 1.12, ðàíã ìàòðèöû
∂ψ1
∂x

∂ψ1
∂y1

. . .
∂ψ1
∂yn

...
∂ψn
∂x

∂ψn
∂y1

. . .
∂ψn
∂yn


â ýòîé òî÷êå äîëæåí ðàâíÿòüñÿ n, ÷òî îçíà-

÷àåò, ÷òî õîòÿ áû îäèí èç îïðåäåëèòåëåé n

-ãî ïîðÿäêà, ñîñòàâëåííûé èç ñòîëáöîâ äàí-

íîé ìàòðèöû, áóäåò â ýòîé òî÷êå îòëè÷åí îò

íóëÿ. Ïîêàæåì, ÷òî îòëè÷åí îò íóëÿ áóäåò
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èìåííî ÿêîáèàí ñèñòåìû ψ1, . . ., ψn ïî ïåðå-

ìåííûì y1, . . . , yn.

Åñëè â òî÷êå (x0, y
(0)
1 , . . . , y

(0)
n ) âñå ÷àñòíûå

ïðîèçâîäíûå ∂ψk
∂x

îáðàùàþòñÿ â íóëü, òî òðå-

áóåìîå, î÷åâèäíî, áóäåò âûïîëíåíî. Ïóñòü

õîòÿ áû îäíà èç ïðîèçâîäíûõ ∂ψk
∂x

â óêàçàí-

íîé òî÷êå íå îáðàùàåòñÿ â íóëü. Òàê êàê

ôóíêöèè ψ1, . . ., ψn ñóòü èíòåãðàëû ñèñòå-

ìû (1.12), òî â òî÷êå (x0, y
(0)
1 , . . . , y

(0)
n ) áóäóò
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âûïîëíÿòüñÿ ðàâåíñòâî

∂ψ1
∂x1

+
∂ψ1
∂y1

f1 + . . .+
∂ψ1
∂yn

fn = 0,

. . .

∂ψn

∂x
+
∂ψn

∂y1
f1 + . . .+

∂ψn

∂yn
fn = 0.

Äðóãèìè ñëîâàìè, ëèíåéíàÿ íåîäíîðîäíàÿ àë-
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ãåáðàè÷åñêàÿ ñèñòåìà

∂ψ1
∂x1

ξ1 + . . .+
∂ψ1
∂y1

ξn = −
∂ψ1
∂x

,

. . .

∂ψn

∂x
ξ1 + . . .+

∂ψn

∂y1
ξn = −

∂ψn

∂x

(ïðîèçâîäíûå ôóíêöèé ψ1, . . . , ψn çäåñü áå-

ðóòñÿ â òî÷êå

(x0, y
(0)
1 , . . . , y

(0)
n ))
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èìååò íåòðèâèàëüíîå ðåøåíèå

ξ1 = f1(x0, y
(0)
1 , . . . , y

(0)
n ), . . . ,

ξn = fn(x0, y
(0)
1 , . . . , y

(0)
n ).

Ñîãëàñíî òåîðåìå Êðîíåêåðà � Êàïåëëè î

ðàçðåøèìîñòè ëèíåéíûõ àëãåáðàè÷åñêèõ ñè-

ñòåì, ðàíãè ñîáñòâåííî ìàòðèöû äàííîé ñè-

ñòåìû è ðàñøèðåííîé ìàòðèöû äîëæíû ñîâ-

ïàäàòü.
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Âñëåäñòâèå íåçàâèñèìîñòè ñèñòåìû ôóíê-

öèé ψ1, . . ., ψn ðàíã ðàñøèðåííîé ìàòðèöû

áóäåò ðàâíÿòüñÿ n. Òîãäà è ðàíã ïåðâîé ìàò-

ðèöû áóäåò ðàâíÿòüñÿ n. À ýòî è îçíà÷àåò,

÷òî èñêîìûé ÿêîáèàí áóäåò îòëè÷åí îò íó-

ëÿ.

Ïðè ïîñëåäîâàòåëüíîì íàõîæäåíèè èíòåãðà-

ëîâ ïðîèçâîëüíîé ñèñòåìû (1.12) íåîáõîäè-

ìî ñëåäèòü, ÷òîáû êàæäûé ðàç ïðè äîáàâëå-
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íèè ê íàéäåííûì ðàíåå èíòåãðàëàì íîâîãî

ïîëó÷àëàñü íåçàâèñèìàÿ ñèñòåìà; ïðîâåðêà

æå íåçàâèñèìîñòè ìîæåò îñóùåñòâëÿòüñÿ ñ

ïîìîùüþ òåîðåìû 1.12.

Îáñóäèì òåïåðü âîïðîñ î ÷èñëå íåçàâèñèìûõ

èíòåãðàëîâ ñèñòåìû (1.12).

Ïðèâåäåì íåîáõîäèìóþ òåîðåìó èç êóðñà ìà-

òåìàòè÷åñêîãî àíàëèçà.
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Òåîðåìà.Ïóñòü íà îòêðûòîì ìíîæåñòâå U

ïðîñòðàíñòâà Rn çàäàíà ñèñòåìà íåïðåðûâ-

íî äèôôåðåíöèðóåìûõ ôóíêöèé

g1(x), . . . , gn(x),

ïðè÷¼ì ÿêîáèàí ýòîé ñèñòåìû ïî ïåðåìåí-

íûì x1, . . . , xn âñþäó íà U ðàâåí íóëþ, ÿêî-

áèàí æå ñèñòåìû g1(x), . . ., gn−1(x) ïî ïåðå-

ìåííûì x1, . . ., xn−1, íàîáîðîò, âñþäó íà U

íå ðàâåí íóëþ.
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Òîãäà äëÿ ëþáîé òî÷êè (x
(0)
1 , . . . , x

(0)
n ) ìíîæå-

ñòâà U íàéäåòñÿ òàêàÿ å¼ îêðåñòíîñòü Ũ, ÷òî

íà íåé ôóíêöèÿ gn(x) ìîæåò áûòü âûðàæåíà

÷åðåç îñòàëüíûå

gn(x) = Φ(g1(x), . . . , gn−1(x)),

ïðè÷åì ôóíêöèÿ Φ = Φ(y1, . . . , yn−1) èìååò íå-

ïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïî ïåðå-
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ìåííûì y1, . . ., yn−1 íà ìíîæåñòâå

V = {y = (y1, . . . , yn−1) ∈ Rn−1 :

yi = gi(x), i = 1, . . . , n− 1, x ∈ Ũ}.

Òåîðåìà 3.12 ÿâëÿåòñÿ ñëåäñòâèåì áîëåå îá-

ùèõ òåîðåì î ôóíêöèîíàëüíî çàâèñèìûõ ñè-

ñòåìàõ ôóíêöèé.
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Òåîðåìà.Ñèñòåìà (1.12) íå ìîæåò èìåòü

áîëåå n íåçàâèñèìûõ èíòåãðàëîâ.

Äîêàçàòåëüñòâî. Ïóñòü D åñòü ïðîèçâîëüíîå

îòêðûòîå ìíîæåñòâî ïðîñòðàíñòâà Rn+1 ïå-

ðåìåííûõ (x, y1, . . ., yn). Äîêàæåì, ÷òî â äî-

ñòàòî÷íî ìàëîé îêðåñòíîñòè ëþáîé òî÷êè

ýòîãî ìíîæåñòâà ïðîèçâîëüíûå (n+ 1) èíòå-

ãðàëà ñèñòåìû (1.12) áóäóò ôóíêöèîíàëüíî

çàâèñèìû.
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Ïóñòü ψ1(x, y1, . . ., yn), . . ., ψn(x, y1, . . ., yn), à

òàêæå ψ(x, y1, . . ., yn) � ýòî ïåðâûå èíòåãðà-

ëû ñèñòåìû (1.12).

Åñëè èíòåãðàëû ψ1, . . ., ψn çàâèñèìû, òî è

âñå èíòåãðàëû ψ1, . . ., ψn, ψ áóäóò çàâèñèìû.

Åñëè æå èíòåãðàëû ψ1, . . ., ψn íåçàâèñèìû,

òî äîêàæåì, ÷òî äëÿ ëþáîé òî÷êè (x0, y
(0)
1 ,

. . ., y
(0)
n ) ìíîæåñòâà íàéäåòñÿ åå îêðåñòíîñòü,
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òàêàÿ ÷òî â íåé ôóíêöèÿ ψ ìîæåò áûòü âû-

ðàæåíà ÷åðåç ôóíêöèè ψ1, . . ., ψn:

ψ = Φ(ψ1, . . . , ψn)

Ïîñêîëüêó âñå ôóíêöèè ψ1, . . ., ψn, ψ åñòü èí-

òåãðàëû ñèñòåìû (1.12), òî â îêðåñòíîñòè

òî÷êè (x0, y
(0)
1 , . . ., y

(0)
n ) èìåþò ìåñòî òîæäå-
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ñòâà

∂ψ1
∂x1

+
∂ψ1
∂y1

f1 + . . .+
∂ψ1
∂yn

fn ≡ 0,

. . .

∂ψn

∂x
+
∂ψn

∂y1
f1 + . . .+

∂ψn

∂yn
fn ≡ 0,

∂ψ

∂x
+
∂ψ

∂y1
f1 + . . .+

∂ψ

∂yn
fn ≡ 0.

Ýòè òîæäåñòâà îçíà÷àþò, ÷òî ëèíåéíàÿ îä-
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íîðîäíàÿ ñèñòåìà

∂ψ1
∂x1

ξ1 +
∂ψ1
∂y1

ξ2 + . . .+
∂ψ1
∂yn

fn+1 = 0,

. . .
∂ψn

∂x
ξ1 +

∂ψn

∂y1
ξ2 + . . .+

∂ψn

∂yn
ξn+1 = 0,

∂ψ

∂x
ξ1 +

∂ψ

∂y1
ξ2 + . . .+

∂ψ

∂yn
ξn+1 = 0

èìååò íåòðèâèàëüíîå ðåøåíèå:

ξ1 = 1, ξ2 = f1, . . . , ξn+1 = fn.
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Ñëåäîâàòåëüíî, ÿêîáèàí ñèñòåìû ôóíêöèé

ψ1, . . ., ψn, ψ ïî ïåðåìåííûì y1, . . ., yn, x îáÿ-

çàí îáðàùàòüñÿ â íóëü. Ñ äðóãîé ñòîðîíû,

âñëåäñòâèå òåîðåìû 2.12 ÿêîáèàí ñèñòåìû

ôóíêöèé ψ1, . . ., ψn ïî ïåðåìåííûì y1, . . .,

yn íå îáðàùàåòñÿ â íóëü. Èç òåîðåìû 3.12

çàêëþ÷àåì, ÷òî â äîñòàòî÷íî ìàëîé îêðåñò-

íîñòè òî÷êè (x0, y
(0)
1 , . . ., y

(0)
n ) ôóíêöèÿ ψ âû-

ðàæàåòñÿ ÷åðåç ôóíêöèè ψ1, . . ., ψn.
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20. Óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè ïåð-

âîãî ïîðÿäêà â îáùåì âèäå çàïèñûâàåòñÿ

êàê ñëåäóþùåå ðàâåíñòâî

F (x, u, ux) = 0. (2.12)

Çäåñü x = (x1, . . . , xn), u = u(x1, . . . , xn) è

ux ≡ ∇u = (ux1, . . . , uxn).

Ðåøåíèåì ýòîãî óðàâíåíèÿ íàçûâàåòñÿ ôóíê-

öèÿ u(x), îáðàùàþùàÿ åãî â òîæäåñòâî.
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Çàäà÷à Êîøè äëÿ óðàâíåíèÿ (2.12) ñîñòî-

èò â òîì, ÷òî íóæíî ñðåäè âñåõ åãî ðåøå-

íèé íàéòè òàêîå, äëÿ êîòîðîãî âûïîëíÿåòñÿ

óñëîâèå

u(x)
∣∣
S = ϕ(x), (3.12)

ãäå S � íåêîòîðàÿ ïîâåðõíîñòü â ïðîñòðàí-

ñòâå Rn, ϕ(x) � çàäàííàÿ íà ïîâåðõíîñòè S

íåïðåðûâíàÿ ôóíêöèÿ.

773



Ïóñòü x0 = (x
(0)
1 , . . . , x

(0)
n ) � òî÷êà ïîâåðõíî-

ñòè S òàêàÿ ÷òî â îêðåñòíîñòè x0 ïîâåðõ-

íîñòü S çàäàåòñÿ óðàâíåíèåì

G(x) = 0.

Ïóñòü â ýòîé îêðåñòíîñòè ôóíêöèÿ G(x) íåïðå-

ðûâíî äèôôåðåíöèðóåìà è |∇G(x)| 6= 0. Ïî

òåîðåìå î íåÿâíîé ôóíêöèè çàêëþ÷àåì, ÷òî
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â óïîìÿíóòîé îêðåñòíîñòè óðàâíåíèå ïîâåðõ-

íîñòè S ïðåîáðàçóåòñÿ ê âèäó

xk = g(x1, . . . , xk−1, xk+1, . . . , xn).

Çäåñü ôóíêöèÿ g íåïðåðûâíî äèôôåðåíöè-

ðóåìà â ñâîåé îáëàñòè îïðåäåëåíèÿ.

Ïåðåéäåì â îêðåñòíîñòè x0 ê íîâûì êîîðäè-
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íàòàì y1, . . ., yn ïî ñëåäóþùèì ôîðìóëàì:

y1 = x1, . . . , yk−1 = xk−1,

yk = xk − g(x1, . . . , xk−1, xk+1, . . . , xn),

yk+1 = xk+1, . . . , yn = xn.

Â íîâûõ ïåðåìåííûõ èñõîäíîå äèôôåðåíöè-

àëüíîå óðàâíåíèå (2.12) ïðèíèìàåò âèä

F̃ (y, v, vy) = 0, (2.12')
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ãäå ôóíêöèÿ v(y) ñîâïàäàåò ñ ôóíêöèåé

u
(
y1, . . . , yk−1,

yk + g(y1, . . . , yk−1, yk+1, . . . , yk),

yk+1, . . . , yn

)
.

Óñëîâèå Êîøè (3.12) ïðåîáðàçóåòñÿ ê âèäó

v
∣∣
yk=0 = ϕ̃(y1, . . . , yk−1, yk+1, . . . , yk). (3.12')

Òàêèì îáðàçîì, çàäà÷à Êîøè (2.12), (3.12) ñ
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óñëîâèåì, çàäàííûì íà ïðîèçâîëüíîé ãëàä-

êîé ïîâåðõíîñòè, ëîêàëüíî ïðåîáðàçîâàíà ê

çàäà÷å Êîøè (2.12'), (3.12') ñ óñëîâèåì, çà-

äàííûì íà ãèïåðïëîñêîñòè.

Ïîêàæåì, êàê òåîðèÿ îáûêíîâåííûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ïîìîãàåò â ïîñòðî-

åíèè îáùåãî ðåøåíèÿ è ðåøåíèÿ çàäà÷è Êî-

øè äëÿ íåêîòîðûõ êëàññîâ óðàâíåíèé ñ ÷àñò-

íûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà.
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30. Ïðîñòåéøèì è â òî æå âðåìÿ âàæíåéøèì

êëàññîì óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíû-

ìè ïåðâîãî ïîðÿäêà ÿâëÿåòñÿ êëàññ ëèíåé-

íûõ îäíîðîäíûõ óðàâíåíèé.

Îïðåäåëåíèå.Ëèíåéíûì îäíîðîäíûì óðàâ-

íåíèåì ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî

ïîðÿäêà íàçûâàåòñÿ óðàâíåíèå

a1(x)
∂u

∂x1
+ . . .+ an(x)

∂u

∂xn
= 0, (4.12)
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ãäå x = (x1, . . . , xn) � íåçàâèñèìûå ïåðåìåí-

íûå, à ôóíêöèè a1(x), . . ., an(x) èçâåñòíû è

íåïðåðûâíû.

Êàæäîìó ëèíåéíîìó óðàâíåíèþ ñ ÷àñòíûìè

ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà ñîïîñòàâëÿ-

åòñÿ íåêîòîðàÿ ñèñòåìà îáûêíîâåííûõ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé.
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Îïðåäåëåíèå.Ñèñòåìà îáûêíîâåííûõ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé

dxi
dt

= ai(x), i = 1, . . . , n, (5.12)

íàçûâàåòñÿ ñîïóòñòâóþùåé ñèñòåìîé óðàâ-

íåíèé äëÿ ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ

a1(x)
∂u

∂x1
+ . . .+ an(x)

∂u

∂xn
= 0.

Òðàåêòîðèè ñîïóòñòâóþùåé ñèñòåìû â ôà-

çîâîì ïðîñòðàíñòâå Rn íàçûâàþòñÿ õàðàê-
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òåðèñòèêàìè (áèõàðàêòåðèñòèêàìè) èñõîäíî-

ãî óðàâíåíèÿ.

Ó÷èòûâàÿ ïîñëåäíåå çàìå÷àíèå, ñîïóòñòâó-

þùóþ ñèñòåìó íàçûâàþò òàêæå ñèñòåìîé

õàðàêòåðèñòèê.
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Ðàññìîòðèì çàäà÷ó Êîøè
a1(x)

∂u

∂x1
+ . . .+ an(x)

∂u

∂xn
= 0,

u(x)
∣∣
S = ϕ(x).

Ïóñòü òî÷êà x0 ëåæèò íà ïîâåðõíîñòè S.

Îïðåäåëåíèå.Òî÷êà x0 íàçûâàåòñÿ íåõàðàê-

òåðèñòè÷åñêîé äëÿ ðàññìàòðèâàåìîãî ëèíåé-

íîãî óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè,

åñëè õàðàêòåðèñòèêè, ïðîõîäÿùèå ÷åðåç x0,

íå êàñàþòñÿ ïîâåðõíîñòè S.
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Òåîðåìà.Ïóñòü x0 � íåõàðàêòåðèñòè÷åñêàÿ

òî÷êà ïîâåðõíîñòè S, â îêðåñòíîñòè êîòîðîé

ïîâåðõíîñòü S íåïðåðûâíî äèôôåðåíöèðó-

åìà. Ïóñòü â ýòîé æå îêðåñòíîñòè çàäàíû

ôóíêöèè

ai(x), i = 1, . . . , n, è ϕ(x)

êîòîðûå òàêæå äîëæíû áûòü íåïðåðûâíî äèô-

ôåðåíöèðóåìû.
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Òîãäà íàéäåòñÿ îêðåñòíîñòü òî÷êè x0, â êî-

òîðîé çàäà÷à Êîøè a1(x)
∂u

∂x1
+ . . .+ an(x)

∂u

∂xn
= 0,

u(x)
∣∣
S = ϕ(x)

èìååò íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøå-

íèå u(x). Â óêàçàííîé îêðåñòíîñòè ðåøåíèå

u(x) åäèíñòâåííî.

Ïóñòü x0 åñòü ôèêñèðîâàííàÿ òî÷êà ïðîñòðàí-

ñòâà Rn, è ïóñòü â íåêîòîðîé îêðåñòíîñòè
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ýòîé òî÷êè êîýôôèöèåíòû ai(x) óðàâíåíèÿ

(4.12) íåïðåðûâíû ñàìè è èìåþò íåïðåðûâ-

íûå ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà.

Êðîìå òîãî, ïóñòü â ñàìîé òî÷êå x0 ôóíê-

öèè ai(x) íå îáðàùàþòñÿ â íóëü îäíîâðåìåí-

íî (ïîäîáíûå òî÷êè íàçûâàþòñÿ íåîñîáû-

ìè òî÷êàìè óðàâíåíèÿ (4.12)); áîëåå òîãî,

ïóñòü â òî÷êå x0 íå îáðàùàåòñÿ â íóëü êî-

ýôôèöèåíò an(x).
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Ðàññìîòðèì ñëåäóþùóþ ñèñòåìó îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
dx1
dxn

=
a1(x)
an(x)

,

. . .
dxn−1
dxn

=
an−1(x)
an(x)

.

(6.12)

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ â ñèëó òåî-

ðåìû Ïèêàðà ñèñòåìà (6.12) èìååò n−1 íåçà-
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âèñèìûé ïåðâûé èíòåãðàë

ψ1(x1, . . . , xn−1, xn) = C1,

. . .

ψn−1(x1, . . . , xn−1, xn) = Cn−1.

Ýòè íåçàâèñèìûå èíòåãðàëû îïðåäåëåíû è

íåïðåðûâíû âìåñòå ñî ñâîèìè ÷àñòíûìè ïðî-

èçâîäíûìè ïåðâîãî ïîðÿäêà â îêðåñòíîñòè U

òî÷êè x0. Ñ ïîìîùüþ ýòèõ èíòåãðàëîâ îïðå-
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äåëèì â Rn−1 ñëåäóþùåå ìíîæåñòâî òî÷åê:

V = {y = (y1, . . . , yn−1) ∈ Rn−1 :

yi = ψi(x1, . . . , xn−1, xn),

ãäå (x1, . . . , xn−1, xn) ∈ U}.

Òåîðåìà.Ïóñòü åñòü ïðîèçâîëüíàÿ íåïðå-

ðûâíî äèôôåðåíöèðóåìàÿ íà ìíîæåñòâå V

ôóíêöèÿ Φ(y1, . . . , yn−1). Òîãäà ñëîæíàÿ ôóíê-

öèÿ Φ
(
ψ1(x1, . . . , xn), . . . , ψn−1(x1, . . . , xn)

)
ÿâëÿ-
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åòñÿ ðåøåíèåì ëèíåéíîãî óðàâíåíèÿ

a1(x)
∂u

∂x1
+ . . .+ an(x)

∂u

∂xn
= 0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç u(x) ñëå-

äóþùóþ ñëîæíóþ ôóíêöèþ

u(x) = Φ
(
ψ1(x1, . . . , xn), . . . , ψn−1(x1, . . . , xn)

)
.

Èìåþò ìåñòî ðàâåíñòâà

a1(x)
∂u

∂x1
+ . . .+ an(x)

∂u

∂xn
=
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a1(x)

(
∂Φ

∂y1

∂ψ1
∂x1

+ . . .+
∂Φ

∂yn−1

∂ψn−1

∂x1

)
+ . . .

+ an(x)

(
∂Φ

∂y1

∂ψ1
∂xn

+ . . .+
∂Φ

∂yn−1

∂ψn−1

∂xn

)
=

∂Φ

∂y1

(
a1(x)

∂ψ1
∂x1

+ . . .+ an(x)
∂ψ1
∂xn

)
+ . . .

+
∂Φ

∂yn−1

(
a1(x)

∂ψn−1

∂x1
+ . . .+ an(x)

∂ψn−1

∂xn

)
.

Ïî óñëîâèþ êàæäàÿ èç ôóíêöèé ψi(x1, . . . , xn)

ÿâëÿåòñÿ èíòåãðàëîì ñèñòåìû (6.12). Ýòî
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îçíà÷àåò, ÷òî ïðîèçâîäíàÿ ôóíêöèè ψi(x) â

ñèëó ñèñòåìû (6.12) ðàâíà íóëþ íà ìíîæå-

ñòâå U, òî åñòü ÷òî âûïîëíÿþòñÿ òîæäåñòâà

∂ψi
∂xn

+
a1
an

∂ψi
∂x1

+ . . .+
an−1

an

∂ψi
∂xn−1

≡ 0,

i = 1, . . . , n− 1.

Óòî÷íèì, ÷òî îêðåñòíîñòü U òî÷êè x0 èçíà-

÷àëüíî äîëæíà áûòü âûáðàíà òàê, ÷òîáû â

íåé êîýôôèöèåíò an(x) óðàâíåíèÿ íå îáðà-
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ùàëñÿ â íóëü. Ýòîò âûáîð âîçìîæåí âñëåä-

ñòâèå íåïðåðûâíîñòè êîýôôèöèåíòà an(x) è

óñëîâèÿ an(x0) 6= 0.

Èç ïîëó÷åííûõ òîæäåñòâ è ïðåäøåñòâóþùå-

ãî èì ðàâåíñòâà çàêëþ÷àåì, ÷òî ðàññìàòðè-

âàåìàÿ ñëîæíàÿ ôóíêöèÿ u(x) íà ñàìîì äå-

ëå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîãî ëèíåéíîãî

óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè.
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Òåîðåìà.Ïóñòü ôóíêöèÿ ψ(x1, . . . , xn) â îê-

ðåñòíîñòè òî÷êè x0 óäîâëåòâîðÿåò óðàâíå-

íèþ

a1(x)
∂u

∂x1
+ . . .+ an(x)

∂u

∂xn
= 0.

Òîãäà íàéäóòñÿ îêðåñòíîñòü Ũ óêàçàííîé òî÷-

êè è íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíê-

öèÿ Φ(y1, . . . , yn−1) òàêèå, ÷òî íà ìíîæåñòâå

Ũ èìååò ìåñòî òîæäåñòâî

ψ(x) = Φ
(
ψ1(x1, . . . , xn), . . . , ψn−1(x1, . . . , xn)

)
.
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Äîêàçàòåëüñòâî. Íà ìíîæåñòâå U ôóíêöèÿ

ψ(x) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

a1(x)
∂u

∂x1
+ . . .+ an(x)

∂u

∂xn
= 0.

Ïîýòîìó îíà æå áóäåò íà ìíîæåñòâå U ïåð-

âûì èíòåãðàëîì ñîïóòñòâóþùåé ñèñòåìû.

Òðåáóåìîå òåïåðü âûòåêàåò èç òåîðåìû îá

îáùåì âèäå ïåðâîãî èíòåãðàëà ñèñòåìû îáûê-

íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.
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Èç ïîñëåäíèõ äâóõ òåîðåì çàêëþ÷àåì, ÷òî

â èõ óñëîâèÿõ ëîêàëüíîå îáùåå ðåøåíèå ëè-

íåéíîãî óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíû-

ìè çàäàåòñÿ ôóíêöèåé âèäà

Φ
(
ψ1(x1, . . . , xn), . . . , ψn−1(x1, . . . , xn)

)
,

ãäå ôóíêöèÿ Φ(y1, . . . , yn−1) íåïðåðûâíî äèô-

ôåðåíöèðóåìà, à â îñòàëüíîì ïðîèçâîëüíà.
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40. Ðàññìîòðèì òåïåðü çàäà÷ó Êîøè ñ íà-

÷àëüíûì óñëîâèåì íà ïëîñêîñòè xn = 0:
a1(x)

∂u

∂x1
+ . . .+ an(x)

∂u

∂xn
= 0,

u(x)
∣∣
xn=0 = ϕ̃(x1, . . . , xn−1)

Âîçüìåì òî÷êó x(0) = (x
(0)
1 , . . . , x

(0)
n−1, 0), ëåæà-

ùóþ íà ïëîñêîñòè xn = 0, è ïóñòü â íåêî-

òîðîé îêðåñòíîñòè x(0) êîýôôèöèåíòû èñ-

õîäíîãî ëèíåéíîãî óðàâíåíèÿ a1(x), . . ., an(x)
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íåïðåðûâíû âìåñòå ñî ñâîèìè ÷àñòíûìè ïðî-

èçâîäíûìè ïåðâîãî ïîðÿäêà. Ïóñòü êðîìå òî-

ãî ôóíêöèÿ an(x) íå îáðàùàåòñÿ â íóëü â

ýòîé æå îêðåñòíîñòè.

Â ñèëó òåîðåìû Ïèêàðà ó ñèñòåìû îáûêíî-

âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (6.12)

â îêðåñòíîñòè òî÷êè x(0) ñóùåñòâóåò îáùèé
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èíòåãðàë
ψ1(x1, . . . , xn−1, xn) = C1,

. . .

ψn−1(x1, . . . , xn−1, xn) = Cn−1.

(7.12)

Ôóíêöèè ψ1(x1, . . . , xn), . . ., ψn−1(x1, . . . , xn) �

ýòî íåçàâèñèìûå èíòåãðàëû ñèñòåìû (6.12).

Â ñîîòíîøåíèÿõ, îïðåäåëÿþùèõ îáùèé èí-

òåãðàë, âîçüìåì xn = 0. Ïîëó÷èì ñîâîêóï-
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íîñòü ðàâåíñòâ
ψ1(x1, . . . , xn−1, 0) = C1,

. . .

ψn−1(x1, . . . , xn−1, 0) = Cn−1.

(7.12')

Ðàçðåøèì ýòó ñèñòåìó óðàâíåíèé îòíîñèòåëü-

íî íåèçâåñòíûõ x1, . . . , xn−1, âûðàçèâ èõ ÷å-

ðåç ïîñòîÿííûå â ïðàâîé ÷àñòè. Òîãäà ïîëó-
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÷èì â îêðåñòíîñòè òî÷êè x(0) ñîîòíîøåíèÿ
x1 = w1(C1, . . . , Cn−1),

. . .

xn−1 = wn−1(C1, . . . , Cn−1).

(8.12)

Ôóíêöèè wk(y1, . . . , yn−1) â ïîëó÷åííûõ ðàâåí-

ñòâàõ íåïðåðûâíû è èìåþò íåïðåðûâíûå ÷àñò-

íûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà â íåêîòî-

ðîé îêðåñòíîñòè òî÷êè

y(0) = (C
(0)
1 , . . . , C

(0)
n ),
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ãäå ÷åðåç C
(0)
i

îáîçíà÷åíû ÷èñëà

C
(0)
i

= ψi

(
x

(0)
1 , . . . , x

(0)
n−1, 0

)
.

Ðàññìîòðèì ñóïåðïîçèöèþ ôóíêöèè

ϕ̃(x1, . . . , xn−1)

èç íà÷àëüíûõ äàííûõ çàäà÷è Êîøè ñ íåñêîëü-
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êèìè ïîëó÷åííûìè â ïðîöåññå âûêëàäîê:

ϕ̃
(
w1
(
C1, . . . , Cn−1

)
, . . . , wn−1

(
C1, . . . , Cn−1

))
.

(9)

Ïîäñòàâëÿÿ ñþäà âìåñòî ïîñòîÿííûõ èõ âû-

ðàæåíèÿ êàê ôóíêöèé íåçàâèñèìîé ïåðåìåí-

íîé x, òî åñòü âûðàæåíèÿ
C1 = ψ1(x1, . . . , xn−1, xn),

. . .

Cn−1 = ψn−1(x1, . . . , xn−1, xn),

(7.12)
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ïîëó÷èì ôóíêöèþ ïåðåìåííûõ (x1, . . . , xn), êî-

òîðóþ îáîçíà÷èì ÷åðåç u(x).

Åñëè ôóíêöèÿ ϕ̃(x1, . . . , xn−1) èìååò íåïðåðûâ-

íûå ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà â

íåêîòîðîé îêðåñòíîñòè òî÷êè (x
(0)
1 , . . . , x

(0)
n−1),

òî ôóíêöèÿ u(x) êàê ñóïåðïîçèöèÿ íåïðåðûâ-

íî äèôôåðåíöèðóåìûõ ôóíêöèé òàêæå èìå-

åò â îêðåñòíîñòè òî÷êè x(0) íåïðåðûâíûå

÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà.
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50. Ðàññìîòðèì óðàâíåíèå áîëåå îáùåãî âè-

äà, íåæåëè ëèíåéíîå óðàâíåíèå ñ ÷àñòíûìè

ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà. Òî÷íåå, èñ-

ñëåäóåì ìíîæåñòâî ðåøåíèé óðàâíåíèÿ

a1(x, u)
∂u

∂x1
+ . . .+ an(x, u)

∂u

∂xn
= b(x, u), (10.12)

ãäå ak(x, u), k = 1, . . . , n, b(x, u) � çàäàííûå

ôóíêöèè, u = u(x) � èñêîìîå ðåøåíèå.
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Óðàâíåíèå (10.12) â ñëó÷àå ak(x, u) ≡ ak(x),

k = 1, . . . , n è b(x, u) ≡ b(x) íàçûâàåòñÿ ëèíåé-

íûì íåîäíîðîäíûì óðàâíåíèåì.

Åñëè õîòÿ áû îäíà èç ôóíêöèé ak èëè b çà-

âèñÿò îò ðåøåíèÿ, òî óðàâíåíèå (10.12) íà-

çûâàåòñÿ êâàçèëèíåéíûì .

Òî÷íåå, óðàâíåíèå íàçûâàåòñÿ êâàçèëèíåé-

íûì îäíîðîäíûì, åñëè b(x, u) ≡ 0 è ïðè ýòîì
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õîòÿ áû îäíà èç ôóíêöèé ak çàâèñèò îò ðå-

øåíèÿ, è êâàçèëèíåéíûì íåîäíîðîäíûì, åñ-

ëè õîòÿ áû îäíà èç ôóíêöèé ak èëè b çàâèñèò

îò ðåøåíèÿ è ïðè ýòîì ôóíêöèÿ b(x, u) íå ÿâ-

ëÿåòñÿ òîæäåñòâåííî íóëåâîé ôóíêöèåé.

Äëÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ ïî-

íÿòèÿ õàðàêòåðèñòèê è íåõàðàêòåðèñòè÷åñêîé
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òî÷êè îïðåäåëÿþòñÿ òàê æå, êàê è äëÿ ëè-

íåéíîãî îäíîðîäíîãî óðàâíåíèÿ (4.12). Òåî-

ðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðå-

øåíèÿ çàäà÷è Êîøè äëÿ íåãî èìååò òàêîé æå

âèä, êàê è äëÿ îäíîðîäíîãî. Íóæíî ëèøü äî-

ïîëíèòåëüíî ïîòðåáîâàòü, ÷òîáû ôóíêöèÿ

b(x), êàê è ôóíêöèè ak(x), áûëà áû íåïðåðûâ-

íî äèôôåðåíöèðóåìîé â íåêîòîðîé îêðåñò-

íîñòè íåõàðàêòåðèñòè÷åñêîé òî÷êè x(0).
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Ñèñòåìà óðàâíåíèé õàðàêòåðèñòèê äëÿ êâà-

çèëèíåéíîãî óðàâíåíèÿ (10.12) èìååò âèä
dxi
dt

= ai(x, u),

i = 1, . . . , n;

du
dt

= b(x, u).

Óñëîâèå Êîøè u(x)
∣∣
S = ϕ(x) íàçûâàåòñÿ íåõà-

ðàêòåðèñòè÷åñêèì â òî÷êå x0 ïîâåðõíîñòè S,
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åñëè âåêòîð

~a(x0, u0) = (a1(x0, u0), . . . , an(x0, u0)),

ãäå u0 = ϕ(x0), íå ÿâëÿåòñÿ â òî÷êå x0 êàñà-

òåëüíûì âåêòîðîì ê ïîâåðõíîñòè S.

Òåîðåìà.Ïóñòü óñëîâèå Êîøè íåõàðàêòåðè-

ñòè÷íî â òî÷êå x0, à êîýôôèöèåíòû ai(x, u),

i = 1, . . . , n, è ôóíêöèÿ b(x, u) íåïðåðûâíî äèô-

ôåðåíöèðóåìû â îêðåñòíîñòè òî÷êè (x0, u0),

ôóíêöèÿ ϕ(x) è ïîâåðõíîñòü S íåïðåðûâíî
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äèôôåðåíöèðóåìû â îêðåñòíîñòè òî÷êè x0.

Òîãäà íàéäåòñÿ îêðåñòíîñòü òî÷êè x0, â êî-

òîðîé çàäà÷à Êîøè èìååò åäèíñòâåííîå íåïðå-

ðûâíî äèôôåðåíöèðóåìîå ðåøåíèå.

Âìåñòî óðàâíåíèÿ (10.12) ðàññìîòðèì ñëå-

äóþùåå ëèíåéíîå îäíîðîäíîå óðàâíåíèå

a1(x, u)
∂z

∂x1
+ . . .+ an(x, u)

∂z

∂xn
+ b(x, u)

∂z

∂u
= 0,

(11.12)
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â êîòîðîì íåçàâèñèìûìè ïåðåìåííûìè ÿâ-

ëÿþòñÿ ïåðåìåííûå (x1, . . . , xn, u), èñêîìûì

æå ðåøåíèåì � ôóíêöèÿ z = z(x, u).

Ïîñòðîèì ëîêàëüíîå ðåøåíèå ýòîãî óðàâíå-

íèÿ, ïðåäïîëàãàÿ, ÷òî êîýôôèöèåíò an(x, u)

íå îáðàùàåòñÿ â íóëü â îêðåñòíîñòè íåêîòî-

ðîé òî÷êè (x0, u0).
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Ïóñòü ψ1(x1, . . . , xn, u), . . . , ψn(x1, . . . , xn, u) � ïåð-

âûå èíòåãðàëû ñîïóòñòâóþùåé ñèñòåìû îáûê-

íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ñî-

îòâåòñòâóþùåé óðàâíåíèþ (11.12).

Ñîãëàñíî äîêàçàííûì âûøå òåîðåìàì, îá-

ùåå ðåøåíèå óðàâíåíèÿ (11.12) èìååò âèä

z(x, u) = Φ(ψ1(x1, . . . , xn, u), . . . , ψn(x1, . . . , xn, u)),

(12.12)
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ãäå Φ(y1, . . . , yn) � ïðîèçâîëüíàÿ íåïðåðûâ-

íî äèôôåðåíöèðóåìàÿ â îêðåñòíîñòè òî÷êè

y0 = (ψ1(x0, u0), . . . , ψn(x0, u0)) ôóíêöèÿ. Çàäà-

äèì ôóíêöèþ u(x) íåÿâíî ñîîòíîøåíèåì

z(x, u) = 0. (13.12)

Åñëè ýòî íåÿâíîå ñîîòíîøåíèå ðàçðåøèìî

îòíîñèòåëüíî ïåðåìåííîé u = u(x), òî èìåþò

ìåñòî ðàâåíñòâà

zxk + zuuxk = 0, k = 1, . . . , n. (14.12)
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Çäåñü ïðîèçâîäíûå ôóíêöèè z(x, u) ñóùåñòâó-

þò âñëåäñòâèå òîãî, ÷òî ôóíêöèÿ Φ, êàê è

ôóíêöèè ψ1, . . . , ψn íåïðåðûâíî äèôôåðåíöè-

ðóåìû ïî âñåì ñâîèì ïåðåìåííûì. Ñóùå-

ñòâîâàíèå æå ïðîèçâîäíîé uxk âûòåêàåò èç

òåîðåìû î íåÿâíîé ôóíêöèè.

Èç ðàâåíñòâ (14.12) è óðàâíåíèÿ (11.12) ñëå-

äóåò ñîîòíîøåíèå{
−[a1(x, u)ux1 + . . .+ an(x, u)uxn] + b(x, u)

}
zu = 0.
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Òàêèì îáðàçîì, åñëè äëÿ ôóíêöèè z(x, u),

îïðåäåëÿåìîé ðàâåíñòâîì (12.12), âûïîëíÿ-

åòñÿ óñëîâèå zu 6= 0, òî ôóíêöèÿ u(x), îïðåäå-

ëÿåìàÿ íåÿâíî ñîîòíîøåíèåì (13.12), ÿâëÿ-

åòñÿ (ïî êðàéíåé ìåðå, ëîêàëüíî) ðåøåíèåì

óðàâíåíèÿ

a1(x, u)
∂u

∂x1
+ . . .+ an(x, u)

∂u

∂xn
= b(x, u).

Òàêèì îáðàçîì, îáùåå ðåøåíèå ðàññìàòðè-

âàåìîãî êâàçèëèíåéíîãî óðàâíåíèÿ çàïèñû-
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âàåòñÿ â âèäå ñëåäóþùåãî àëãåáðàè÷åñêîãî

óðàâíåíèÿ

Φ
(
ψ1(x1, . . . , xn, u), . . . , ψn(x1, . . . , xn, u)

)
= 0.

Âûðàçèâ èç ýòîãî ñîîòíîøåíèÿ u êàê ôóíê-

öèþ ïåðåìåííûõ x, ïîëó÷èì ðåøåíèå èñõîä-

íîãî êâàçèëèíåéíîãî óðàâíåíèÿ.
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Ðàññìîòðèì òåïåðü çàäà÷ó Êîøè äëÿ êâàçè-

ëèíåéíîãî óðàâíåíèÿ


a1(x, u)

∂u

∂x1
+ . . .+ an(x, u)

∂u

∂xn
= b(x, u),

u(x)
∣∣
xn=0 = ϕ̃(x1, . . . , xn−1).

Ïîëàãàÿ xn = 0 â ñîâîêóïíîñòè ðàâåíñòâ,
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îïðåäåëÿþùèõ îáùèé èíòåãðàë ñîïóòñòâóþ-

ùåé óðàâíåíèþ (11.12) ñèñòåìû, ïîëó÷èì
ψ1(x1, . . . , xn−1, 0, u) = C1,

. . .

ψn(x1, . . . , xn−1, 0, u) = Cn.

(14.12)

Ðàçðåøàÿ ýòó ñèñòåìó îòíîñèòåëüíî ïåðå-
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ìåííûõ (x1, . . . , xn−1, u), ïðèõîäèì ê ðàâåíñòâàì

x1 = w1(C1, . . . , Cn),

. . .

xn−1 = wn−1(C1, . . . , Cn),

u = w(C1, . . . , Cn).

(15.12)

Ðàññìîòðèì òåïåðü ñóïåðïîçèöèþ ôóíêöèè

ϕ̃(x1, . . . , xn−1)

èç íà÷àëüíûõ äàííûõ çàäà÷è Êîøè ñ ïîëó-
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÷åííûìè â ïðîöåññå âûêëàäîê ïåðâûìè èí-

òåãðàëàìè.

Âìåñòî àðãóìåíòîâ xk, k = 1, . . . , n−1, ïîäñòà-

âèì â ϕ̃(x1, . . . , xn−1) ñîîòâåòñòâóþùèå ïåð-

âûå èíòåãðàëû wk
(
C1, . . . , Cn

)
, k = 1, . . . , n − 1,

â êîòîðûõ ïîñòîÿííûå C1, . . . , Cn çàìåíåíû

íà ðàíåå ïîëó÷åííûå èõ âûðàæåíèÿ â âèäå
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ôóíêöèé ïåðåìåííûõ (x, u), òî åñòü íà ïðà-

âûå ÷àñòè ðàâåíñòâ
C1 = ψ1(x1, . . . , xn, u),

. . .

Cn−1 = ψn−1(x1, . . . , xn, u),

(7.12)

Â ðåçóëüòàòå òàêîé ñóïåðïîçèöèè ïîëó÷èì

ôóíêöèþ ïåðåìåííûõ (x1, . . . , xn, u), êîòîðóþ

îáîçíà÷èì ÷åðåç Φ(x, u).

Çàïèøåì çàòåì íåëèíåéíîå àëãåáðàè÷åñêîå
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óðàâíåíèå

w(ψ1(x, u), . . . , ψn(x, u)) = Φ(x, u), (16.12)

â êîòîðîì w(C1, . . . , Cn) � ýòî ïîñëåäíèé èç

ïîëó÷åííûõ âûøå ïåðâûõ èíòåãðàëîâ (15.12).

Ôîðìóëà (16.12) çàäàåò ðåøåíèå u(x) ðàñ-

ñìàòðèâàåìîé çàäà÷è Êîøè â íåÿâíîì âèäå.
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ÒÅÌÀ: Çàäà÷à Êîøè äëÿ óðàâíåíèÿ

Ãàìèëüòîíà�ßêîáè

10. Îáùèé âèä óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè è

ñîïóòñòâóþùàÿ ñèñòåìà êâàçèëèíåéíûõ óðàâíå-

íèé. 20. Ñîïóòñòâóþùàÿ ñèñòåìà îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà è

ñïåöèàëüíàÿ ñèñòåìà åå ïåðâûõ èíòåãðàëîâ. 30.

Íåÿâíîå çàäàíèå ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâ-

íåíèÿ Ãàìèëüòîíà�ßêîáè. 40. Äâà ïðèìåðà.
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10. Ïóñòü x = (x1, x2, . . . , xn) � âåêòîð âåùå-

ñòâåííûõ ïåðåìåííûõ, t > 0. Ðàññìîòðèì óðàâ-

íåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïî-

ðÿäêà âèäà

∂u

∂t
+ H(t, x,

∂u

∂x1
, . . . ,

∂u

∂xn
) = 0, (HJ)

ãäå H = H(t, x, p1, . . . , pn) � äâàæäû íåïðåðûâ-

íî äèôôåðåíöèðóåìàÿ âåùåñòâåííàÿ ôóíê-

öèÿ. Ðàâåíñòâî (HJ) íàçûâàåòñÿ óðàâíåíè-
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åì Ãàìèëüòîíà�ßêîáè. Âìåñòå ñ óðàâíåíè-

åì ðàññìîòðèì íà÷àëüíûå äàííûå

u(0, x) = ϕ(x) ïðè ∀x = (x1, x2, . . . , xn) ∈ Rn.

(ID)

Ðåøåíèå çàäà÷è Êîøè (HJ)� (ID) ñâîäèòñÿ ê

ðåøåíèþ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé

ñïåöèàëüíîãî âèäà.

Ïîñëåäîâàòåëüíî äèôôåðåíöèðóÿ ïî ïåðå-

ìåííûì (x1, x2, . . . , xn) óðàâíåíèå (HJ), ïîëó-
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÷èì ñëåäóþùèå n ðàâåíñòâ (j = 1, 2, . . . , n):

∂

∂t
(uxj) + Hxj +

n∑
k=1

Hpk
∂

∂xj
(uxk) = 0. (1)

Îáîçíà÷èì ïðîèçâîäíóþ
∂u

∂xk
÷åðåç pk, òîãäà

ñïðàâåäëèâû ðàâåíñòâà

∂pk
∂xj

=
∂pj

∂xk
, j, k = 1, 2, . . . , n.

Ïîäñòàâëÿÿ ýòè ñîîòíîøåíèÿ â (1), çàïè-

øåì ïîëó÷èâøèåñÿ ðàâåíñòâà â ñëåäóþùåì
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âèäå

∂

∂t
(uxj) +

n∑
k=1

Hpk
∂

∂xk
(uxj) = −Hxj, j = 1, 2, . . . , n.

Äîáàâèì ñþäà óðàâíåíèå (HJ), ïåðåïèñàííîå

â ýêâèâàëåíòíîì âèäå

∂u

∂t
+

n∑
k=1

Hpk
∂u

∂xk
=

n∑
k=1

Hpk
∂u

∂xk
−H(t, x, p).

Ïîëó÷åííûå òàêèì îáðàçîì n + 1 óðàâíåíèå

îáúåäèíèì â ñèñòåìó îòíîñèòåëüíî íåèçâåñò-
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íîé âåêòîð-ôóíêöèè

~u =↑
(
u(t, x), p1(t, x), p2(t, x), . . . , pn(t, x)

)
.

Ïîëó÷èì ïðè ýòîì

∂~u

∂t
+

n∑
k=1

Hpk
∂~u

∂xk
= ~F , (2)

ãäå âåêòîð-ñòîëáåö â ïðàâîé ÷àñòè çàäàåòñÿ

ðàâåíñòâîì

~F =↑
( n∑
k=1

Hpk
∂u

∂xk
−H,−Hx1, . . . ,−Hxn

)
. (2')
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Ê ñèñòåìå óðàâíåíèé (2) äîáàâèì íà÷àëüíûå

äàííûå:

u(0, x) = ϕ(x),

p1(0, x) =
∂ϕ

∂x1
(x), . . . , pn(0, x) =

∂ϕ

∂xn
(x). (3)

Òàêèì îáðàçîì, ïîëó÷àåì çàäà÷ó Êîøè (2)�

(3) äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé

ñïåöèàëüíîãî âèäà.
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20. Ïåðâûé øàã àëãîðèòìà ñîñòîèò â ôîð-

ìèðîâàíèè ñèñòåìû îáûêíîâåííûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé, ñîïóòñòâóþùåé (2).
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Ñèñòåìà èìååò âèä

dxj

dt
= Hpj(t, x, ~p), j = 1, . . . , n;

dpj

dt
= −Hxj(t, x, ~p), j = 1, . . . , n;

du

dt
=

n∑
k=1

pkHpk(t, x, ~p)−H(t, x, ~p).

(SODE)

Ïåðâûå 2n óðàâíåíèé ñèñòåìû îáðàçóþò çà-

ìêíóòûé áëîê îòíîñèòåëüíî íåèçâåñòíûõ
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âåêòîð-ôóíêöèé ~x = (x1(t), x2(t), . . . , xn(t)) è

~p = (p1(t), p2(t), . . . , pn(t)). Çàïèøåì èõ â âèäå
dxj

dt
= Hpj(t, x, ~p), j = 1, . . . , n;

dpj

dt
= −Hxj(t, x, ~p), j = 1, . . . , n.

(SODE′)

Ýòó ñèñòåìó óðàâíåíèé ìîæíî ðåøàòü íåçà-

âèñèìî îò ïîñëåäíåãî óðàâíåíèÿ (SODE), â

êîòîðîì ïðèñóòñòâóåò íåèçâåñòíàÿ ôóíêöèÿ u.
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Ê ñèñòåìå óðàâíåíèé (SODE) ñëåäóåò äîáà-

âèòü äàííûå Êîøè

xj

∣∣∣
t=0

= x0j, j = 1, . . . , n;

pk

∣∣∣
t=0

= p0k, k = 1, . . . , n;

u

∣∣∣
t=0

= u0.

(Caus)

Ïðèñóòñòâóþùèå çäåñü ïîñòîÿííûå ïàðàìåò-

ðû ñ íîëèêàìè â êà÷åñòâå âåðõíèõ èíäåêñîâ
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äîëæíû áûòü ñâÿçàíû ìåæäó ñîáîé ñ ïîìî-

ùüþ ðàâåíñòâ

u0 = ϕ(x0), ~p0 = ∇ϕ(x0). (Cau′s)

Ôóíêöèÿ ϕ = ϕ(x) çäåñü òà æå ñàìàÿ, ÷òî è â

èñõîäíûõ íà÷àëüíûõ äàííûõ (ID).

Ïîñëå òîãî êàê çàäà÷à Êîøè (SODE)� (FI) ïî-

ñòàâëåíà, åå ñëåäóåò ðåøèòü, ò.å. ïîëó÷èòü
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âûðàæåíèå âèäà

xj = xj(t, x
0, p0), j = 1, . . . , n;

pk = pk(t, x
0, p0), k = 1, . . . , n;

u = f(t, x0, p0, u0).

Ïî òåîðåìå î íåÿâíûõ ôóíêöèÿõ ïåðâûå 2n

óðàâíåíèé ïîëó÷åííîé ñèñòåìû âîçìîæíî ðàç-

ðåøèòü îòíîñèòåëüíî ïåðåìåííûõ x0 è p0 â

îêðåñòíîñòè òî÷êè t = 0, âûðàçèâ èõ ÷åðåç

ïåðåìåííûå (t, x, p).
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Â ðåçóëüòàòå ïîëó÷èòñÿ ñèñòåìà ðàâåíñòâ

âèäà 
x0j = Yj(t, x, ~p), j = 1, . . . , n;

p0k = Uk(t, x, ~p), k = 1, . . . , n.

(FI)

Íàéäåííûå ôóíêöèèYj(t, x, ~p) è Uk(t, x, ~p) ïðåä-

ñòàâëÿþò ñîáîé ïåðâûå èíòåãðàëû ñèñòå-

ìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé (SODE).
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Áîëåå òîãî, ýòè ïåðâûå èíòåãðàëû óäîâëå-

òâîðÿþò äîïîëíèòåëüíûì óñëîâèÿì â íà÷àëü-

íûé ìîìåíò âðåìåíè
Yj(0, x, ~p) = xj, j = 1, . . . , n;

Uk(0, x, ~p) = pk, k = 1, . . . , n.

Åùå îäèí ïåðâûé èíòåãðàë ñèñòåìû (SODE)

íàéäåì èç ïîñëåäíåãî óðàâíåíèÿ â (SODE′),

ïîäñòàâèâ â íåãî óæå ïîëó÷åííûå ïðåäñòàâ-

ëåíèÿ (FI).
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Ðàçðåøèâ ïîëó÷åííîå ïîñëå óêàçàííîé ïîä-

ñòàíîâêè óðàâíåíèå îòíîñèòåëüíî ïåðåìåí-

íîé u0 â îêðåñòíîñòè òî÷êè t = 0, ïðèäåì ê

ñîîòíîøåíèþ

u0 = U0(t, x, ~p, u), ãäå U0(0, x, ~p, u) = u.

Òàêèì îáðàçîì, íàéäåíî ìíîæåñòâî èç 2n + 1

ïåðâîãî èíòåãðàëà ñèñòåìû îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé (SODE).
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Â îêðåñòíîñòè òî÷êè t = 0 ýòè ïåðâûå èíòå-

ãðàëû íåçàâèñèìû.

Ñ èõ ïîìîùüþ ìîæíî íåÿâíûì îáðàçîì çà-

äàòü îáùåå ðåøåíèå ñîïóòñòâóþùåé óðàâ-

íåíèþ Ãàìèëüòîíà�ßêîáè ñèñòåìû êâàçèëè-

íåéíûõ óðàâíåíèé (2).

30. Çàïèøåì òåïåðü ñèñòåìó ñîîòíîøåíèé,
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êîòîðîé çàâåäîìî óäîâëåòâîðÿåò ðåøåíèå

u = u(t, x)

èñõîäíîé çàäà÷è Êîøè (HJ)�(ID). Ñ ýòîé öå-

ëüþ íàéäåííûå äëÿ ïåðåìåííûõ ñ íîëèêàìè

â êà÷åñòâå âåðõíèõ èíäåêñîâ âûðàæåíèÿ ïîä-

ñòàâèì â ñîîòíîøåíèÿ (Cau′s):

u0 = ϕ(x01, . . . , x
0
n), p0 = ∇ϕ(x01, . . . , x

0
n).
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Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó, â îáùåì ñëó-

÷àå íåëèíåéíûõ, óðàâíåíèé

U0(t, x, ~p, u) = ϕ(Y1(t, x, ~p), . . . ,Yn(t, x, ~p)),

Uk(t, x, ~p) = ϕxk(Y1(t, x, ~p), . . . ,Yn(t, x, ~p)),

k = 1, . . . , n.

(NonL)

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå, âûòå-

êàþùåå èç îáùåé òåîðåìû î íåÿâíûõ ôóíê-

öèÿõ.

842



Òåîðåìà.Â îêðåñòíîñòè òî÷êè

(t = 0, x, ϕ(x),∇ϕ(x))

ñóùåñòâóåò åäèíñòâåííàÿ âåêòîð-ôóíêöèÿ

~u = (u, p1, . . . , pn),

óäîâëåòâîðÿþùàÿ óðàâíåíèÿì ñèñòåìû (NonL)

è ÿâëÿþùàÿñÿ ïðè ýòîì ðåøåíèåì çàäà÷è

Êîøè (HJ)�(ID).
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Âûðàçèâ èç ïîñëåäíèõ n óðàâíåíèé ñèñòå-

ìû (NonL) ïåðåìåííûå pk, k = 1, 2, . . . , n, êàê

ôóíêöèè àðãóìåíòîâ (t, x), ïîäñòàâèì çàòåì

ýòè ôîðìóëû â ïåðâîå óðàâíåíèå òîé æå ñà-

ìîé ñèñòåìû (NonL).

Â ðåçóëüòàòå ïîëó÷èì îäíî óðàâíåíèå, â îá-

ùåì ñëó÷àå íåëèíåéíîå. Èìåííî ýòî óðàâ-

íåíèå çàäàåò íåÿâíî ðåøåíèå u = u(t, x) èñ-

õîäíîé çàäà÷è Êîøè. Ñëåäóåò îòìåòèòü, ÷òî
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êîðíåé ó ýòîãî óðàâíåíèÿ ìîæåò áûòü íåñêîëü-

êî, íî òîëüêî îäèí èç íèõ íóæíûé.

Èíòåðåñåí ñëó÷àé, êîãäà ôóíêöèÿ Ãàìèëü-

òîíà H(t, x, ~p) â óðàâíåíèè (HJ) îäíîðîäíà

ïî ïåðåìåííûì ~p ñî ñòåïåíüþ îäèí. Â ýòîì

ñëó÷àå, êàê èçâåñòíî, äëÿ ôóíêöèè H(t, x, ~p)

ñïðàâåäëèâî òîæäåñòâî Ýéëåðà:

H(t, x, ~p) =

n∑
k=1

pkHpk(t, x, ~p).
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Ïåðâûé èíòåãðàë U0(t, x, ~p, u) ïðè ýòîì ñîâïà-

äàåò ñî ñâîèì ïîñëåäíèì àðãóìåíòîì

U0(t, x, ~p, u) = u.

Ïåðâîå èç ðàâåíñòâ â èòîãîâîé ñèñòåìå (NonL)

ñóùåñòâåííî óïðîùàåòñÿ, ïðèíèìàÿ â èòîãå

ñëåäóþùèé âèä

u = ϕ(Y1(t, x, ~p), . . . ,Yn(t, x, ~p)).
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40. Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ ïðèìå-

íåíèÿ îïèñàííîãî âûøå àëãîðèòìà ðåøåíèÿ

çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ãàìèëüòîíà�

ßêîáè.

Çàäà÷à.Íàéòè ðåøåíèå çàäà÷è Êîøè:
∂u

∂t
+2

∂u

∂x
+

∂u

∂y
+

√(
∂u

∂x

)2
+

(
∂u

∂y

)2
= 0,

u

∣∣∣
t=0

= (x− 1)2 + y2.
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