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Hacrosiiee nocodue siBiisieTcst 4eTBepTOil 9acThiO IMKJIA 1T0COOMI, OTpa-
YKAIONIMX MHOTOJIETHUI OITBIT MPOBECHNST aBTOPAMU PAKTUICCKUX 3aHATUI
110 Kypcy «MeTosibl MaTeMaTndecKoil (pU3UKKU» Ha BTOPOM KypCe OTJIeJICHUSI
pusnueckoit nndopmaruku puzndeckoro paxkysabrera HI'Y.

Paznoobpasnbie IpuMepbl ¥ KOMMEHTapUKM K HUM 3HAKOMAT CTYJIEHTOB C
UJIesIMU, JICXKAIIUMHU B OCHOBE Pa3JIMUHBIX METOJIOB pelleHnsi OObIKHOBEHHbBIX
nuddepeHnualbHbIX YpaBHEHH, 1 IOMOIal0T OCBaUBAaTh aJITOPUTMbI Pellle-
HUS TUIIOBBIX 3aJ1a4.

Kaxk ipiit maparpad mocobus sIBJisieTcsi MeTOIUIECKOR pa3paboTKOil 1By X-
JACOBOIO 3aHSATHs. B KOHIIE 3aHSATHST PEJIArajoTCs BOIMPOCHI JJIsI CAMOCTO-
SITEJIbHOM pabOThl ¥ CIUCOK 3aJ1a49 JJIsl JAJIbHEAIIero 3aKpeIieHnsl 10J1y YeH-
HBIX [IPAKTUYECKNX HaBbIKOB. Hymepanus 3ansaTuil ejiunas JiJis BCEro MUKJIa
OCOOUIA.

LlesieBasi ayiuTOpHs: CTYJACHTBI 2-I'0 Kypca OTJeieHus: (pUu3nIecKoil nH-
dopmaTukn pusnueckoro pakyysabreTa U OTJEJeHUsT MeOPU3NKI U T'eoMeXa-
HUKHU reoJioro-reodpusudeckoro dpaxyiabrera HI'Y.
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Sangarue 20
Paznenenne nepeMeHHBIX B ypaBHEHIU

I'eabMmroibia

ypaBHeHI/IeM F&HbMFO.HbLL& Ha3bIBaCTCA ypaBHEHHE C YaCTHBIMHU IIPOU3-

BOJIHBIMU

Pu  0%u
NI , , ,
0“u 0“u 0“u
T o Taa T Wu=0 (n=23) (20.2)

DTO ypaBHEHHE 3aHUMAET IEHTPAJIHLHOE MECTO B JIIOOOM KypCe METOJIOB
MaTeMaTUIeCKOi (PU3NKM, TTOTOMY UTO K HEMY CBOJIUTCs DOJIBITIOE YUCJIO pa3-

HOOOpA3HBIX 3a/1a4.

Mpbr OyjileM uckaTh HEKOTOpPbIE YaCTHBIC PEIIeHUs] TOI0 ypaBHEHUs, a
WMEHHO Te pelleHNsd, KOTOPbIe JIOMYCKAIOT TpPeJCTaBJICHAE B BUJIE TPOU3BE-
Jennst (PYHKIUM, 3aBUCAIIUX OT OJHON mepemenHoi. Hampumep, ecan jijis
ypasrenus (20.1) monbiTarhes mHaditu pemenne B Buje u(z,y) = X (2)Y (y),
TO HPUJEM K

X"Y + XY" + XY =0,
1 "

_ —_ 2—
X+Y+%—O.

"

Eciin 10/10K1Th ~ = —, 10 dyuknust Y Oyjier yjoBieTBOpPAThH ypaB-
"
HEHHIO — + 2> — a = 0. TakuM 06pa3oM, MBI IPHIEM K CHCTEME
X"+aX =0,
Y+ (3 —a)Y =0.

[Tapamerp « Ha3bIBaETCsl KOHCTAHTOR Pa3/e/IeHUSI.

Tor xe nojuxoy Jjyist ypasuenust (20.2) pacr
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u(@,y,z) = X(2)Y (y)Z(2),

X"+ aX =0,
Y" 4+ 8Y =0,
7"+ (2 —a—pB)Z=0.

U 351ech MBI ©MeeM y2Ke JBe KOHCTaHThI pasjesenus: « u [.
OnuncanHbBIi AJITOPUTM W HA3BIBAETCS " pasjie/ieHueM mepeMeHHbix .

PaccMorpum Ha, 1JIOCKOCTH JIpyrue cucreMbl Koopjuuar. ['oBopsit, 4To
Ha MJIOCKOCTU 3aJlaHa KPUBOJIMHEHAA CUCTeMa KOOPAWHAT, €CJAN NEeKaAPTOBDI
KOOD/IMHATBI X, Y SBJIAIOTCA B3aUMHO OJHO3HAYHLIMU (DYHKIUAME JIPYTUX

IepeMEeHHbIX 1, (2!

Tr = x(qla Q2)7
y =ylq, @),
d(z,
[IPU 9TOM, sIKOOMaH Oay) 0 (3a uckJjouenreMm, ObITh MOXKET, KOHEYHOT'O
7 (a1, q2) ’ 7
d(x,y
qucsia Tovek, rje ———~ = (
s (@1, q2) )

Mbl nMeeM JBa ceMeiicTBa KOOPJIMHATHBIX JIMHUIA, TJe ¢ = const uan
g2 = const. Ilpu srom, Mbl OyjileM paccMaTpuBaTbh TOJBKO OPTOIOHAJIbLHbBIE
CUCTEMbBI KOOPJIMHAT, TO €CTh TaKKe, JIJIsi KOTOPBIX KOOPAUHATHDBIE JIMHUU OP-

TOTI'OHaAJIbBHBI.

Paccmorpum siement jiyru koopaunatoil junnu dl = H;dg;. Coorer-
crBytomuit kKoadpduiment H; nazwiBaercs: koaddunnentom Jlame. x gacro

MOKHO HafTH MCXO/Isl U3 FeOMETPUUYCCKUX COOOparKeHU i, NI 2Ke BBIUUCIUTD

= (o) + () -
Hi_(@qi + (5 i=1,2.

110 popmyJie

Ypasuenue [esibmrosibia (20.1) B 1pou3BOJIbHON OPTOrOHAJIbHO cUcTeMe

KOOpAHHAT UMEET BUJIL

L[ (Hany 0 (O]
HHy [0qi \H0q, O0q2 \ Hs 0qo e
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Y4 & = ad

dl = dp

<V

-
NI

Puc. 20.1. KoopauHaTHbIe JHHAN TOJSPHON CHCTEMBI KOOPIHHAT.

['oBopsT, 9TO K HEKOTOPO# crcTeMe KOOpAMHAT ypaBHeHue [ejbMrosibia
JIOITycKaeT "pasnesieHne mepeMeHHbIX eCJIM MOXKHO HAiTH JacTHOE pelleHne

9TOI'0 ypaBHEHHUA B BUIE

u=F(q1) G(go).

Ha miockoctu ypagienue ['ejibMrosibiia JIOyckaeT pasjieeHue nepeMen-
HbIX TOJIbLKO B YEThIPEX CUCTEMaX KOOPJAUHAT: JIEKAPTOBOIi, MOJISPHOI, Mapa-
bosimueckoii u sJnnTudeckoii. Ceifdac Mbl OIMIIIEM STH CUCTEMbI KOODIMHAT

u npousseiéM "'pasnesienne mepeMennbix'.

llonspHasa cucrema KOOpPAWHAT.

T = pcosy

y = psing
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o = const

T = const

Puc. 20.2. KoopaunaTtHble JUHAK TapabOIMIecKOl CHCTEMB KOOPIUHAT.

11d dF 1G5
deppdp p? G * =
G"+aG =0

1d dF « 2
——p——=F+xF =0
pdp”dp  p?

ITapaboaumyeckas cucrema KOOPAWHAT.

Koopiunarubie jinnuu - napabdoJibl. Vx ypaphenus:

;ZQ?J"’O—Q;

—x—:2y—72.

2
H?=H?=71"+ 0"

1 2
—T2+02(uw—|—u”) + 2°u =0

u=F(1) G(o)

G ¥ 2, o2
gt tl+7)xu=0
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Puc. 20.3. KoopaunaTHble JHHAH 3JIUITAIECKON cUCTeMbl KOOPIUHAT.

G" + (0% + )G =0
F"+ (1% —a)F =0

DIIUNITUYECKAsE CUCTEMa KOOPJAMHAT.
xr=acha-cosf
y=asha-sinf

KOOp,ZI;I/IHaTHbIMI/I JINHUAMN ABJIAIOTCA 9JIJINIICDHI

.732 y2 _ 1

(acha)? * (ash«)?

1 coO(DOKYCHBIE C HUMU I'uiiepOoJIbl

.1'2 y2 - 1

(acosB)?  (asinp)?

H? = Hj = a’(sh*a + sin” )

(07

1

a2(sh® acsin? j3)

w=F(a)-G(B)

(uaa + uﬁﬁ) + %2U/ - 0
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FF + % + 5% (sh? a + sin® B)a® = 0
F" 4 (a*s*sh*a + \)F =0
G" 4 (a*sin®* B — NG =0

31ech \ - KOHCTaHTa Pa3/ie/IeHNsI.

B npocrpaHncTBe 3ajiaHbl KPUBOJMHENRHBIE KOOP/IMHATHI, €CJIN JIEKAPTOBbI
KOODJIMHATHI T, Y, Z ABJSIOTCS B3aUMHO-OJIHOZHAUHBIMU (DYHKIUSIMU JPYTUX

TPEX IIepeMEeHHbIX 1, ¢2, (3.

r = x(QhQ%Qi’))?
y=y(q1, 2, 3),
< Z(q17q27q3)7

o(z,y, z)
a(QlaQ27Q3) ?é 0

s Kaxk 10l TaKOi cHCTeMBbI KOOPJMHAT CYIMIECTBYIOT TPU CEMERCTBa, KO-
OPJMHATHBIX MOBEPXHOCTEH, e ¢; = const, 1 = 1,2, 3. [lepeceuenne aByxX
KOOP/IMHATHBIX IIOBEPXHOCTENR 00pasyeT KOOPAUMHATHYIO JIMHUIO, BJIOJb KOTO-

poii MeHsieTCs TOJIbKO OjiHa KoopjuHata. [Ipu 3ToM, BOJIL KOOPMHATHOM

JIAHUA
5 (9x>2 (ay)2 <az>2 B
HS = < 90, + 94, + 90, ko punuent Jlame.

YpapHenne ['eTbMIoIbI1a B TPOU3BOJIBHON OPTOrOHAJILHON CHCTEME KOOP-

JMHAT UMeeT BU/JL

1 |: 0 (HlHQHga_u> 0 (HleHg%) 0 <H1H2H3%>:| 2
oy

| |~ — — (—— +x"u = 0.
HyHyH; | 0qy H}  Oq H3  Og Jgs HZ  Og
Ecin MoxkHO HaliTh perieHue ypaBHeHus ['eibMrosibiia Bujia

u=F(q) G(q) H(g),

TO TOBOPST, YTO B ITOM cuCcTEeMe KOOpJIMHAT ypaBHeHue [ebMrosibiia Jomyc-

KaeT "pasyesienne nepeMmenabix'. Beero cymectsyer 11 Takux cucTeM KOOP-
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JIMHAT, MBI PACCMOTPHUM JIB€ M3 HUX — CQHEPUIECKYIO U IUINHIPUIECKYIO,

KOTOPbIE UCHOJIB3YIOTCs OCOOEHHO YaCTO.

Huauuapuyeckas cucTeMa KOOpAWHAT.

T =pcosy, y=psinpz =z, H,=1, H,=p, H. =1

10 Ou 10% 0O 9
> PH T 5 07 2
p@p dp op? 0z

u= R(p) - ®(p)- F(2)

1<1d dR) i@;”_'_F_”_i_ _ 0
R pdppdp 2

( "

®" 4+ ad =0,
! F'+BF =0,

1d dR « 2
T p2R BR+ "R = 0.

Cdepunyeckasa cucrema KOOPAWHAT.

x = rsinfcosp,
y = rsinfsin @, H,=1, Hy=r, H,=rsin0.
z =1cosb,

10 o0u 1 1 0 1 0%

r28r or ' r2sinf 06 ln9%+r2s1n 9(9g0 + 56 =0.
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Puc. 20.5. KoopaunarHble MOBEPXHOCTU CEPUIECKON CHCTEMBI KOOPIUHAT.

(L ity LML (L gy L8

R \r2dr dr r2 | F \sinf df sin2f ©
(& + a® =0,
X Shlled%siHG%—&wLBF:O,
St TRy SR =0,

CamocTogTenpHass padoTa

1. B pesyabrare BpaleHusi BOKPYT ocr Ox SJIIANTUYIECCKONR CUCTEMbI KO-
OPJINHAT Ha TJIOCKOCTU, MBI TIOJIYUYUJIM B TPEXMEPHOM MPOCTPAHCTBE CUCTEMY

KOOD/IMHAT
x = achacospf,

y = ash asin 3 cos p,
2z = ash asin B sin .

Hapucyiire 5cknu3 KOOPJMHATHBIX MOBEPXHOCTEHN, YKarXKUTe KOOPJMHATHbIE

JIMHUK, HaiijuTe Koaduiments Jlame.

2. B pesyabrare Bpaienust BOKpyr ocu Oy SJIMITHYECKONR CUCTEMbI KO-

OpJMHAT Ha IJIOCKOCTH, MbI ITOJIYIUJIX B IMTPOCTPAHCTBE CUCTEMY KOOPDAMHAT
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x = achacos fcosp,
y = ashasin 3,

2z = ach acos Bsin .

BrmosHuTe TO XKe 3aJaHUE, YTO U B NPEABIIYIIEM ITYHKTE.

3. llokaxkure, 9TO ypaBHeHUE [€bMTOJIBIA JOMYCKAeT pas3jeeHue Ime-

PEMEHHLIX B OIIMCAaHHBLIX CUCTEMaX KOOpPJAWHAT.

Jomaimasgsg padoTta

Ecimn npojesnars e »Ke MaHUIYJISAIUU C 1apaboJIMIecKoil CUCTEMOR KO-
OpJIMHAT Ha IMJIOCKOCTHU (To €CTh COBEPIUTH BpallieHne BOKpyr ocu Ox win
BOKpYT ocu y), TO MbI TOJYIUM CHCTEMbl KOODJUHAT B TPEXMEPHOM TIPO-
crpancTBe. [lokazkuTe, 9TO ¢ OJTHOM cJIydae ypaBHeHHE [ eJbMTIoJbIa JTomyc-

KaeT pazjieJleHue MepeMeHHbIX, a B JIpyTOM — HeT.
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JIlmHaeiinble ypaBHeHUS ¢ IepeMeHHbIMI

Ko pumumeHTaMu BTOPOTo MOPsJIKa.

IIpm pazjenennu mepeMeHHBIX B ypaBHeHHH [elbMIoJbiia Mbl ITPUXO/IH-

JI1 K OOBIKHOBEHHBIM JINHEHHBIM M depeHITuaIbHbIM YPABHEHUSIM BTOPOIO
MOPS KA,

Y+ a@)y +b(x)y = f(a). (21.1)

Oyuknuu a(x), b(x) u f(xr) sABasgOTCH HENpepbiBHbIMU (DYHKIUAME HA

KaKOM-TO mHTepBaJie. Mbl 3HaeM, 9T0 00IIee perieHne nMeeT B

y = Ciy(x) + Coya(x) + yo(x),

rie y1(x), yo(r) — HEKOTOpPbIE YaCTHBIE PELIeHUs] OJHOPOJHOIO YPABHEHUSI,
obpazytoriue dyngamentanbiyio cucremy pertennii (O.C.P.), a yo(x) —
9aCTHOE pelleHre HEeOJHOPOJIHOIO yPaBHEHMIl, KOTOPOe MOXKHO HAHTH MeTO-

JIOM Bapualluu.

Oynkiun Y1 (x) n y2(x) obpazyior ©.C.P. Ha HeKoOTOpOM MHTEpBAJE, €CIIN

onpeJie/InTe/ b BpoHCKOro

He obpalnaeTcs B HOJIb Ha 3TOM HHTEpBaJe.
Oyukius W (z) ynosnersopsier ypaBHeHuto JInyBuiiist
aw
= —a(x)W(x). (21.2)

Ecjiu Mbl 3HAEM OJIHO YACTHOE PElleHUe OJHOPOJHOIO ypasHeHus yi(x),

TO BTOPOE MOYXKHO HalTh ncnoJib3ys dyuxiuo W(x). U3
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W(z) = y1(x)ys(z) — i (x)ya(z)
R @) @) — @) @)
W) _ pi@)y(@) —yi(@ye(z) _ d (yp(=
) 20) - = (5)- (21.3)

N3 dopmysbr (21.3) Mbr Haxogum GyHKIHIO Yo ().

ITpumep 1. Haiitu obiee perienue ypaBHeHust

w3z + 1)y — 2y = 0.

3aMeruM, 4TO €CJU 9TO ypaBHEHHE IIE€pPEIUCcaTb B BUJIC, Pa3pEIIeHHOM

OTHOCUTEJILHO CTapIleil TPOU3BOIHOM

2
" o
T

TO KO3 DUIMEHT LIpu Yy UMeeT JiBe TOYKU paspbiBa x1 = 0 u x9 = —1. Ilo-
9TOMY CJIEJIyeT pacCMaTpUBaTh pellenne Ha narepBagax (—oo, —1), (—1,0),
(0, +00).

Ypapuenne JInyBuiis nmeeT Bu
d

orkyna W (x) = const.

1
[Tposepum, aro dyukims y; () = 1+ — YJIOBJIETBODSIET HCXOHOMY yPas-

rernio. Haxomum yo(x), permas ypasrenue (21.3).

d ( Yo () > B 1 o a?
de \1+1/z)  (1+1/x)2  (1+2z)?
(Mot mostoxxusn W(z) = 1, 9T0 COBEPIIEHHO HE CYIIECTBEHHO, TIOCKOJIBKY

MBI UIIEM YaCTHOE pemeHHe.)

Haiijiém kakyo-HuOy/Ib 1epBoOOPa3HYy0 PYHKITHHI TETEs
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/ <1xid;>2 =/ (- <?+—+§> dr =

2(x+1) 1 1
/( 1+$ —|—<1+x)2>dx—x—21n|1—|—x]—1+—x

Urak,

1 1
yg(x):%:ﬁF < —2In|l +z| — T >:x+1—

meer\——

(Obparure BHUMAaHUE, ITO (DYHKIHS Yo () UMEET PA3PLIBBI B TOUKax 1 = 0
n Tro = —1)
Orser: y = Chyi(z) + Caya ().

Takum 006pa30M, MbI BUJIUM, UTO OCHOBHOI IIPOOJIEMOil sABJISIETCS HAXOXK-
JIeH€e OJIHOTO YACTHOTO peIlleHusI, jajiee padoTaeT MpocToil ajroputm. B
HEKOTOPBIX CJIydasiX 4aCTHOEe pelleHne MOXKHO 110100parh. Paccmorpum 1pu-

MepBbl.

[Toipobyem uckars pemenue ypasuenust vy’ — (2e+ 1)y’ + (x+ 1)y =0

B Buge y = e, Torja

rk* — 2z + Dk + (z+1) =0.

Ecmm k* = 2k+1=0u —k+1 =0, o ectb k = 1, To hyuKImsg y = €°

ABJIACTCA YaCTHBIM PEIICHUEM.

s ypaBHeHUS

P?Inzy’ —zy +y=0
JaCcTHOE pPeIIeHne y = T yrajbiBaercs 06e3 Tpy/ia.

Vmem yacTHOe pellenue ypaBHeHus
z(2? +6)y" — 4(z® + 3)y' + 6y =0

B BuJjie MHOTOUIeHa. CHavaJa HAJI0 MOHATH, KAKOI CTEIIEHH MOYXKET ObITh 9TOT
MHOTOUWIEH. Ecian y = 2™ 4. . ., To Jo/2KeH 00paTUThCA B HOJIb KOI(DPUITUEHT

1pu crapiieil crenenu, KOTopas B HalleM cjydae paBHa n + 1:
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nn—1)—4n+6 =0.

Orciona ny = 2, ne = 3. Umem uacrHoe perenne B Buge y = Ax® + Bx + C
v IpuxoiuM K 41 = 22+ 2. (3amMerum, 4To BTOPOE PeleHue MOXKHO ObLIO Gbl
MCKATh B BUJIe MHOrOWJIeHa Tperheil crenenu. Ml noyuniu 6b1 yo = x3.)

Taxum obpasom, y = Cy(z? + 2) + Coa.

Hcnonb3oBanue popmyJibl JInyBuJList ipuBesio Obl 37€Ch K 3HAYUTEJIbHBIM
TEXHUIECKUM CJIOKHOCTsIM. K coxkasiennio, obIero npapuiia Jiist onpejesie-
HUsT 9aCTHOrO pertennst HeT. [oBopsT, 9To JIMHEHOe ypaBHEHe BTOPOro Mo~
psJiKa ¢ ImepeMeHHbIME Kodddunuentamu "OpocaeT BbI30B HCKYCCTBY aHAJIN-
tka'". OKa3pIBaeTCs, 9TO MeaecooOpa3Ho JaTh HOBOE HA3BaHUE (DYHKITUSIM,
obpasyomum @.C.P. ypaBHeHnus, KOTopoe 4acTo BCTPEUIAeTCsT B MPUIOKEHHU-
SIX, UM IIBbITATHCS BHIPA3UTH 9T (DYHKIMK depe3 yxKe u3BecTHble. Mbl eré

BEPHEMCS K 9TUM BOIpOcaM B 3aHsATUU 26.

Jlajiee Mbl PACCMOTPUM KMCKYCCTBEHHBIE ITPUEMBbI, 1HO3BOJISIIOIINE B HEKO-

TOPBIX CJIydasix HaiiTu perrerne ypasrenust (21.1).

1. Bamena y(x) = p(z) - z(z) upuBoAUT K ypaBHEHUIO HA (QYHKIMIO
z(x), KOTOpoe He CONEPKUT MEPBYIO MTPOU3BOJHYIO (Jjist TAKOIO yPaBHEHMUsT
W (z) = const). Hama tenb — nogobparh mogxopsiimm 06pa3om (yHKIUIO

p().

ITpumep 2. Pemurs ypapHenue

vy — 2xy + (22 + 2)y — 0.

[Tomaraem y = p(x)z(x), Torma
(02 + 202 4 p2") — 2x(p'z + p2') + (2% 4+ 2)pz = 0.
Ecin 22%p — 2zp = 0, o ectb p(z) = x, TO

232" — 22z 4 (2* 4+ 2)wz = 0.
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DOynuknus z(x) yIoBJIETBOPSIET YPABHEHHIO
2 =0,

KOTOpoe MbI Jierko pemum: z = Cpsinx + Cy cos x.
Orser: y = Cix sinx + Cyx cos .

2. 3aMeHa HE3aBUCUMOTO TIEPEMEHHOT0 t = () MPUBOJUT K YPABHEHUIO,

KOTOPOE TaKKe He COIEPXKUT CJaaracMoe ¢ MepBoOil MPON3BO/IHOMA.

ITpumep 3. Pemurh ypaBHenue

zy” —y — 423y = 0.

Bynem obo3HavaTh TPOU3BOIHBIE (DYHKITUH ¥ 10 MEPEeMEHHON { TOYKOI.

Nnmeem

y" = ij(t)(¢' ()" + §(t)¢" (2).

Torma

z(i§(¢) + 9¢") — g’ — da’y = 0.

Haiiném dynknuio ¢(z) takyto, aro xy” —¢' = 0. 910 ypaBHEHEE MOXKHO

PEIINTDb MOHMXKasd MopsaaoK. Ipumaém k

o(r) = Cra* + O,.

Mbi MoxkeMm BbIOpaTh J100yi10 3ameny t = @(x). [ogoxkum, rampumep,
t = 2. Torna
x(27)%) — 4%y = 0,

y—1vy =0.

Pemtenue storo ypasuenus: y = Crel + Coe™.
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MTak, ncxoaHoe ypaBHEHHE UMEET peleHne

Yy = 016332 + Cge_xz.

Hamnomunm merojr Bapuanu.

ITpumep 4. Haittu oOiiiee peliienue ypaBHeHUst

zy’ — (14 22%)y = 42°e”

Haxosum JiBa 4aCTHBIX PENIEHUs OJHOPOJHOIO yPABHEHUS
zy” — (14 22%)y = 0.
[Tonmkast MOpAIoK §' = u, TpUEM K
zu' — (14 22%)u = 0.

2

u=Czxe® , y= Cre”” + Cy.

meM ygacTHOe peleHue B BUJC Y = Cl(x)ezQ + Cy(x). Ha dynkmnum

Ci(x) u Coy(x) momyuaeM cucTeMy ypaBHEHUIL

e 1\ (C B 0
2ce” 0) \Cy)  \da2e”™ )

(HamoMunaem, 4To ypaBHEHHE JIOJKHO ObITH PUBEJICHO K BUJLY, Pa3pelieH-
14 222

2
HOMY OTHOCHUTEILHO CTapileii IpousBoaHoii y” — y = dx%e” )
X
Urax,
1 a2 /
CleiL’ + CZ — 0,
2 2
2xe” C) = 4a’e” .
2
Orkyna C; = 22, Cy = —e® . YacTHoe pellieHre HEOJHOPOIHOTO YPABHEHUS
HaliJIeHO.

2 2 2 2 2
Yauer = T €7 — " =" (x° —1).
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Otger: y = Cre® 4+ Cy + e (22 — 1).

B 3zakmiodenne paccMOTPUM OJIMH IIpUMeEp JUHEHHOrO ypaBHEHUs TPeThe-

r'o MOPsIJIKa C IepeMeHHBIMI KO3 DUIIneHTaMu.

IIpumep 5. Haiitu oOiiee pelienne ypaBHEHUsI

xy" —y" — 2y +y=0. (21.4)

DTO ypaBHEHHWE MMEET JiBa YaCTHBIX PelieHust y; = x u yo = e*. Uro-
Obl HAWTU TPEThe YaCTHOE PelieHre, HeoOXOJMMO, C OJIHON CTOPOHBI, HailTH

dbyuknuo W(x) u3 ypasuenns Jluysuis

dW (x)

= —a ()W (),

rie ai(x) — ko3 dunueHT upyu BTOpOH POU3BOJHON B IPUBEJIEHHOM YDaB-

wernu. B Hamem ciydae aq(z) = —1/x.

C apyroii croponbl, Hajl0 3amucarTh Gynkipio W(x), noubsysics eé onpe-

JICJICHUEM .
r e’ ys(x)
1 e® yy(w)
0 e y5(z)

Pemmasi ypapuenue JInyBusiis, Haxoum

W _ly  w=cu
dx z

Hrak, Tperbe YacTHOE pelleHre MOYKHO HANTH M3 ypaBHEHU

e’(x — D)yh — xey; + e'y3 = Cu. (21.5)

HeiicTBysi cTaHJI@DTHBIMM METOJ[@MU, Mbl CBEJU PelIeHUe OJIHOPOHOTO
YPaBHEHUA TPETHEro MOpAJKa K PEIIeHUIO0 HEOJHOPOJHOTO yPaBHEHUA BTO-

poro 1nopsJjJKa, HO Mbl S3Ha€M, 9TO 9TO OTHIOJb HE€ TpHUBHAJIbHaA 3aJaqa.
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[Ipu ¢ = 2 ypauenue (21.5) uMeeT 9acTHOE peIleHue Y3 = € 7, HO 9TO

OlSATh 10JI0OP U yrajiblBaHUe, TO €CTh COBEPIIEHHO He (POPMaJU30BaHHbIM

TTOJIXO/I,.

Bepuémes k ypasuenuio (21.4) u cienaem sameny u = 3" — y. Torua oHo
IPUMET BHL

xu —u=0.

Ero pemenne v = Crx. Tenepn Haiijiém y 13 ypaBHEHUsT

y' —y = Cix.

OT0 — JIMHEHOe YpaBHEHHE C IIOCTOSHHBIMU KO(D(DUIIMEHTAMK U CIICIH-
aJIbHOI NpaBoil yacThbio. Kak BuUIKMTE, BCE OKA3aJ0Ch 3HAUUTEILHO IIPOIIE.
Urak, y = —Chz + Coe” + Cze™".

CamocTosgTenpbHas padoTa

1. Haiitn obiiee perenne

vy — 2z + 1)y + (z+ )y =0.

2. Haiitu ob1iee pemnrenne

lnzy’ —xy +y=xln’z.

3. Pemure ypaBnenue, ciesaB moaxosmtyio 3ameny y = p(x) - z(x).

(14 22)y" + 4y’ + 2y.

4. Pemmre ypaBHenue, ¢ie/aB TOAXOANYIO 3aMEHy HE3aBHCHMOTO Mepe-
MEeHHOTO t = ().
y// + y/ + 46_2$y =0
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5. Haiiure onHo gacTHOE permenne B Bujie MEOTOUIeHa. Haijinte hynk-
uuto W(x).
(—22% 4 2)y" + 3xy + 3y = 0.

KakoMy ypaBHEHUIO TIEPBOI'O MOPsiJIKa YJIOBJIETBOPSET BTOPOE HacTHOE pe-
menne? Ha kaknx wHTEpBajax onpenesieHbl W HEelpPEePhIBHBI 00a TaCTHHIX

perenns?

Jlomaimasgasa padorta

NeNe 684, 687, 702, 710, 712



3angarue 22

www.phys.nsu.ru

KpaeBnbie 3agaun aJisd JIMHENHBIX yYPpaBHEHUMN

BTOPOI'0 MOPAAKa. YCJI0OBUS Pa3pPeIlnMOCTU.

MbI npucTynaeMm K pacCMOTPEHHIO HOBOI'O THIIA, 3ajad Jid Juddepen-

IUaJbHBIX ypaBHeHnii. Jlo cux mop Mbl pemaju, Kak IpaBuio, 3agady Ko-

1IN, TO €CTHh NCKAJIN pertenne nud GepeHnnaIbHOro ypaBHEeHIA, KOTOPOe Y10~

BJIETBOPSIIIO JIOTOJTHUTEIbHBIM YCJIOBUSIM, 33/IaHHBIM B 0/1HO# Touke. Ceiivac

CUuTyalnud M3MEHUTCA U MbI 6yﬂeM 3a/laBaThb YCJIOBHA Ha KOHIIaX HEKOTOPO-

ro wHTepBaJia. Takue 3ajauu Mbl OyJjileM Ha3bIBaTh KpaeBbIMU. PaccmoTpum

IIPUMEPBI.

ITpumep 1. Haiitu perienne ypaBuenus

yossierBopsitoriiee yesiosusim y(0) = 0, y(g) = 0.

Ob11iee peleHne uMeeT B/
y=Cisinz + Cycosz + 1.

s onpenenienns KoucTanT C; OJyYaeM CUCTEMY

y(0) = C1-0+Cy+1=0,
)=C1+Cy-04+1=0.

1o 3

y(
Orkyna Cy = —1, C7 = —1.

OrBet: y = —sinx — cosx + 1.

(22.1)

(22.2)

ITpumep 2. Haiitu perenvie ypasaenusi (22.1), yIoBIeTBOPSIONIEe yCJI0-

BusiM y(0) = 0, y(m) = 0.

N3 dopmysnbt obimero perennst (22.2) mojiydaeM CUHCTEMY JIJIsT OTIpeJieie-
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HUA KOHCTaHT

y(0)=C1-0+Co+1=0,
y(r) =Cy-0—Cy+1=0,

KOTOpast, OUEeBUJIHO, HE MMeeT perieHus. Takum oOpa3oM, HaM He YJIaJI0Ch

peninTb IIOCTaBJIEHHYIO 3a1a4y.

ITpumep 3. Haiitu perienne ypaBuenus
2
Yy +y=2r—m7

yaoersopstioniee yeaosusim y(0) = 0, y(m) = 0.
OOItiee perienne u CUCTeMa YPaBHEHUI Ha KOHCTAHTHI UMEIOT BHU/I
y=Cisinz + Cycosz + 2z — ,
y(0)=C1-04+Cy =71 =0,
y(r)=C1-0—Cy+7m =0,
oTKyja mosydaeM, 4to Cy = 7, a KoHcraura Cp MOXKeT ObITh JH0bast.
Urak, y = mcosx + 2z — 7+ Csinz.

Anausupyst pacCMOTPEHHbIE IPUMEPBI, Mbl BUJIUM, YTO B OJHOM CJlydae
3a/la4a, MMeJIa eAMHCTBEHHOEe DPEeIIeHue, B JIDYTOM He MMeJIa pelleHuii, u B
TPeTheM pereHnit ObII0 OECKOHEUHO MHOTO. 3aMETHM, 9TO Pedh TIIa 00 o/l
oM ypasuenun y” + y = f(x). Mensacs npasas dacts (dyukius f(z)) u

JOIIOJIHUTEJIbHBIE YCJIOBUA.

Paccmorpum kpaeByto 3ajiady Jijisl ypaBHEHUS
s
y'+y=flx), y0)=0, y(5)=0. (22.3)

By,ZLeM HNCKaTb 9aCTHOE pelIecHue, yJO0BJIETBOPAIOIIECE KPaeBbIM YCJIOBUAM

METOAOM BapHalluun.

y = Ci(z)sinz + Cy(x) cosx
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[Ipu srom dyuknuu Ci(x) u Cy(x) MOTKHBI YIOBIETBOPSATH YCIOBUSIM
C’l(g) =0, C5(0) = 0. U3 cucrembi

sinx cosx Cty (0O
cosz —sinz) \Cy) \ f(z)

110JIy 9aeM
Ci=cosz- f(xr), C)=—sinz- f(z),
OTKY/1a,
/2
Ci(x) = — / cos s - f(s)ds,
Cy(z) = —/Sins . f(s)ds
0
Urax,
x /2
y(xr) = —/cosxsins - f(s)ds — / sinz coss - f(s)ds.
0 T

[ToydenHoe pereHue 3amnuiieM B KOMIAKTHOH (hopMme, UCIOJIb3YsT HHTE-

rpaJjibHbiil oneparop ¢ sjapom G(z, s):
y(z) = / Gz, 5) f(s)ds. (22.4)

3nech byuknus G(x, s) 3amaéres GpopMymaMu

53

G(z,s) = /2

—coszsins, 0Lz
<

NN

—sinxrcoss, S< T

MbI GyjieM mosib3oBaThest caejyonieil yiaobuoi guarpammvoit (Puc. 22.1).

Takum obpazom, kpaesas 3ajaua (22.3) upu Ji0boii npasoit yacru f(x)
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Puc. 22.1. [duarpammva dbyuxiuu G(z, s).

MMeeT eIMHCTBEHHOE pellieHre, KoTopoe 3amaéres (opmyoi (22.4). OyHk-

uust G(x, ), BO3HUKILAs B XOji€ pelienust, Hasbiaercs Gynkiueil [puna.

st Toro, 9ToOBI pazodbpaThCsa ¢ CUTyalueil, BO3HUKINEH B TpuMepax 2 u
3, HaM HaJI0 BCIHOMHUTHL TeopeMmbl Ppejirosibma, usydaembie B Kypce (PyHK-

IIMOHAJIbHOI'O aHaJIn3a W IIPUMECHUTDb X B HalllEM CJIy4dae.

Paccmorpum omeparop L[y|, onpejieséHublii Ha HEKOTOPOM MHOYKECTBE
dyuknuit y € Dy. Ilycrb HA 9TOM MHOXKECTBE 3a/1aHO CKaJISIPHOE ITPOU3BE/Ie-

aue. Oneparop HA3BIBAETCsT CAMOCOIPSKEHHBIM, ecyn V u, u € Dy, umeem

(Llu], v) = (u, L[v]).

Hac unrepecytor ycioBust pa3pemmnmocTi (PyHKIIMOHAJIBHOI'O yPaBHEHUsI

Llyl=f, y€Dr, f€EL (22.5)

JIbTEePHATUB roJibMa IJIACUT, YTO WJIU BHEHU .5) umeer
Anpreprarua ®penrosbma rIacuT, ITO aBHenue (22.5 ee

eJIMHCTBEHHOE pelleHue Jjis 1000l (hyHKIuK f, Un OJHOPOIHOE YpaBHEHHE
L[y] = 0 umeer nerpusuaibHoe perenue. Ipyrumu cioBaMu, aJbTepHATHBA
DpejirosibMa yTBEPKJIALT, YTO orepaTop L MoxKeT ObITh BHIPOXKJIECHHBIM (CYy-

ecTByeT HeHyJsieBast QyHKIMst €o(x), NpuHajexKalas sypy orneparopa L)
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UM He BBIPpOXKIeHHBIM. Bo BTOpoM ciydae oneparop L nMmeeT oOpaTHBII U

y = L7'[f]

Juist oboit pynknun f. VIMeHHO 3TO U yaaJoch HaM cJieJaTh B mpuMmepe 1.
[Tokaxkem, uro oneparop Lly|] = 3" + y BeipoxIeH Ha MHOXKeCTBE (BDYHKIIHIA,
yaosiiersopsitonux yeiaosusiv y(0) = 0, y(m) = 0. Ouenuno, uro ep(r) =
sinx € Ker L. Takum 006pa3om, CTaAaHOBUTCS IMOHSTHO, MOYEMY Mbl UMEJIN

1po0JieMbl B puMepax 2 u 3.

Ecan oneparop L BbIpoxJieH, To ypasHenue (22.5) (B ciayuae camoconps-
OHCENHO20 ONEPAMOpPa) VMeeT PeIleHre ecin U TOJNbKO ecan dyHkius f(x)

OpTOTOHAJIbHA APy omepatopa L.
MoxxHo 1okazaTh, 4To JIMHEHHbIH jJinddepeHIuaj bHbIi ornepaTop

_ 4
Llyl = gp(@)g; +al2)y
(rae dyukuus p(x) npejnonaraercss HenpepbiBHO juddepeHnupyeMoii Ha
(a,b), p(z) # 0 na [a,b], g(x) — HenpepwiBHa Ha (a, b)) sBIsIETCST CAMOCO-
NPSKEHHBIM HA MHOXKECTBE (DYHKINUI, YIOBIETBOPSIIONMX KPAECBHIM YCJIOBH-

AM
ary(a) +asy'(a) =0, of + a3 #0,

Biy(b) + Boy/(b) =0,  Bi+ B3 #0.
KpaeBbIe YCJIOBI/IH TaKOI'O BHJIa MbI 6YIL€M Ha3blIBaTb CTa,H(ZLa,pTHbIMI/I.

IIpu aTOM MBI paccMaTpuBaeM TPAJIUIMOHHOE JjIsI (PYHKIMOHAJIHLHOIO

aHaJIn3a CKaJIAPHOEC IIPOU3BEACHUEC

b

(u,v) = /u(x)v(:z:)dx

a

Hagaiire yoepumes, uro oneparop L{y| = y” + y sBisiercst camoconpsi-

xénuniM, ecn y(0) = 0, y(m) = 0. Ilokaxkem, 1aTo0
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™

(L] fu—i—u vda::/u(v+v”)da:: (u, L[v]).
0

0

Nnmeem W _
(L[u],v) = /u(x)v(x) + /u”vdw.
0 0

3aiiMEéMCsT BTOPBIM CJIaraeMbIM U IMPOUHTEIPUPYEM II0 JaCTSIM.

/vdu'(x) =v(x)u'(z)| — /v'u'dm =— /v'(m)du =
0 00 0
= (x)u(z)| + /uv"dx = /uv”dx.
0 0 0

Brennrerpajbibie 4ieHbl 00PAIAOTCs B HOJIb, MOCKOJILKY GyHKIMN u(x) 1

v(x) yIOBIETBOPSIOT KPAEBBIM YCIOBUSIM.

OcobernrocThio JimHEHHOTO A dEepeHnnaaLHOTO OnepaTopa, KOTOPbI
MBI PACCMATPUBAEM, SBJISIETCS TO, YTO €ro sJIpO MOYXKeT ObITH TOJBKO OJTHO-
MEpHBIM, TO ecTh eciu Ker L # &, TO cymecTByeT eJMHCTBEHHAs HEHYJIeBas

bynkims eg(x) € Ker L.

M rak, 9T00bBI IIOJTHOCTHIO PA300paThCs ¢ PACCMOTPEHHBIMU B HAUAJIE 3aHSI-
TS IPUMEPAMHU, HAM OCTAJIOCh TOJIBKO IIPOBEPUTH OPTOrOHAJBHOCTEL (DYHK-

nuit 1 u 20 — m spy oneparopa, 1o ectb pyHkiuu sin x. Umeem:

™

/Sinx - 1dx # 0. CootrBercrByioliee ypaBHEHNE HE UMEET PEeIIeHM.
s
/ sinz - (2x — m)dx = 0. CooTBeTcTByIOITCe YPABHEHUE UMEET PelleHue.
0

Ecnu oneparop L BeipoxjeH, Ho ypaBHenue Lly] = f Bcé ke umeer

pelIeHre, TO HOHSTHO, YTO OHO 00sI3aTe/IbHO Oy/leT He €UHCTBEHHbIM

y = yi(z) + Cey(w),
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rie y1(x) — Kakoe-HUOY/b permenue ypasuenns L{y] = f. (Hampnwmep, ero

MOXKHO BbIOpaTh OPTOroHasbHbIM (hyHKIUK €y(x).)

IIpumep 4. [Ipu Kakux 3HAUEHUSIX IapaMeTpa ¢ KpaeBas 3a]a9a

(#*y) = f(z), y(1)=0, y(2)+ay(2)=0 (22.6)

a) pazpermumMa npu Beex f(z)
0) umeer GECKOHETHO MHOTO DeleHHit

B) HE UMEET pelleHus]

Haiiném, npu kakux « omepaTop BbipoxkiaeH. ObIee pereHne 0gHOPOI-

HOTI'O ypaBHeHI/IH nMeeT BUJL
o
y=—+0C.

Y1o0B! 3Ta (PYHKIINSA YAOBIETBOPsIIA KPAEBbIM YCIOBUSIM, HEOOXOINMO OIIpe-

jgeanTh KoucranTel C, Cy U3 CUCTEMBbL

y(l) = Cl —J’_CQ — 07

y(2) + ay'(2) = % +Cr+a (—%) :
Cucrema
Ci+Cy=0,
Lo 10,=0
G-§)a+a=0

UMeeT HEeTPUBUAJIBLHOE PelleHne, eCJIn

1 1
det =0,
(1/2 —a/d 1)

[Ipu 3TOM 3HAUYEHUHU HAapaMeTpa MOKHO HOJOXKUTH C) = —C9 U MBI TIOJTY-

+

=~ e

=0, a=-2

N —

YUM HETPUBUAJHHOE PelieHne OJIHOPOIHOIO YpaBHEHUS, YJIOBJETBOPSIONIEe
KPaeBBbIM YCJIOBUAM

1
—1—-.
€0 T
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Nrak: a) Kpaesas 3amada (22.6) mpn o # —2 nmeer ¢IMHCTBEHHOE De-

menue npu Beex f(x).
2

0) Ecim /f(:c)(l —1/x)dx = 0, To KpaeBas 3aja1a UMeeT HECKOHETHO MHOTO

0
perienuii.
2

B) Ecm /f(x)(l — 1/x)dx # 0, To KpaeBas 3a7ada He NMEET PEIICHHI.
0

PaccMmoTpuM KpaeByio 3ajiady Jijisl olieparopa 0oJiee o0Iero Buia

Lly] = ao(x)y” + a1 (2)y’ + az(z)y = f(2). (22.7)

Beerma moxno naiitu Takyio Gynknuio p(x) # 0 ma (a,b), aro

p(z) lao(@)y" + ar(2)y' + ax(x)y) = p(a) L + q(x)y.

Torpma ypasuenue (22.7) nepeitnér B
d dy o
—p(x)— +q(zx)y = p(z) f(2).
YeioBre paspernmMocTi KpaeBoii 3a/iadu IpUMep Bl

[ o) f@)eo(@)dz =0, (22.8)

e eo(z) € Ker L.

B sTom ciaydae roBopsT, 9TO TpaBasi 9acTh OPTOTOHAJBHA SAPY B CKa-

JISPHOM TIPOU3BEJICHUN C BeCcOM ()

b
(u,v) = /p(x)u(a:)v(x)d:c

IIponemoncTpupyem ckazanHOe Ha MpUMeDe.

ITpumep 5. Haiitu yciioBusi pa3pemnmnmMocTi KpaeBoi 3ajiadu
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y(1) —y'(1) =0,

2, 1 /+ :f 7
B I

Voeumest, uto oneparop Lly] = x%y” — xy' + y JefcTBATEILHO BBIPOXK-
qen. OOrree pelieHne oJIHOPOJIHOIO YPaBHEHUS €CTh
y=Cix+ Corlnzx.

DOyukiust eg(r) = x yIOBIETBOPSET OJHOPOJHOMY YPABHEHUIO U KPAEBbIM

ycaoBuaM. [IpuBeném omepaTop K caMOCOIPSKEHHOMY BHTY.

p(@)z*y" — p(x)zy’ + p(a)y = (p(x)2%y) — (p(x)2*)y — p(x)zy + p(z)y.

Oyukiuio p(x) HARJAEM U3 yCJI0BHs

(p(x)2®) + p(z)z = 0.

O6oznaunm p(x)z® = u(x), Torma

Orciona p(x) = 1/x3. (Mbl Boibpamu C' = 1). YpapHenue nepenumercsa B

BH/IE . /
Lotidy- 2
N
)+ =12
YciioBre pas3perntmmMocTn
2
% f(x)xdr = / UG

1

st mobureneit "rorosoix"dpopMyn npusenéM ypasHenue s GyHKIIANA

p(x), Koropast Jaér Bec B cKaJjisipHoM npoussejenuu (22.8).
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Cuiestyer chadasia Haiiru Gynkiuio u(z), a 3arem p(z).

PaccMoTprM HECKOJIBKO MPUMEPOB ¢ HECTAHJAPTHBIMHA KPAE€BBIMU yCJIO-

BUSIMU.
IIpumep 6. HaiiTu ycioBue paspemmmMOCTH KpaeBoil 3a1a4n

y(0) +4'(0) =0,
lim y(z)=0.

T—r+00

y'+y = f(z),

Obmee pemenne ogHopogHoro ypapaenus: y = C7 + Coe™. OyHKIHUS

ep(x) = e™* ymoBreTBOpsieT KpaeBbiM ycsoBusaM. Haiiném Bec p(z):

(p(x)) = p(x) =0, p(z)=e".

YenoBue pa3penmMOCTH:

+00

yooexf(a:)e_xdx = / f(x)dx = 0.

0

ITpumep 7. [lpu kaxux f(z) ypaBHenue

uMeeT pelleHne, orpaHuueHHOe IIPU BCeX 7

DOynkiust eg(x) = 1 aBnsiercsa orpaHrndeHHol DyHKIMEH 1 yI0BIeTBOPSIeT
oniHOpOHOMY ypaBHeHuo. OyHKIHMIO p(xr) = € Mbl yXKe HAILIN. YCIOBUE

Pa3penInMOCTH:
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—+00

/ f(z)e*dx = 0.

—0o0

B obineit Teopuu Kpaesbix 3ajia4 jist ypasuenust Lly] = f o6biuno Tpe-
oyercst, 9T00bl pyHKIMs p(T), GUTYPUPYIOTIAs B 3aIIUCH CAMOCOIPIZKEHHOTO

oreparopa
dy
Lyl = —p(x) 2 + a(2)y,

He obpalanach B HOJb Ha oTpeske [a,b]. Ho B mpuioxkeHusx 4acto okasbi-
Baercs, 4ro p(x) # 0 na (a,b), HO OOpalaeTcst B HOJIb, HAIIPUMED, 1IPDU T = @
(wstr iprt & = b, uam Ha 06oMX KOHIAX). B 9TOM cilydae B KauecTBe KpaeBo-
ro yCJIOBUs 00S3aTEILHO BBICTYACT TPeOOBAHUE OrPAHMYEHHOCTH PEIeHNUs].

Hanpumep, g ypaBaenus

zy" +y = f(x)
CJIeJlyeT PacCMOTPEeTh KPaeByIo 3a/1ady

y(0) — orpanmuento,

y'(1) = 0.

Ob1ee perenue ogHOpoHOTO ypashenus y = C1+Cy In z. Oyukiust eg(x) =

1 mpunajutekuT Aapy oneparopa. Tak Kak oIepaTop CaMOCOIPSKEH

(zy") = f(x),

TO YCJIOBUS Pa3perinMOCT UMEIOT BU/I

CamocTosgTenpHas padoTa

1. PemuTh KpaeByio 3ajady
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'(0) =0,
y'+y =1, y/()
y () = 0.
2. IlokazaThb, 4TO onepaTop
Lly] = 2*y" + 2zy' — 2y

HE BBIPOXK/ICH HAa MHOXKeCTBe (DYHKIWI, orpaHrdeHHbIX Ha [0, +00).

3. llokazarp, uTo omneparop L

Lyl =y"+vy
BBIPOXKJIEH HA MHOXKECTBE (DYHKIIWH, YOBJIECTBOPSIONINX YCJIOBUSM

y(0) — y/(0) = 0,
y(m) + /() = 0.

4. Haiitu ycyjoBue pa3pemmMOCTH KPaeBoil 3a1a4un

(y/)’ N y(1) —y'(1) =0,
4y(2) — 5y (2) = 0.

5. [lpn Kakux 3HaveHUIX mapaMeTpa « KpaeBas 3ajada

y(0) + ay'(0) =0,
lim y(x)=0.

T——00

y'+ 2y — 3y = f(x),

a) UMeeT pelleHue Ipu Jdoi IpaBoil dacTu
0) He uMeeT pereHuii

B) uMeeT BECKOHEYHO MHOIO PereHuit
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Jomaimasgsa padoTta

NeNe 751, 758, 761, 763
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IToctpoenne pynkuum I'puna.

Eciin orteparop L HEBBIPOXKIEHHbIH, TO KpaeBas 3a/a4a

Lly] = ag(x)y” + a1 (2)y’ + az(x)y = f(2) (23.1)

ary(a) + azy'(a) =0
Biy(b) + By’ (b) = 0

MMeeT eJIMHCTBEHHOe perienune mpu Jiioboil hyukimn f(x). DTo perienne Bbi-

(23.2)

paxkaercst (bopMyJIoit

y(@) = Lf] = [ Gla,9)f(s)ds. (23.3)

Oynknus G(x, s), KoOTOpasi siBJsieTCsi s1J[POM 00PATHOTO UHTEIPAJIBHOIO Olle-

paTopa, HasbiBaercs pyukiueit ['puna.

Oyukius [puna oupejesena na ksajpare |a,b] X [a,b], yuosierBopsier
ypaBHEHUIO

LIG(z,s)] = d(x — s) (23.4)

v KpaesbiM ycioBusim (23.2) (ipu srom, Mbl cauraem G(x, s) dyHKImei or

T, PaCCMATPUBas § KaK Mapamerp).

Yrobw! dbyukius G(x, s) yaoBieTBopsiia ypaBaeruio (23.4), HeOOX0 MO,
q9TO0BI DU T # § OHA YjIoBJeTBoOpsiia ypasueruio L[G(xz, s)] =0, npu z = s
ObLIa HelmpepbiBHA, a eé IepBas IIPOM3BOJHAd UMeJa IIPU T = S CKAdOK,

pasubiii 1/ag(s). To ectn

G(s+0,s) =G(s—0,s),
G (s+0,s) —G.(s—0,5) =1/ag(s).

OTu cBoiicTBa (pyHKINK ['prHa 1 JieXKaT B OCHOBE aJrOPUTMa, €€ IIOCTPOEHNS.
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Paccmorpum npumep.

IIpumep 1. zy" —y' = f(z), ¥'(1)=0, y(2)=0.

1 mar. Haitném obiee perenue opnopognoro ypasuenus xy” —y = 0.
(MoxkHO ¢JiesiaTh MOHUKEHUE MOPSIJIKA I 3aMETUTD, UTO 9TO — ypPABHEHHE
Diisepa).

y = Crx? + Cy.

2 mar. HaxopuM GyHKIMIO, YI0BIETBOPSIOILYIO JIEBOMY KPAEBOMY YCJIO-
suio y'(1) = 0.
y =2C1z] =201=0, y(z)=1

=1
CnenoBarebHo, OOIMMI Buj (DYHKIUH, YIOBIETBOPAIOININX OJHOPOTHOMY

YPaBHEHUIO U JIEBOMY KPaeBOMY YCJIOBUIO Oyjier

ya(z, s) = A(s).

HpO,Z[eJIaeM TO K€ CaMoOe€ JIJIg IMPaBOr'O0 KPpaeBOI'o yCJIOBUA.
y(2)2014+02:07 y($):x2_47

yn(x, 8) = B(s)(2? — 4).

3 mar. Msr onpenensem dbyuknun A(s) u B(s), Tpedyst, 9T00bI BBITOJI-

HAJIOCH

yn(z,s)| = yu(z,s) , To ecTh A(s) = B(s)(32 —4)u

1
= —, 10 ecth B(s)2x| —0=
S
=S Tr=S

ylli('r7 S) _yJ/I(xu S)

=S

TakuM 00pa3zoM, MbI MOJYUUIA CUCTEMY

A(s) = B(s)(s® — 4),
B(s)2s = 1/s,
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2 _
otkysa B(s) = 1/2s?, A(s) = 82824.

4 mar. Samumrem dbyskimio G(x, s) ¢ TOMOIIBIO THArDAMMBI.

2

"
L]
|
—

B
W
b

G(x; s) :

e
|
I

(\]
[V
[

Ecsin oneparop L mMeeT caMOCONPsI>KEHHBIH BU I

Lly] = %p(ﬁf)j—z +q(x)y,

10 (pyHKIMIO ['prHa MOXKHO HAWTH 110 CJIEYIONIUM (DOPMYJIAM.

yn(z)yn(s)
(1’

G(x; s) :

yn(s)yn(x)
C

3rech yn(s) u yu(s) — dbyHKIUY, YAOBIETBOPSIONIIE OJHOPOHOMY yPaB-
HEHUIO ¥ JIEBOMY WJIM NPABOMY KPAeBOMY YCJIOBHUIO cOOTBeTcTBeHHO. Kon-

cranra C' oupejessiercs us coornomenuss C' = W (zx)p(x), rie
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3aMeTnM, UTO B 3TOM CJaydae ypaBHeHUe JIMyBUIISA UMeeT B

dw  p'(x)

dr — p(x)

W p(x)W' + p'(x)W =0,

10 ectb p(x)W (x) = const. Paccmorpum npumep.

Ipumep 2. 2%y" + 22y = f(z), y'(1) =0, y(2)=0.

(%) = f(x).

Ob6mmee pemenne y = Cy + Cy /.

pale) =1, gu(e) = 2—1, Wi)=| 57| =—=, W) =-2

G(x; s) :

|
<>

b | —

Ecnu oneparop L Obl1 camoconpskEéuubiil, To dbyuknus G(x, s) B 9TOM
ciaydae OyeT CMMMETPUIHOM U, CJIeI0BATEIbHO, MHTErPAJIbHbII OlepaTrop To-
ke Oyjier camocornpsikérubiM. [octpoum dyukiuio I'puna Jijisi coBcem 1mpo-

CTO KpaeBoil 3a/aur 1 MOCMOTPUM, KaK OHa paboTaer.

Hpumep 3. y" = f(z), y(0)=0, y'(1)=0
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Yoro. = C1+Cor, yp=x, yg=1.

OnepaTop caMOCONPSI2KEHHBIH, [I03TOMY JIeficTBYyeM Jlajiee TaKxKe, KaK 1

B nmpumepe 2. Haiiném

r 1
(@)=1 =1 pl)=1, C=-1
1 ]
3/4
G(x,s)
0 3/4 !
1 T 1
Urak, y(z) = /G(x, s)f(s)ds = — /sf(s)ds + /xf(s)ds.
0 0 T

[Tycrs Gynkuus f(x) umeer cieyromuit Bu:

Puc. 23.1. Bux dbyuxnun f(x).

Duxcupyem 0 < = < 3/4, Torja
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x 3/4 1 P 3/4 1
y(x):—/s-4sds— /x-4sds—/3xds=—§s3 —2xs*| —3ws| =
0 o 374 0 x 3/4
_ A3 g (2 2y gl 28 b
=37 2:6(16 x) 3x4—3x g
Ecmm 3/4 < x < 1, 10
3/4 x 1
y(x) = — /3-43ds—/3-sds—/3xds:gx2—3x—l—;—2.
0 3/4 x

Paccmorpum niocrpoenue ¢gpyukiuu 'puna Jijisi orieparopa 0oJiee BbICOKOIO

OPsJIKA.

Ipumep 4. y'" = f(z), y(0) =y'(0)=y"(0) =0, y"(1)=0.

Ob1riee pertieHne OJHOPOIHOTO YPABHEHUSI

Yy = Cl + CQCC + 03562 + 04563.

DyHKINA, YIOBICTBOPHIONA JEBBIM KPAeBBIM YCIOBHAM, ecTh iy = Cya3,

CurenoBaresibHO, OOIIMI BUJT TAKKX (DYHKIU

yn(x,s) = A(s)x>.

OyHKIWM, YIOBICTBOPAIONAS MTPABOMY KpPaeBOMY VCJIOBUIO, €CTh Y =

O 4 Cyzx + Cs2?, ciejioBaresibHO

yn(z,8) = B(s) + C(s)z + D(s)a*.

Yrobbl obuthest Toro, uro L|G(z,s)] = d(xz — ), caenyer obecrnednTsb
HermpepbiBHOCTD dbyHKIuH G(, $) U €6 TPOU3BOJHBIX EPBOTO U BTOPOTO MO~

pPAKa Ha JHUaroHaJiu r = S, TO €CTb
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yn(z, s) = yn(z,s) ) B(s) + C(s)s + D(s)s* = A(s)s*
YL (x,s) = y(x,s) ) C(s) +2D(s)s = 3A(s)s”
des)| =] 2D = 6A():

TpeTbH MMpoOn3BO/JHas JJOJI2KHa TEPIETH CKaYO0K.

—Yy (7, 5)

=S

Yo' (z,s) : —6A(s) = 1.

Urax,

»

6
G(x; s) :

.‘\‘3 H') ) 2
- K —+ ji — E{

ObparumMcest K KpaeBbIM 3aJiad9aM ¢ HEOJIHOPOHBIMU KPAEBbIMU YCJIOBHSI-
MU

ary(a) + agy'(a) = A,
Bry(b) + Bay'(b) = B.

Umewm perierne B Bujie cymmbt y(x) = u(x)+ov(x), rae dyuxiws u(x) ss-
JISIETCST PEIIEHIEM HEOJHOPOTHOTO YPABHEHHUS ¢ OJHOPOJHBIMUA TPAHUTHBIMH
YCJIOBUSIMU
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aru(a) + asu'(a) = 0,

Takyro 3aja4y Mbl yMeeM periaTh u

Llu] = f,

b
u(z) = /G(w,s)f(s)ds.

A dyuxmusa v(z) gBagercsa pemeHueM OJHOPOAHOTO ypasuenus L[v] = 0 u
VJIOBJIETBODSIET HEOJHOPOJHBIM KDPAEBbIM yCJIOBUsAM. MOXKHO 110Ka3aTh, 4TO
ecsin orepaTop L HEBBIPOKJICH, TO Mbl BCEIJia MOXKEM HaiiTh Takyio (yHK-

1m0, PacemoTpum mpumep

IIpumep 5. vy —y' = f(z), ¥y (1) =1, y(2)=-1

y(x) = u(z) + v(@).

Oyuknuio ['puHa 1 9TOro omneparopa Mbl y:Ke HAILIX B IpuMmepe 1,

MIO3TOMY

Haiiném dbynkiuo v(z).
U(I) = 01332 + 02,
V(1) =20 =1,
U(2) =4C, + Cy = —1.
Otkyna C; = 1/2, Cy = =3 n v(x) = 2°/2 — 3. Urak,

2

y(x) = /G(aj, s)f(s)ds +2°/2 — 3.

1

Hamomumm, 9T0 peasm3yeMblil 3/1eCh MOJIX0]T HA3bIBAETCs MPUHITUIIOM CYIIep-

MTO3UITNH.
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Eciu onepatop L BBIPOXKJICH, TO, KAK MBI IOMHHM, CYIICCTBYET HEHYJIC-
Bast Gynkuus eg(x) € Ker L. OkazbiBaercsi, ecjiu paccMOTPETb MHOXKECTBO
byHKIMIT, yI0BICTBOPAIONIMX KPACBbIM YCIOBUAM ¥ OPTOrOHAJILHBLIX (DYHK-
un eg(z) (y € DY), To Ha STOM MHOKECTBE ONEPATOP OKAZHIBACTCS HEBbI-
POXKJICHHBIM ¥ MbI MOYXKEM IOCTPOUTH obparHbIil. ObparHbIil onepaTop Oy-
JIeT OISATH NHTErPAJLHBIM OIIEPATOPOM M €r0 AP0 HA3BIBACTCA 0OOOIIEHHOI

dyuknueit ['puna.
Urak, ecin

ary(a) + azy'(a) = 0,
Biy(b) + B2y’ (b) = 0,

omeparop L BeipoxkieH, eg(x) € Ker L, f(x) oproronanbua eg(x), To dbyHK-

s

b
Yyo(z) = /Go6($7 s)f(s)ds

JIA6T pelIeHne MOCTABICHHON KpaeBoil 3aa4i. DTO pelreHue OpTOroOHaIbHO
dbyukimu eg(x) u onpejensiercs 0jHo3Ha HO. Mbl 3HaeM, 4T0 B 9TOM CJiydae

Kpaesas 33Jlada nMeeT 6eCKOHeYHO MHOI'O pelleHuit
y(x) = yo(x) + C - eg().

Mbl npuBeJiEM aJrOpuTM HaXOXKJieHHs 0000ménHoil ¢gpyuknuu ['puna

TOJILKO JIJII CAMOCOIIPSI?KEHHOTO OllepaTopa
_d dy
Lly] = —plr7— + a(x)y.

1 mar. Haiitu dbynkunuio eg(x) € Ker L.

2 mar. Haiitn permenust weomnopoanoro ypasuenus Lly] = eg(z), ymo-

BiieTBOpstoLue paBoMy (yy(x))u seBomy (y;(x)) KpaeBbiM yCJIOBUSIM.

3 mar. Beraucauts koucranty C' = W (x) - p(z), rue
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ya(®) = yn(2) eo()

WO =1 ) i) ee)]’

4 mar. Sanucarh gquarpammy s GyHKIEE Gog(x, ).

bl 1
F[Hn{—“')fn(-*‘) + ya(x)eo(s)]+

+ Aeg(x)ep(s)

Goﬁ (;17: S)

& lyn(@)eols)+

yn(s)eo(x)] + Aeo(s)eo(x)

a b

5 mar. Hajitn koHcranTy A u3 ycjaoBust OpTOroHaJ bHOCTH
b
/Goﬁ(x, s)eo(s)ds = 0.
a

[Tocrponm 06061mEHHYI0 (byHKIMIO ['prHa JJ1si KPaeBoit 3a1a4un, KOTOPYIO

MbI paCCMaTpUBaJI Ha IIPEAbLIAYIIEM 3aHATHN.

Hpumep 6. y" +y = f(z), y(0)=0, y(r)=0

Oyuxrms eg(x) = sinx € Ker L. YesoBue pa3penmmMocT: / f(z)sinzdx =

0
0. Mbl uiem perienne KpaeBoil 3ajiadu, OPTOrOHAJIbHOE (GyHKIUK €o(T).

Ypasuenne y” + y = sin x numeer obuiee perenue

i

y=Cisine + Cycosx — 5 COS T,
X m xr
yn(x) = —5cos T, yn(x) = 5 COSTL — 5 COS L.
Zcosz sinx
Y s ™
W)= | 2 _ T o=
Ssinz  cosx
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L . ar . .
—COS S8 + — COS. 8IS — COS S s

+ Asinarsins

G()6 (;Ba S)

] .
— COS.rsin s+

+—Cos s8N — cosxrsins + Asinasins

0 m

Barmiem GyHKINIO Gog(x, $) B coeyroneM Bujie, ya00HOM JIJIsT OThICKa-

HUS KOHCTAHTHI A.

Gos(x,s) = Asinxsin s+

s ' x _ —cosssinz, 0 <z < s,
+ —cosssmx + —cosxsis +
T T .
—cosxrsins, s LT < T.
Haitném koncranty A ms ycjioBust
b
/G06(x, s)sin sds = 0.
a
Nmeem
iy iy v
. . 9 . 5 . x . 9
Asinx | sin“sds +sinxz | —cosssinsds + —cosx [ sin” sds—
v T
0 0 0
X T
—CcoS X /sim2 sds —sinx /cosssin sds = 0.
0 €T

Borancanm NHTEerpaJibl:

™

/ sin® sds =

0

bo |

s
S . 1
: — cos ssinsds = —-
s 4
0
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s ™

. 9 T sin 2z . cos2x — 1
in == — insds = ————.

/s sds 5 T /cosss sds 1

0 x

Urax,
Asinz= Sin:(:1 + Zcosat — cosz (x Sin%) sin (COS% - 1) =0
2 4 7 2 2 4 4 -
. s 1 . 1,. . 1 .
Asinzg — 2 sing + 2(sin 2z cosw — cos 2w sinz) + 7 sinz =0

) s 14
Asinz— + —x = 0.
2 sin

1 ..
Orkyna A = —5 O606mEnnas gpynknusi 'puna HaiijeHa.

CamocTosgTenpbHas padoTa

Haittn dpyukiuio ['puna. 3anucars perenne KpaeBoii 3a/1a9u.

L y"=f(z), y(0)=0, y1)=0.

2. (xy/) = f(x), y(0) — orpammena, y(1)= 0.
3.y —y' = f(z), y(0) y'(1) =0.

4 y"+y=f(z), y(0) y(m) = 0.

b.y" = f(z), y(0)=0, y(1)=0, y'(1)=0.

(0)=0,
(0) =0

Jlomaimasgg padoTa

NeNe 767, 772, 774, 775, T78, 780
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3agada IlItypma-JInyBuiaias. Teopema

CrekJjioBa.

Henysnepast dbyuxims e(x) HaspiBaeTcss cOOCTBEHHOM (DYHKIHEl omnepaTo-

pa L
Lly) = 7-p(x) L + alz)y. (24.1)

eCJIM OHA MIPUHAJIEXKUT 00JIACTH OIIpeJieJIeHnsT orrepaTopa L, TO eCTh IBaXK bl

HelpepbiBHO Jiudpepennupyema, 1Mo [MuHeHa KPAeBbIM YCJIOBUSAM

any(a) + ooy’ (a) = 0, Sry(b) + B2y (b) = 0,

W YJOBJIETBOPSET YPABHEHUIO
Lle] = Xe. (24.2)

Yucao A mpu 9TOM HA3BIBAETCsI COOCTBEHHBIM UMCJIOM. 3ajiada OTHICKAHUS
COOCTBEHHBIX YHCEeJ U COOCTBEHHBLIX (DYHKIIMI omepaTopa L M Ha3bIBAETCS

zastadeit [lrypma-JInysuiuis. PaccMorpuM HECKOJIBKO ITPUMEDPOB.
IIpumep 1. " = Ay, y(0)=0, y()=0.
Ecmu A = 0, to y = C + Cox. VI3 KpaeBbIX YCJIOBUI UMeeM

C, =0,
Ch1 4+ Csl =0,

orkyga C; = 0, Cy = 0wy = 0. To ectb unciio A\ = 0 He sBisieTcs

COOCTBEHHBIM, JPYTUMHU CJIOBAMHU, MBI TOKA3AJIH, 9TO OIIEPATOP HEBBIPOXKICH.
Ecmu A = a?, o y = C; shax + Cs ch azx. U3 kpaesbix yciosuit

Cy =0,
Cishal + Cychal =0,
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orkyna C; = 0, Cy = 0 1 MBI OIIATH HE MOJYIUIH COOCTBEHHYIO (PYHKITHIO.

2

Ecmu A = —a”, To y = C sinax + Cs cos ax. VI3 KpaeBbIX yca0BUi

Cy =0,
Cisinal + Cycosal = 0,

orkyaa Co = 0 u, ecim MbI XOTUM, 9TOOBI BRITTOJHsIIOCH C % 0, TO TOJYKHBI
MOJIOXKUTD, ITO
sinal = 0,
™
OTKy,Z[aCLl:WTLI/ICL:T, n € 2.

m2n?

12

Mrak, Mbl HAILIA OECKOHEYHO MHOTO COOCTBEHHBIX YUCET A, = — "

COOTBETCTBYIOMIUX UM COOCTBEHHbBIX (DYHKIIMI

SamerumM, 9T0 Mbl He paccmarpuBaeM n = (, Tak kak A = 0 He ObLIO COO-
CTBEHHBIM YHUCJIOM, KPOME TOT'0, OTPHUIATEIbHBIE 3HAUCHNS apaMeTpa n Jia-

10T TO YKe caMoe COOCTBEHHOM YMCJIO U Ty 2Ke COOCTBEHHYIO (DYHKIIHIO.

MoOKHO ¢TPOro JoKa3aTh, 9to ecan B (24.1) dyuxrmums p(x) > 0 wa [a, b], a
q(z) < 0 na [a, b], To cobcrBenHbIE Yncia oneparopa L OyjiyT HEIOJI0KUTE b
ubl. Eciu dynkiust ¢(x) mensier 3Hak Ha [a, b], To y oneparopa L moryT 6birh
MOJIOYKUTEJIbHBIE COOCTBEHHBIE YMC/IA, HO UX 00513aTEJIbHO KOHEUHOE YUCIIO.
DTO 00CTOATENILCTBO TTO3BOJISET CAKOHOMUTH BPEMsI TIPH MOUCKE COOCTBEHHBIX

THCEJL.
IIpumep 2. y" = Ay, ¢ (0)=0, 9'(l)=0.

B srom npumepe uncio A = 0 siBjisiercsi COOCTBEHHBIM U €My COOTBET-
crByer cobcrBennas dyHkiwms eg(x) = 1 (omeparop OKa3bIBAETCS BBIPOK-

nennbiM). lasee cpasy paccmarpubaeM A = —a?, a # 0. Torja

y = Cysinax + Cycos ax,

y' = Ciacosax — Cysinax.
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3 kpaeBbIX ycaoBuit uMmeeMm

y'(0) = Cia =0,
/(1) = Cracosal — Cyasinal = 0.

Takum obpazom, Tak kak a # 0, Cy # 0, T0/2KHO BBIMOTHATECA sinal = 0 n

al = mn. Uraxk,

7T2n2 ™n
s Gn = COS -, n=0,1,....

Ay = — l

IIpumep 3. " = Ay, y(0)=0, y()—y'()=0.

PaccmarpuBaem A = 0, Torya y = C7 + Cox. VI3 KpaeBbIX yCI0BUi

C1 =0,
Ci+Cyl —Cy =0,

caeayer, uto ecyn [ = 1, To MbI uMeeM cobcTBerHOE dnco A = 0 u cobcTBeH-
"yt GYHKIHUIO €y = &, ecyin ke [ # 1, To A\ = 0 He gBjsieTcss cOOCTBEHHBIM

apcioM. PaceMmarpuBaem ganee A = —a?, a # 0, Torna
y = Cysinazx + Cs cos azx.

3 KpaeBbIX yCIOBUI HalAEM, UTO

Cy =0,

Cysinal — Ciacosal = 0.

Tak xkaxk C7 # 0, T0 [Jis1 ONpejiesieHusl MapaMeTpa @ MOJIydaeM TPAHCIEH-
JIEHTHOE ypaBHEHUe

sinal = a cosal.

Ob6oznauus al = 7, TPUJIEM K

tg T = —.
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Y

Puc. 24.1. TpaHCleHIeHTHOE ypaBHEHHE HA T UMeeT GECKOHEUHO MHOTO TI0JI0KUTETbHBIX
KopHeii (Ha pucyske [ = 1/2).

D10 ypaBHeHue nmeer GECKOHEYHO MHOro Kophei (koperb 7 = 0 Mbl
JIOJDKHBI KCKJIFOYHUTh, TaK KaK PACCMAaTPUBAJIK 9TOT caydail Bhiiie). O6o3Ha-

qUB Yepe3 Ty IOJIOKUTEIbHbIE KOPHE ypaBHeHUs tg T = 7/l, mosydum, 9ro
2

n

- T,
HCXOJIHBIN OollepaTop MMeJ COOCTBEHHBIE UHCIa A, = —E CcOOCTBEHHbBIE
. ThT
dbyukunu e,(xr) = sin -

y(0) +4/'(0) =0,
y(l) —y/'(1) = 0.

Paccmarpusaem A = 0, Torga y = C) 4+ Cox. VI3 KpaeBbix yCaoBuit mosry-

IIpumep 4. vy = Ay,

qum cucremy ypasaeruit na C7 n Ch.

Ci+Cy=0,
C1+ Cyl — Cy = 0.
DTa cucTeMa IMeeT HeTpuBuaJjbHoe perrenne ecin [ = 2, unade C7 = Cy = 0.

Urak, eciu [ = 2, To Mbl uMeeM cobcTBerHoe uncjo A = 0 u cobCTBEHHYIO

dyukmmio eg = r — 1. Unade A = 0 He gaBisieTcsd COOCTBEHHBIM UNCIOM.

Ecmu A = —a?, a # 0, To

y = Csinax + Cs cos ax
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U 13 KPaeBbIX YCJIOBUI MoyduM cucremy s onpeaenenns C u Cs.

CQ + CLCl = O,
Cysinal + Cycosal — Cracosal + Coasinal = 0.

Cucrema nmeer HETPUBUAJBHOE pEIIeHnEe, €CJaAn OIPEAC/JNTEIL COOTBETCTBY-

IO1eil MaTPHUIbl pPABEH HYJIIO.

a 1

sinal — acosal cosal + asinal

MbI nojtydaeM ypaBHEHUE JIJIst OTPEJICJICHIs apaMeTpa a
(a* — 1)sinal + 2acosal = 0.

Brojist napamerp 7 = al, nojayunm

27l
8T =—5"p

T

Puc. 24.2. TpaHcienaeHTHOE ypaBHEHHNE Ha T UMeeT DECKOHEYHO MHOTO MOJIOKUTEIHHBIX
KopHeii (Ha pucynke [ = 1/2).

Obo3HauMM 4Yepe3 T, MOJOKHUTE/JbHBbIE KOPHU 3TOTO ypaBHeHwus. Torja

orieparop L nmeer coOCTBEHHbIE YKCJIA
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1 cOOCTBEHHBIE (DYHKITUN

. Tn Tn Tn
en(x) = sin —T — 7 Cos .

(Mer montoxkusm Cy =1, Cy = —a.)

AHanmsupyst paccCMOTPEHHBIE TTPUMEPHI, MBI BUJIM, 9TO B KayKJIOM CJIy-
Jae Mbl CMOIVIM HalTH OECKOHEYHO MHOTI'O COOCTBEHHBIX YHCEJ] W COOTBET-
cTByfoImux uM cobcrBenubix dbyuknuit. [lo xomy Beraucienuii (Ha sTamne Ha-
XOXKJICHUsT COOCTBEHHBIX UMCEJT) BO3HUKAIOT JOCTATOTHO TPY/IHBIE TPAHCIIEH-
JIEHTHBIE YpaBHEeHUsI. XOTEJI0Ch Obl UMETh I'apaHTUHU, YTO OHU JIEHCTBUTEILHO

UMEIOT perenns. ITu rapanTuu jgaét Teopema [Itypma-JInyBusiist:

Oneparop L (24.1) umeer Bcerjia 6€CKOHEYHO MHOIO COOCTBEHHBIX YUCEJT
1 COOTBETCTBYIOIIUX UM COOCTBEHHBIX (DYHKITHI. DTU COOCTBEHHBIE (DYHKITUH

OPTOrOHAJILHBI B CKAJISIPHOM TIPOU3BEJIEHUI
b
(u,v) = /u(x)v(x)dx
a

OpTOroHaJIbHOCTh COOCTBEHHBIX (DYHKIWI, MOJIYUYEHHBIX B IpuMepax 1
1 2 OYeBMJIHA, HO JIOKA3aTh HEMOCPEJCTBEHHO OPTOrOHAJHLHOCTEL (DYHKIIH
B ImpuMepax 3 u 4 JOCTATOYHO TpyAHO. VM TyT Ha IOMOIIb IPUXOJUT
¢dyHKIMOHAIBHBIM aHaan3. Mbl 3HaeM oOmwmit haxT, 4To JitoObIe JiBe COD-
cTBeHHBbIE (DYHKIIMK CAMOCOIPSAXKEHHOIO OIllepaTopa, OTBeYalollne pas3jind-
HbIM COOCTBEHHBIM YHCJIAM, OPTONOHAJIbLHBI. BOOPYKUBIIKMCH 3HAHKEM TEO-

pembl HItypma-JInyBuiiist, paccMOTpUM €lIé OJIMH TTPUMED.

IMpumep 5. Haijitu cobersennnie dbynximun oneparopa Lly] = (z2y'),

no/[unHéHHbIe Kpaesbim yesosusim y(1) =0, y'(2) = 0.

PaccMmorpum 0JiHOPOjIHOE ypaBHEeHMe

(°y') = Ay = 0.
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Sro ypasuenue Ditnepa. Uimem ero uacraoe perenne B Buge y = x¥, Torna

Ha 1apaMeTp k 1moJjiydaeM KBajpaTHOe ypaBHEHUE

+k—XA=0.
—1+V14+4A
Ero pemenns kj o = 5 . Hayee paccMOTpuUM TpHU caydas.
a) 1 +4X=0, torma ky = ko = —1/2 my = Cix= V2 + Cor™ 2 1nz.

KpaeBble ycyioBust mpuBeyT K ypaBHeHusM Ha, C.

y(l) = Cl = 0,
1oy L~ 532 Ly_3/2 ~3/2) _
y(2) = —5Cr2 +ca(—§2 2+ 2 )__0

Orkyna C7 =0, Cy = 0.

b) Eciu 1+ 4\ > 0, To KBaJ[paTHOE ypaBHEHUE UMEET J[BA PA3JTUTHBIX
BerecTBeHHbIX KopHs. Ilycrs ky > ki ny = Cra? +Cha*2. Kpaessle yesosus
IPUBEIYT K

Ci+Cy =0,
C1k128 4+ Cyke2k2 = 0.

Yro0bl 3Ta cucreMa nMesa HETPUBUAJbHOE permeHune, JOJI>KHO BBIITOJIHATbHCA

yCJIOBUE
k12k1 = k22k2, ko > ]€1,

k1 ky—k
9TO, OUEBHJIHO, HEBOBMOXKHO (TaK Kak o =+ 2 ). Utak, u B 9TOM CiIyUae
2

C; =0, Cy =0.

¢) Ecim 1+ 4X\ < 0, o oboznauns 1 + 4\ = —4a?, a # 0, upugém x

k12 = —1/2 £ ia, uro gact Ham
y = Ciz ?sin(alnz) + Coz V2 cos(aln ).

Kpaesblie yciioBust IpuBeyT K CUCTEMEe ypPaBHEHU
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Cy =0,
Ch (—%23/2 sin(a1ln?2) + 2732 cos(aln 2)a) =0,

OTKy/Ia 110JIy1aeM yCJIOBUE Ha a.
2a cos(aln2) = sin(aln 2).

OboznaumB aln 2 = 7, npuxoauM K ypaBHEHUIO

KOTOpPO€ HaM y2K€ 3HaKOMO. Ecin Typ — HOJIO2KHUTEJIbHbIE KOPHH 3TOI'O ypaB-

HeHNsI, TO COOCTBEHHDIE UNCIa N, UMEIOT BU]

Tn 2 1
An:—<m) —4 =12,

a coOcTBeHHbIe (DYHKIIUN CYTh

Paccmorpum Tereph 3ajiady 00 OThICKAHUKM COOCTBEHHBIX (DYHKIUI He

CaMOCOIIPSIKEHHOTO OITepaTopa

Lly] = ap(2)y" + a1 (2)y’ + as(x)y.

IIpumep 6. Haiitu cobcTBennbie (hYHKIUU OlIEpaTOPa
Lyl =y" + 2y,

ynossierBopsitotiue yeaosusim y(0) = 0, y(w) = 0.

Pertaem ypaBHenue
y' +2y =My

DTO — JIMHEIHOe OJHOpPOHOE ypaBHeHue. VIeM JacTHble pelleHHs B BUJIC
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y = e* u npuxoauM K ypaBHEHHIO Ha k

K2+ 2k —\=0,

oTkysa k1o = —1 &£ VA + 1. [Janee onarb paccMaTpuBaeM TpPH CJlydas.
Ecim A+ 1 =0, to ectb A = —1, To y = Cie™" + Coxe™". Kpaesbie

yCJIOBHS IIPUBEIYT K cucreme Ha KoHcTaHThl Cf, (.

Ci =0,
Cie ™+ Come™™ =0,

orkyna C7 = Cy = 0, 10 ecTb A = —1 He gBJIsIeTCsI COOCTBEHHBIM THCJIOM.

Eciu A+1 = a?, a # 0, To ypaBHeHHE HMeeT J1Ba PA3JINIHbIX BEIICCTBEH-
HbIX KOpHs ki, ke. Torma y = C1eM® + Cyef?® u xpaeBble yciioBus HPUBOST

K cucreme

Ci+Cy = 0,
01€k17T + Cgekﬂ =0,
KoTopas npu ki # kg mMeeT TOJbKO TPUBUAJIBHOE PEIeHue.
Ecmm A4+1=—a?, a#0, 10y = Cie *sinax + Cye  cos ax. Kpaesnie

yCJ0oBuA IPpUBOAAT K CUCTEME

Cy =0,

Cie "sinam + Cye " cosam = 0,

OTKY/JIa TIOJIy4aeM YCJIOBUE

simar =0, a=n, n=1,2,....

2 u cobcrBenHble (BYHKINH €, =

Wrak, cobcrBeHHble uncia A, = —1 —n
e sinnx, n =1,2,.... Ho ocTaércs OTKpBITHIM BOIIPOC 00 OPTOTOHAJILHO-

CTU 3TUX PYHKITUI.

Ecim onepaTop L nmpuBecTH K CaMOCONPSI>KEHHOMY BHJLY, TO MBI ITOJIY MM
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cJeyloniee ypaBHeHUe Ha COOCTBEHHbBIE (DYHKITUN:

(p(2)y") + q(x)y = Ao(z)y.

MoxkHO 10Ka3aTh, 9YTO B 3TOM CJIydae COOCTBEHHbBIE (DYHKIIMKE OPTOTOHAJbHbI

C B€COM, TO €CTb

b
[p@ente)ene)d =0, n £ m.

Haiiném dbyuakmuio p(x), KOTopast TacT HAM BEC, ¢ KOTOPbIM OPTOTOHAJIbHBI

¢GyHKIIMHU B mocjenHeM pa3obpanHoMm npumepe. Mveem

/ /

p(x)(y" +2y") = p(x)y" +2p(2)y’ = (p(x)y') —p'(x)y' +2p(x)y" = (p(x)y'),

ecin p = 2p, To ecth p(x) = €**. Takum o6pazoM,

™ s
/e_‘r sinnz - e sinma - e*dr = /sin nx - sinmaxdx = 0, n # m.
0 0

Coberennbie (byHKIME oreparopoB Buja (24.1) uMeror orpomMHoe mpu-
KJIaJIHOe 3HavdeHue Ojarojiapsi TOMy, 4TO OHM 0O0pasyloT MOJHYIO CUCTEMY

dbyHKIMii, TOUHEE UMeeT MecTO ciiejytorast TeopeMa CTeksona.
Eciu e,(x) — cobersentble dhyHKIMM HEKOTOPOro oneparopa L

Lly] = % (w)j—i +q(x)y,

YAOBJIETBOPAIOIINE KPAECBbIM YCJIOBUAM

ary(a) + agy'(a) = 0,
Biy(b) + B2y’ (b) = 0,

10 Jitobast Gynkuus f(x), Koropas JiBax /bl HelpepbiBHO juddepeHiupye-
Ma ¥ YJIOBJIETBOPSET TEM K€ KPaeBbIM YCJIOBUSIM, JIOIYCKAET Pa3JiOoyKeHUe B

PaBHOMEPHO CXOJAIANCA P
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- b b
f(x) = n;lcnen(x), rie ¢, = ((ej:’iz)) = C/f(x)en(x)dx /a/e%(x)dx.
(24.3)

Eciin orieparop He caMOCOIPsi>KEHHBIN, TO TEOPEMa OCTAETCs CIIPaBE/IJINBOM,

HO CKaJIsTPHOE TTPOWM3BEJICHIE BBOJMUTCS ¢ BecoM p(T).

Bousie obmiast reopema yrepxjiaer, yro cucrema Gynknuii {e,(x)} nosana
B Lsla,b], 1o ecrb ecoin f(x) € Lsa,b], To f(x) nomyckaer npejcraie-
Hue B Bujie paga (24.3), HO CXOMUMOCTH HTOTO PsJia MOHUMAETC yIXKe Kak
CXOJIUMOCTD TI0 HOpME B mpocTpancTse Lofa, b]. Chopmymupyem, Hampumep,

teopemy CTeKJIOBa JIjIsI onepaTopa u3 mpumepa 6.

Ecnu dyuknus f(x) asaxapl HenpepbiBio quddepennnpyema u f(0) =
0, f(m) = 0, To oHa MOXKeT OBITH MPEJICTABICHA PDABHOMEPHO CXOJSAIINMCS

PAJIOM
0

f(x) =) ce " sinnz, e

n=1

™

s Pl
Cp = /f(:c)-e_x sin na-e**dx //(em sinnx)? - e**de = % /f(x)ex sin nxd.
J 0

0

CamocTogTenbHas padoTa

1. Haiitu cobcrBennbie dpyukiuu oneparopa. ChopMmyaupoBaTh TeopeMy

CrekJioBa.

2. Haiiru cobcrBennbnie dpyukiun omneparopa. ChopmyanpoBars yCIoBre

oproronaibuocti. Chopmyanposars Teopemy CTekJioBa.

Lly) = a*y" +ay/,
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Jomaimasgsa padoTta

NeNe 782, 783, 784, 785





